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Preface to the second edition 


In this new edition some misprints and few corrections have been made, and no remarkable changes 
except a few problems. 


Dipak Roy. 


Preface to the first edition 


This book is an outcome of an experience of teaching in different colleges for more than forty 
years. For most students, solving problems is a vital part of learning mathematics well. Further- 
more, I think students learn the most from challenging problems that demand serious thought and 
help develop a deeper understanding of important ideas. 

It contains a collection of problems in Real Analysis for strong advanced undergraduates or begin- 
ning graduate students in mathematics. Some of the problems will be challenging even for very 
talented students. These problems can be used by students taking real analysis course who want 
more challenge or some interesting enrichment to their course. They can also be used by more ex- 
perienced students for review or to solidify their knowledge of the subject. Professors teaching “real 
analysis” courses may use this book as a source to supplement the problems from their textbook. 
The assumed background for those undertaking these problems includes familiarity with the basic 
set-theoretic language of mathematics and the ability to write rigorous mathematical proofs. Keep 
in mind that the solutions provided represent one way of answering a question or solving an exercise. 
In many cases there are alternatives, so make sure that you don’t dismiss your solution just because 
it does not look like the solution in this book. Solved and unsolved problems are collected from 
different books, different university exams and mathematical magazines for a period of years. 

No solutions are provided for the exercises given here (though there are many hints). The guideline 
for this is that readers who do not succeed with a first effort at a difficult problem can often progress 
and learn more by going back to it at a later time. I have provided solutions along with the problem: 
for solutions in the back of the book offer too much temptation to give up working on a problem 
too soon. 


The presentation of the material in the book follows the pattern below: 


1x 


e A theorem for which proofs can be found in most textbooks and monographs is stated often 
without proof and always with at least one reference. 


e A result that has not yet been expounded in a textbook or monograph is given with at least 


one reference and, as space permits, with a proof, an outline of a proof, or with no proof at 
all. 


Acknowledgements: It is always a pleasure to acknowledge the contribution of those who make 
a project of this nature possible. I wish to acknowledge Professor Himadrisekhar Sarkar and Professor 
Tapasendra Basu of Jadavpur University, and my students Professor Biswajyoti Saha of University 
of Hyderabad and Professor Ekata Saha of IIT (Delhi) and Professor Soumen Samanta of Bethune 
College and Manotosh Mondal of Tamralipta Mahavidyalaya who have read the manuscript, correct- 
ing many errors and giving their invaluable suggestions for improvement. I am deeply indebted to 
all those authors whose books (research papers) on real analysis influenced in learning of the subject 
and take this opportunity to express my gratitude to them. My largest debt, though, is to the 
students who read the manuscripts and kept a keen interest in learning throughout the difficult and 
unpleasant situation. Many examples and solutions to the problems are due to them. While these 
friends are not in any way responsible for the defects as the book may possess, their encouragement 
and criticism have been the most helpful in its preparation. The manuscript was cheerfully typed 
by me. My son Atandrita frequently helped me with my writing. Mr. Subhashis Dey of Creative 
Incorporate provided the much needed technical assistance. Mr. Dey was the best publisher, this 
ambitious project could have had. Finally, nothing would be possible without my wife Momi who is 
always by my side supporting me in every possible way. 
I apologize in advance for whatever mistakes the alert reader may be able to detect. None were 
intentionally included; nevertheless, the detection and rectification of mistakes is a good exercise, 
and fosters a healthy skepticism about the printed word. 
I strongly believe that no ‘work’ is ever complete till it has had its share of criticism, and hence I 
will be only too glad to receive comments and suggestions for the improvement of this book. These 
may please be forwarded to the e-mail address: 


dipakroy1111@gmail.com 
Dipak Roy. 


Ramakrishna Mission Residential College, 
April, 2020. 
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DJ 


Meaning 


Set of all positive integers. 

Set of non-negative integers. 

Set of all integers. 

Set of all rational numbers. 

Set of all non-zero rational numbers. 
Set of all positive rational numbers. 
Set of all real numbers. 

Set of all non-zero real numbers. 

Set of all positive real numbers. 

Set of extended real numbers. 

Set of complex numbers. 

Set of all non-zero complex numbers. 


not. 

implies. 

implied by. 

if and only if or iff. 
for all. 

there exists. 

there exists unique. 
belong(s) to. 

does not belong to. 
A union B. 

A intersection B. 
Empty set. 

A is a proper subset of B. 
A is a subset of B. 

A is a superset of B. 
A is equipotent to B. 


xi 


xii 


B(a;r) or N(a;r) 


B(a;r) = B(a;r) \ (aj 
AAB 


Neighborhood(nbhd.) centered at a with radius r. 
Neighborhood(nbhd.) with deleted center with radius r. 
A symmetric difference B. 

elements of A not in B. 

oscillation of f at a point p. 

oscillation of f on a set D. 

cardinality of A. 

cardinality of N. 

cardinality of R. 

diameter of a subset A C R. 

f is asymptotic to g. 

integral part of x € R. 
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Chapter 1 


Basic Set Theory 


I see it, but I don't believe it. 
...Cantor to Dedekind 29 June 1877. 


Georg Cantor (1845-1918): 

Georg Cantor was born on March 3, 1845, in St. Petersburg, Russia. He received his doctorate 
in mathematics from the University of Berlin in 1867, having studied under Weierstrass, Kummer 
and Kronecker. In 1869 he accepted a teaching position at the University of Halle and became a full 
professor in 1879. Cantor wanted to obtain a professorship at the University of Bertin, where both 
pay and prestige were higher, but Kronecker believing that much of Cantor’s work (particularly his 
“transfinite numbers") was unsound, stood firmly in Cantor’s path. Others, however, acknowledged 
Cantor is genius. Cantor was an honorary member of the London Mathematical Society and received 
honorary doctorates from both Christiania and St. Andrews. Hilbert said Cantor’s work was “...the 
finest product of mathematical genius and one of the supreme achievements of purely intellectual 
human activity”. Known as the founder of set theory, Cantor also made fundamental contributions 
to classical analysis. Many concepts in modern mathematics bear his name, among which are 
Cantor series and Cantor sets; he also developed the first usable definition of the continuum. The 
controversy surrounding his work took a heavy toll on Cantor; beginning in 1884, bouts of deep 
depression drove him often to a sanitarium. Cantor died in a psychiatric clinic at the University of 
Halle (where he had remained as a professor) on January 6, 1918. 


1.1 Intrduction to Set Theory 


The term “set” is an undefined concept. In most occasions, we make use of terms that are accepted, 
understood without definitions. The terms we shall discuss but not attempt to define formally are 
object, equals, element, is an element of. Any attempt to define all the terms used will be 
an unsuccessful attempt. So it will be understood naively(non-axiomatically). In our daily life we 
frequently deal with notions representing “collection” of certain things, which “belong” to the 
collection in quesion, while other things do not belong to it, e.g. a class in a school is a collection 
of pupils belonging to the class, other things (persons, animals, plane figures etc.) do not belong to 
the class. 

We mean by a “set” a notion of the type outlined above, i.e. a set is understood simply by a 
collection of objects and need not bear any obvious relationship to each other. The words collection, 
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family are sometimes used as synonyms for set. An object belonging to a set is called an element 
or a member of the set. We write x € A, to mean x is a member of A and x ¢ A, to mean z is 
not a member of A. 

We shall use the word *definition" to represent some concept in a single word or phrase, using 
undefined terms or previously defined terms.That is, “definition” is a statement that explains the 
meaning of a term (a word, phrase, or other set of symbols). As for example, in geometry, points 
and lines are undefined terms but triangles and sqares are defined in terms of points and lines. It 
is necessary to know something about new terms, and axiom provides the information about the 
terms and their relationship. 


e A statement is a sentence which is either true or false. 
e An axiom is a statement that is assumed to be true. 


e A theorem is a statement which is true and follows from the axioms, definitions and known 
results. 


e A lemma is a derived result whose only real purpose is a tool in the proof of a theorem. 
e A corollary is a result that follows almost immediately from a theorem. 


e Examples are the objects that illustrate definitions and other concepts. And we shall study 
only the concepts that can be described by the examples. 


The term defined by *axioms" play an important role in mathematics (and other areas as well) and 
that certain others are of no interest. In everyday language “axiom” means a self-evident truth. But 
we are not using everyday language; we are dealing with mathematics. An axiom is not a universal 
truth-but one of several rules spelling out a given mathematical structure. The axiom is true in the 
system we are studying because we have forced it to be true by hypothesis. It is a license, in the 
particular structure, to do certain things. 


1.1.1 Note. We should remember one thing that the words lemma, theorem, proposition has no 
exact meaning and their uses vary from author to author. The common feature is that they represent 
a derived result. 


Let S be a set. A variable z(€ S) in a sentence P (often written P(x) if x occurs in P) is said 
to be bound variable if it is preceeded in P by either V x or d x; otherwise x is free variable. 
A sentence is closed if it contains no free variables, otherwise it is open. An open sentence which 
involves x as a free variable is called a condition on zx. In other words, by an open sentence P(-) on 
S, we mean P(-) becomes a sentence either true or false, whenever “-” is replaced by the members 
of S. The symbol {x € S; P(x)} represents the set of members of x € S for which P(x) is true. 

If P(-) is an open sentence on a linearly ordered (see 1.3.10) set S, we consider three types of 
statements: 


1. 3x es; P(x). 


1 


2. Vx € 8; P(x). 


3. da’ € S; P(x) such that V z > 2’; P(x). (is the symbolic definition of ultimately) 


This means P(x) is true for all sufficiently large values of x. 
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1.2 Some Useful Notions: 


e If-then statements: 
In mathematics, statements A, B to be proved can often be put in the form 


1. if A, then B; A — B (read: A implies B) or B < A (read: B is implied by A). A is the 
hypothesis: “what is given”, “what is known"; B is the conclusion: “what follows", 
“what is to be proved”. 


2. Converse: If we interchange hypothesis and conclusion in A > B, we get B — A which 
is called the converse to the statement (1). 


In A > B: Ais a sufficient condition for B (if A is true, B follows); 

In B > A: A is a necessary condition for B (i.e. B can't be true unless A is also true, since 
B implies A). The following all mean the same 

A implies B. 

if A then B. 

A is sufficient for B. 

A only if B. 

B if A. 


B whenever A. 


Bo Pt Agr. pipa pcs 


B is necessary for A. 


e Equivalent statements: We can combine the two implication arrows into one double-ended 
arrow: A €» B which is a true statement if both A > B and B = A are true. If this is so, we 
say A and B are equivalent statements. 

There are two verbal forms of A <= B which are in common use. They are A if and only if 
B (abbreviated: A iff B) and A is a necessary and sufficient condition for B. The “if and 
only if? is also separated: “A, if B”: B > A; “A, only if B”: A > B. 


e Stronger and weaker. If A — B is true, but B => A is false, we say: A is a stronger 
statement than B; B is weaker than A. 
We turn now to discuss a style of mathematical proof which involves forming the negatives of 
statements. 


e Negation: If A is a statement, we will use either not-A or ^A to denote its negation. 


e Contrapositive proof: In proving A — B, sometimes it is more convenient to use contra- 
position, i.e. to prove the statement in its contrapositive form: ~B => ~A (contrapositive of 
A= B). 


e Indirect proof: To give an indirect proof that a statement S is true, we assume it is not true 
and derive a contradiction. To prove A => B indirectly, assume A true but B false, and derive 
a contradiction: C and ~C are both true. 


e Without loss of generality: If the proofs for the cases in a case distinction are very similar, 
it is customary to assume without loss of generality that one of these similar cases is true. 
'This is not a loss of generality, because it is assumed that what is presented enables the reader 
to fill in the proof(s) for the other case(s). 
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e Counterexample: If a general statement claims something is true for every member of some 
class of objects, to show it is false we only have to produce a single object in that class for 
which the general statement fails to hold. Such an object is called a counterexample to the 
general statement. 


Proof by Mathematical induction: Let P(-) be an open sentence on N. To prove P(n),n > 
no, 


1. prove P(no) (the basis step); 


2. prove P(n + 1) : in the proof you are allowed to use P(n), and if necessary, P(k) for any 
lower values, no < k < n, as well (the induction step). 


Proof by Strong Mathematical induction: When one uses in the proof of P(n) not just 
the preceding value but lower values of n as well, the proof method is generally referred to as 
strong or complete induction; in this style of induction, often more than one value of n 
is needed for the basis step. ie. in strong induction, the basis step consists of all P(n) not 
covered by the argument in the induction step, i.e., for which there are no lower P(k) available 
to imply P(n). 


1.2.1 Definition. A set A is said to be a subset of B or B is a superset of A iff every member 
of A is a member of B, and is denoted by A C B or BD A. 


1.2.2 Definition. Two sets A and B are said to be equal iff A C B and B C A, and is denoted by 
A= B. If AC B and AFB, then A is said to be a proper subset of B and is denoted by AC B 
or A C B. 


1.2.3 Definition. A set which is a subset of any other set is called a null set or empty set and 
is denoted by (). Note also that, 


1. All empty sets are equal. 
2. The empty set has no elements. 


3. The only set with no elements is the empty set. For proofs see (1.10.4.1). 


1.2.4 Definition. For the sets A and B, the union (join) denoted by AU B and defined by 
AUB-Íz;rcAorzc B]. 


1.2.5 Definition. For the sets A and B, the intersection (meet) denoted by AN B and defined 
by AN B = (xix € A and x € B). 


1.2.6 Definition. Two sets A and B are said to be disjoint if they have no common elements i.e. 
iff An B = ( and they intersect iff they have common elements iff AN B # (). 


1.2.7 Definition. The family of all subsets of X is called the power set of X, and is denoted by 
P(X). 


According to G. Cantor (1845-1918), who initiated the theory of sets in the last part of the 
nineteenth century: “A set is a collection into a whole of definite, distinct objects of our intuition 
or our thought. The objects are called the elements (members) of the set.” We refer to the “whole 
of distinct objects” in Cantor’s definition as the universal set. In other words, 
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1.2.8 Definition. If all sets under consideration in a certain discussion are subsets of a set U, 
then U is called the Universal set (for that discussion). Let A,B C U, then we define a set 
AN B = {x;x € A and x € B} and call it complement of B relative to A. And the set AC 
defined by A€ = U \ A is called the complement of A. The sets A, B generating a new set AAB 
is defined by AAB = (AN B) U (BN A) is called the symmetric difference of A and B. 


1.8 Cartesian product, Relations 


A pair of objects x and y, in which their order is relevant is known as ordered pair written (x,y) 
which is different from an unordered pair (x, y) and having the characteristic property (x,y) = (a,b) 
iff x — a and y — b. Since the notion of ordered pair is undefined one, so define a set which behaves 
as an ordered pair satisfying above characteristic property. 


1.3.1 Definition. 
1. (Kazimierz-Kuratowski in 1921) An ordered pair (x, y)={{x}, (z, y}}. 


2. (Norbert-Wiener in 1914) (x,y) = {{{x}, 0}, {{y}}}. 
3. (x,y) = {{x, 0}, {y, 0033]. 

4. (x,y) = {{x, 0}, {y}}- 

5. (x,y) = {{x, 0}, y}. 


We can prove that these above conditions satisfy the desired properties that two elements x and 
y, and (x,y) = (a,b) iff x = a and y = b. The definition given by Kazimierz-Kuratowski is in general 
use today. 


1.3.2 Definition. If X and Y are sets, then the cartesian product of X and Y is the set defined 
byXxY-í(z,yreX,ycYyY). 


1.3.3 Definition. If X and Y are sets, then a relation or binary relation from X to Y is 
any subset p of X x Y. If (x,y) € p we write xpy or x is p-related to y or y is p-relative to x or 
y = p(x). If p € X x Y, then the domain of p is dom(p)={x € X; (x, y) € p] and the range of p is 
ran(p)={y € Y; (x,y) € p). If p € X x Y, then the converse relation p^! = ((y,z); (x,y) € p). If 
X =Y, then we say that p is a relation on X. 


1.3.4 Definition. If X,Y and Z are sets, anda C X x Y and 6 C Y x Z then a composition 
relation from X to Z is defined by 


Boa — ((z, z); for some y € Ysuch that(z, y) € a, (y, z) € B]. 
1.3.5 Definition. Let X be a set and p be a relation on X, then we define 
1. pis reflexive iff Ax C p where Ax = {(x,x£);x € X), 
2. p is irreflexive iff Ax N p = 0. In other words, (z, x) £ oV x € X. 
3. p is symmetric iff p^! C p, 


4. p is asymmetric iff pn po^! = ( i.e. if (x,y) € p then (y, x) € p. 
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5. p is anti-symmetric iff pM p^! C Ax. Equivalently, if (x,y) € p and x Æ y then (y, x) € p. 
6. p is transitive iff po p C p. Equivalently, if (x, z) € p and (z, y) € p then (2, y) € p. 
7. pis connected iff oU p 1 U Ax = X x X. 


8. p is an equivalence relation iff it is reflexive, symmetric and transitive. In other words, iff 
Ax C p,p ! C pand popC p. 


1.3.6 Definition. A family P = (A4;o € A} of sets A, C X is said to be a partition of X iff 
1. X = Usca Ao 
2. Ay = Ag if a = B and Aa N Ag =O if a z B. 


1.3.7 Theorem. Let p be an equivalence relation on a set X, then the equivalence class [x] deter- 
mined by x € X is defined by [x] = (y; (x, y) € p), and we can show that 


t X= | osea] 
2. [x] = [y] or [xz] n [y] = 0 for z, y € X. 


The collection of equivalence classes is a partition P, = ([z]; » € X) determined by p of X and 
is also denoted by X/p, what we call a quotient set of X by p and if P is a partition of X, then 
the relation pp on X defined by (a,b) € pp iff d an element A € P such that a,b € A, then pp is an 
equivalence relation on X determined by the partition P. Moreover, we have a natural onto map 


q: X > X/p 


defined by q(x) = [x] called the quotient map. Theorem 1.3.7 basically says that zpy if and only 
if q(x) = q(y). 


1.3.8 Definition. If a relation p on X is reflexive, and transitive, then p is called a pre-ordering 
of X and the pair (X, p) is called a pre-ordered set. If a relation p on X is reflexive, anti-symmetric 
and transitive, then p is called a partial ordering (ordering) of X and the pair (X, p) is called 
a partial ordered set or simply an ordered set. The symbols < or < are often used to denote 
orderings. 

In other words, if a relation p on X satisfies Ax C p, pp! C Ax and pop C p, then p is called 
a partial ordering (ordering) of X. 


1.3.9 Definition. Let a,b € X and let < an ordering of X, we say that a, b are comparable in 
the ordering <, if a € b or b < a, and are incomparable if they are not comparable. 


1.3.10 Definition. An ordering < or < of X is called a linear or total order if any two elements 
of X are comparable i.e. for x,y € X either x < y or y € x and then the pair (X, <) is called a 
linearly ordered set. If S C X, where X is ordered by <, then S is called a chain, if any two 
elements of S are comparable. 


1.3.11 Definition. Let (X, €) be a partially ordered set, then for a non-empty subset $ C X, 


1. b € S is called a least element of S in the ordering <, if b € x, Vx € S. 


2. b € S is called a minimal element of S, if 3 no x € $ such that x < b and x Fb. 
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3. be S is called a greatest element of S, if x < b,Y x E€ S. 


4. b € S is called a maximal element of S, if 3 no x € S such that b < x and x Æ b. 


1.3.12 Example. 


e Let (X, C) bea partially ordered set where X = {a,b,c}, then consider A = {{a}, {b}, {c}, {a,b}, 
{b,c}, {c, a}}, here {a}, {b}, {c} are minimal elements of A and {a,b}, (b, c), (c, a} are the max- 
imal elements of A. But does not have a least and a greatest elements. 

e Let X = {2,3,4,6,8, 12,24} with the partial order relation ^ < " defined by x € y iff x isa 
divisor of y. Here 2 and 3 are minimal elements of X but does not have the least element and 
24 is the greatest element. 


e Let (X, C) bea partially ordered set where X = {a,b,c}, then consider A = {{a}, {b}, {c}, (5, c}} 
here {a}, {b}, {c} are the minimal elements of A and {a}, {b,c} are the maximal elements of 
A and does not have the greatest element of A. 
1.3.13 Definition. Let (X, €) be a partially ordered set, then for a non-empty subset S C X, 
1. a € S is called a lower bound of S in the ordering <, if a € x, Vx € S. 


2. b € S is called the infimum (inf) or greatest lower bound (glb) of S, if it is the greatest 
element of all lower bounds of S. 


3. a € S is called the upper bound of S, if x < a, Vr € S. 


4. b € S is called the supremum (sup) or least upper bound (lub) of S, if it is the least 
element of all upper bounds of S. 


1.3.14 Definition. Let (X, €) be a partially ordered set, then (X, <) is said to be 
1. a directed set if every two-element subset of X is bounded above; 
2. a lattice if every two-element subset of X has both lub and glb; 
3. an inductively ordered set if every chain in every subset of X has an upper bound; 


4. an well-ordered set if every non-empty subset of X has a least element. 


1.4 Functions 


1.4.1 Definition. Let X,Y be non-empty sets then f is said to be a mapping or function from 
X to Y iff 


1. PERRY, 


2. (x,y) and (z,z) ef — y — zs. 
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In this definition first part says that f is a relation from X to Y, and in the second part, we say 
that f is well-defined or single-valued. And (x,y) € f means y = f(x), we say that y is the 
image of x under f, and x is the pre-image of y under f. Thus, we say that f is well-defined 
if f(x) Æ f(y) > x Æ y. In other words, x = y > f(x) = f(y). If the domain of f is X, then we 


write f : X >Y or X -Í Y and we say f is on X, if range of f C Y we say that f is into Y, Y 
is called co-comain of f and if range of f is Y we say that f is onto or surjective. We see that 
if f: X > Y, then f € X x Y; hence f € P(X x Y). The set {(x, f(x)); x € X) is called the the 
graph of a function f and is denoted by gr(f). 


1.4.2 Remark. The function f is identified with the graph of a function in its usual definition (by 
means of correspondence), i.e. The effect of the function f on an element x of X is denoted by 
x — f(x) and thus 


ary f(x) & (x, f(z) € gr(f). 


1.4.3 Note. We can define an unary operation on a set X is a function f : X — X, e.g. let X be 
any set and P(X) be the power set of X, then define a mapping f : P(X) — P(X) by 


f(B) = B°,V B € P(X), 
where B© denotes the complement of B. 


1.4.4 Remark. The word "function" was used first by Leibniz in 1673, although not quite in the 
present-day meaning. In 1698, in a letter to Leibniz, Johann Bernoulli narrowed the meaning closer 
to what we accept today. During the 18th century, the notion evolved to describe an expression or 
formula involving variables and constants. It took a joint work of many mathematicians throughout 
the 19th century to hammer down the definition that we use nowadays. 


1.4.5 Definition. Let X,Y be non-empty sets, then Y* = (f; f: X > Y]. 


1.4.6 Remark. This is not the only reasonable approach to the notion of “function”.(In fact, in 
category theory the order is reversed: the notion of "function" is one of the primitive notions, 
and the “set” is defined in terms of these!) However, the present approach is very convenient in the 
context of set theory. 


1.4.7 Remark. Let Y be any set. Then () C () x Y. Further, because () has no elements, it follows 
trivially that to each x € ( there is a unique y € Y such that (x,y) € 0. Hence by definition (1.4.1), 
() is a function from () to Y. Further, Ø is the only function from Ø to Y (since () is the only relation 
with domain(()) — 0.) 

N.B. We cannot interchange Ø and Y since for non-empty Y, domain(@) Æ Y and by definition a 
function on Y has domain Y. 

In other words, for a nonempty set Y, we have ØY = Ø. This is because no function could have 
a nonempty domain and an empty range. On the other hand, Y = {Ø} for any set Y, because 
0 : 0 — Y, but 0 is the only function with empty domain. As a special case, we have Ø = {0}. 


1.4.8 Definition. Consider the power set P(X) of X and let A be an arbitrary set, then define 
a function f : A > P(X) by f(a) = Aa € X;a € A. Then the family {Ag;a € A} is called an 
indexed family of sets with A as an index set. 


Now we can generalize the notion of “cartesian product” which we have defined in 1.3.2 for a 
finite number of sets only, to an arbitrary family of sets. 
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1.4.9 Definition. Let A = {X;; i € A} be a family A of sets. The cartesian product of the family 
of sets X; is denoted by [],-, X; and is defined by 


[x= {nea Uxen ex vien]. 


ic^ ic^ 


1.4.10 Definition. Let f : X — Y, then f is called injective or 1-1 if the distinct elements have 
distinct images in Y, ie. x A y > f(x) Æ f(y) which is equivalent to f(x) = f(y) => z = y. A 
function that is both injective and surjective is called bijective. 


1.4.11 Definition. Let f : X — Y,and A C X. Then the set f(A) = (f(x);x € A} is called the 
direct image of A under f and if B C Y. then the set f^! (B) = {x € X; f(x) € B} is called the 
inverse image of B under f. 


1.4.12 Example. Let f : IR — R defined by f(x) = 4x? — 4x. Then it can easily be verified that 


FUR) =R, £70) =0, FL) =R, f (C1,09 2 RV [5] = (-00,5) U (5.09) 
0,00) = (-20,0) U[L oo), 730,9) = (7o9,0) U (1,99), F(=, -1 = {5} 


P 2 
f^ (oo, -1) 2 0, f7"(—00, 0] = (0, 1], f^ (709,0) = (0,1), £^" (0) = (0,1), 
f 04) = {-2,3}. f! (8, Ay = (—2,—1) U (2,3), f-'[8,24| = [-2, —1] U [2, 3}. 


We see from this example that the preimage of a set can be a single point, or a set of points, or it 
may even be empty. 


1.4.13 Definition. Let X, Y and Z be sets such that g: X —> Y and f : Y —5 Z, then fog: X > Z 
is called the composition function defined by (f o g)(x) = f(g(x)),Vx € X. 


1.4.14 Note. It can be easily verified that, if A C X and B C Z then 


(f e g)(A) = f(g(A)) and (fog) (B) = g (£^ (B) 


1.4.15 Definition. Let f: X ~ Y,g:Y — X and h: Y — X are functions such that go f = tx 
and f o h = ty, then g is called the left inverse of f and h is called the right inverse of f, where 
LA : A > Ais defined by (a) 2a Vac A. 


1.4.16 Definition. Let f : X > Y, and A C X the function v: A — X such that (xr) = x, Vx € A, 
then v is called an inclusion function on X. If 1: A —> X then g = fov: A — Y is called the 
restriction of f on A and is sometimes denoted by fja : A — Y. and f is called an extension of g. 


1.4.17 Definition. Let X be a set, and A C X, the function x4 (or 14) from X to (0, 1) is called 
the Characteristic Function (or indicator function) of A, and is defined by 


(x) 1, freA 
(5o: 
n 0, ifzdA. 


Given a universal set X, we obviously have xx = 1 and yg = 0 where by 1 and 0 we mean 
the constant functions identically equal to 1 and 0, respectively. Let A C X be any set, and let 
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A = A4 = {(a,a);a € A} be the diagonal in A x A: Then Kronecker's delta, 6 = ya, is the 
characteristic function of A: 
1 ifíz-y 


0 ifrZzy. 


1.4.18 Definition. Let p be an equivalence relation on X. As X/p is a partition of X, then the 
function a : X — X/p defined by a(x) = [x] is called the quotient map or canonical or natural 
mapping on X onto X/p. 


Oxy = ó(z, y) = 


1.4.19 Remark (A decomposition of an arbitrary function). Using the above we can write a function 
f: X — Y asa composition of a injective and surjective functions. Let p be the equivalence relation 
on X defined by (x1, 22) € p iff f(xi) = f(x2). Let a: X —> X/p and B : X/p > f(X) CY, defined 
by B([x]) = f(x). It clear that a is onto and it is an easy exercise to show that 6 is injective and 
f - Boo. 


1.4.20 Definition. Let (X, X) and (X’,<’) be two ordered sets, then a function f is called order- 
preserving (isotone) relative to “ < ” for X and * <’ " for X’ iff x < y implies f(x) <’ f(y). 
An isomorphism between the partially ordered sets (X, €) and (X', <’) is a surjective function 
f: X — X' which is order-preserving, and if such a function exists, then it is called an isomorphic 
image of the other or they are isomorphic. If f is an isomorphism then it is order-preserving 
which implies it is injective and hence bijective. Hence f-! exists and it is order-preserving as f is 
order-preserving. 


We will prove now that every partially ordered set (X,<) can be represented as a partially 
ordered set (Y, C), where Y € P(X). 


1.4.21 Theorem. (Representation theorem for partially ordered sets) 
Let (X, X) be a partially ordered set, then there exists a partially ordered set (Y, C), where Y C 
P(X), such that (X, X) is isomorphic to (Y, C). 


Proof. For x € X, let X(x) = (y € X;y € x}. Now let Y = (X(x);z € X} and define f: X > Y by 
f(a) = X(x). We can check easily that f is a bijection from X to Y, such that xı € z2 & f(x1) € 
f (x2). 


1.4.22 Example. Consider (X,<) where X = {2,3,4,6,8,12} with the partial order relation 
* <” defined by x < y iff x is a divisor of y. Here (X, €) can be represented by (Y,C) where 
Y= {{2}, {2, 4}, {2, 4, 8}, {3}, {2, 3, 6}, {2, 3, 4, 6, 12}} 


1.4.23 Definition. A partially ordered set (X,<) is well-odered if each non-empty subset of X 
has a least element. 


1.4.24 Theorem. Let (X, €) be a partially ordered set, then 
1. S has at most one least element, 
2. the least element of S (if it exists) is the minimal element, 
3. if S is a chain, then every minimal element is the least element. 


1.4.25 Definition (PMI-1: Principle of Mathematical Induction ). If P(n) is a statement 
containing the variable n such that 
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1. 


2. 


P(1) is true, and 


for each k € N, P(k) is true implies P(k + 1) is true, then P(n) is true for all n € N. 


1.4.26 Definition (PMI-2: Principle of Mathematical Induction). Suppose that P(n) is a 
statement containing the variable n. If 


1. 


2. 


for k € N, P(k) is true, and 


for each m € N,m > k, P(m) is true implies P(m + 1) is true, then P(n) is true for all 
nc€N,n2k. 


1.4.27 Remark. It can be shown that PMI-1 and PMI-2 are equivalent. 


1.4.28 Theorem. 


1. 


2. 


The set of natural numbers N is well ordered implies PMI-1. 


PMI-1 implies N is well ordered. 


Proof. 


1. 


(1) (2) 

Assume (1) is true and P(n) be a statement such that P(1) is true and P(n) is true implies 
P(n +1) is true. Let d m € N such that P(m) is false. Let E = (t € N; P(t) is false}. 
Since m € E then E # Ø. By (1) E has a least element, say n, by hypothesis n 4 1, since 
né€ECN,n-1 € Eie. P(n—1) is true which implies P(n) is true i.e. n ¢ E, a contradiction. 


. 2) (1) 


We prove this claim by contradiction. Suppose (2) is true and (1) is false i.e there exists a 
subset A C N which has no least element. Now consider the property P(n) of n such that 
P(n) is true if n is a lower bound of A. Let B = (n € N; P(n) is true}. Clearly 1 € B i.e. 
P(1) is true. Now suppose m € B i.e. P(m) is true. Since A has no least element, m ¢ A, 
so we have m «a Va € A. This implies m +1 < aV a€ A, ie. m+1 is a lower bound of 
A. So P(m + 1) is true implies m + 1€ B. Thus B = N. But this implies A = (), because if 
x € Athen x € N = B which means z is a lower bound of A, hence zx is the least element of 
A, which is impossible. 


1.4.29 Theorem. The following are equivalent: 


1. 


2. 


3. 


The set of natural numbers N has no upper bound. 


If x,y € R and z > 0, then dn € N such that nz > y. 


If x € Rand x > 0, then dn € N such that 0 < 1/n < x. 


. If x € R and z > 0, then 3n € N such that n € x « n4 1. 


. If x € R, then dn € N such that n> x. 
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1.5 Finite sets, Infinite sets and Cardinal Numbers. 


We ordinarily associate with every finite set a certain abstract identity “the number of elements” 
in the set. For infinite sets, common sense does not envisage a corresponding use of numbers like 
0,1,2...But every set, finite or infinite, we take an attempt to generalize the notion of number so that 
it will apply to all sets without restriction. 

Let S, = {1,2,..,n} then we have 


1.5.1 Theorem. Let X 4 () bea set and let X’ = X \ {w} be a set obtained by deleting an element 
w from X. Then there exists a bijection from X to Sn+1 iff there exists a bijection from X’ to Sy. 


1.5.2 Theorem. If there exists a bijection from S, to Sn, then m =n. 


1.5.3 Definition. A set X is said to be finite, iff there exists a bijection from X to S, for some 
meN 


1.5.4 Definition. A set X is said to be infinite, iff it is not finite. 
1.5.5 Theorem. Every non-empty subset of natural numbers has a least element. 
1.5.6 Corollary. The set N of all natural numbers is infinite. 


1.5.7 Theorem. Let A be a non-empty subset of natural numbers with n elements. Then there 
exists a unique bijection f : $, — A such that f(p) < f(q) whenever p,q € Sn and p < q. 


1.5.8 Note. The result of the above theorem says in effect that we can write any finite set of natural 
numbers in the form (n4,n5,.., Nk}, where ny < ng « .. < npg. The result can be extended to an 
infinite set of natural numbers. 


1.5.9 Theorem. If X is a finite set with n elements, then every subset of X is finite and has at 
most n elements. 


In mathematics we now and then run into objects or notions, which are “essentially the same". 
; MM b 
An example of such a case is the field of complex numbers a + ib and the matrix ring E j where 
a,b € R. Although the objects look radically different, they behave identically with respect to the 
algebraic operations. In algebra the term “isomorphic” and in topology “homeomorphic” are used 
to define the notions. And in naïve set theory, as the sets have no structure, so all that counts is 
their size (or cardinality). Hence the proper notion in this case is equivalence. 


1.6 Cardinals 


1.6.1 Definition. A set A is said to be equivalent or equipotent to a set B iff there is a bijection 
f: A— B. We denote this by A ~ B. 


1.6.2 Definition. A set S is 
1. finite if it is empty or for some n € N, S œ (1, ...,n]. 
2. infinite if it is not finite. 


3. denumerable if S œ N. 
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4. countable if it is finite or denumerable. 
5. uncountable if it is not countable. 


In the literature we also meet the synonyms equipotent, equipollent, similar or are of same 
cardinality (german: gleichmáchtig). 
Now for a set X, define a relation * ~ ” on P(X) by A ~ B iff there is a bijection f: A — B, 
then * ~ ” is an equivalence relation on P(X). Now if B belongs to the eqivalence class [A] 
determined by A, then we say that the two sets A and B have the same cardinality i.e. in 
notation: |A| = |B| or cardA = cardB. This is a “safe” imitation of Frege’s definition of cardinals: 
i0] = 0, KØ} 2 1, |(0, (0) | = 2,... and No is by definition of the cardinal number of N and |R| 2 c 


or NN. 


1.6.3 Note. The word cardinal indicates the number of elements in the set. The cardinal numbers 
are 0,1,2,.. The first infinite cardinal number is aleph null or aleph naught, No. We say that the 
N has No elements. A mystery of mathematics is the Continuum Hypothesis which states that 
R has cardinality c or N1, the second infinite cardinal. Equivalently, if N C S C R, the Continuum 
Hypothesis asserts that S ~ N or S ~ R. No intermediate cardinalities exist. It was shown as 
recently as 1963 by P. J. Cohen that this question is ‘unanswerable’ in the sense that the hypothesis 
is independent of the usual axioms of set theory. What this amounts to is that a mathematician may 
choose to accept or reject the hypothesis depending on the needs of the mathematics he wishes to 
develop. You can pursue this issue in Paul Cohen's book- Set Theory and the Continuum Hypothesis. 


1.6.4 Theorem. For all sets X, P(X) ~ {0,1}*. 
1.6.5 Corollary. P(N) ~ (0,1). 


1.6.6 Definition. A set A is equivalent to a subset of B iff 3 an injection f: A — B. We write 
ASB. 


1.6.7 Proposition. N is not equivalent to {0,1}. 
1.6.8 Proposition. N is not equivalent to [0, 1]. 


1.6.9 Remark (Denumerable sets). There is a curious application of set theory to the field of hotel 
management, which is attributed to David Hilbert. 

In a town X, there is a remarkable hotel, the Hilbert Hotel, which is distinguished from the average 
hotel by its size. The Hilbert Hotel is widely known for the fact that it contains denumerably many 
rooms, numbered 1,2,3,.... 

At the day of a big congress in X when a late guest wished to register, the Hilbert hotel was fully 
booked. Of course, he was kindly, but firmly, shown the door, but because of his persistence (the 
Hilbert Hotel was the hotel in X!) the desk clerk called for the manager. The manager apologized 
profusely, quoting the hotel-axiom: full is full. Fortunately the daughter of the manager, who 
couldn't sleep, came. The clever girl considered the problem for a moment and then gave a solution, 
which was both brilliant and simple: “Dad, request each guest to move to the room with next 
number, then this gentleman can take the number 1". This solved the whole problem; the manager, 
extremely relieved, noticed that in this way he could accomodate another hundred guests. 
However, just when everybody was about to retire cheerfully for the night, a bus with the complete 
delegation drove up. Now, if the delegation had been finite, the manager could have accomodate it 
easily. 
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Unfotunately, the delegation was denumerable! It was again the daughter of the manager, who 
provided the solution: “It is quite simple, Dad, this time you request every guest to move to the 
room of which the number is twice the number of his present room. Then all rooms with an odd 
number will be vacant, and the representatives can be put in these rooms”. The reader can easily 
verify that her proposal was correct; everything worked out perfectly. 

So far the Hilbert Hotel had overcome all difficulties. The real problem started only, when the next 
day each guest wanted to accomodate denumerably many friends. How the manager will provide 
everybody with a room? Even the daughter found that the problem not totally trivial (as she said 
herself). She retreated in a small room next to reception desk, from which she immerged after a 
quarter of an hour, with the words: “Dad, it is trivial after all”. Indeed, her solution turned out to 
be not so complicated. (Hint: Denumerable union of denumerable sets is denumerable.) The reader 
is invited to give a solution himself. 

The Hilbert Hotel is still flourishing. What has become of the clever daughter is not known to us; 
some say she took up the study of Mathematics, other say she has married and lives comfortably 
and contently in a modest cottage at the edge of the forest....... 


1.7 A Note on Axiom of Choice 


1.7.1 Note. (Axiom of Choice) 

Let C be a collection of non-empty sets. Then we can choose a member from each set in that 
collection. In other words, there exists a function f defined on C with th the property that, for each 
set S € C, f(S) € S. The function f is then called a choice function. To understand this axiom 
better, let us consider a few examples: 


e if C be the collection of non-empty subsets of N — [1,2,3,...], then we can define f quite 
easily: just let f(S) be the smallest member of S. 


e if C be the collection of non-empty bounded intervals in IR, the set of real numbers, then we 
can define f(S) to be the midpoint of the interval S. 


e if C be some more general collection of subsets of IR, we may be able to define f by using a 
more complicated rule. 


However, if C be any arbitrary collection of non-empty subsets of R, it is not clear how to find a 
suitable function f, such that for S € C, f(S) € S. In fact, no one has ever found a suitable function 
f for any collection of sets. 


1.7.2 Definition. (Axiom of Choice:) Consider a set X and C be a family of non-empty pairwise 
disjoint subsets in P(X), then there exists a set D consisting of exactly one point from each member 
of C. 


If we want to obtain a set by application of this existential axiom, that cannot be uniquely 
determined. We can overcome the controversy, if we can interpret the words “choose” and “exists” 
in the axiom. If we follow the constructivists, and “exists” means “find”, then the axiom is false, 
since we cannot find a choice function for the non-empty subsets of the reals. However, most people 
give “exists” a much weaker meaning, and they consider the Axiom to be true: To define f(S), just 
arbitrarily “pick any member” of S. 
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In effect, when we accept the Axiom of Choice, this means we agree the convention that we shall 
permit ourselves to use a choice function f in proofs, as though it exists in some sense, even though 
we cannot give an explicit example of it or an explicit algorithm for it. 


1.7.3 Note. 


e A question: “Do we need the axiom of choice?” It purely depends on what kind of 
mathematics we are engaged in. 
Illustration of the use of axiom of choice: (By M.E.Rudin.) 
Let us consider some banality like the following. 
We know that countable union of countable sets is countable. In other words, we want to show 
that: 
If A; Æ Ú is countable for i € N, then A = LJ; A; is countable. 
This is used in real analysis all over and most of us do not even realize that the proof uses the 
axiom of choice. The proof goes like this. Since each A; is countable, so the enumeration A; 
for each i as follows. Consider 


EU = {a11, @12, 013, ee „in, } 
A» = [a21, a22, 423, Sonat , Gan, --} 
As = {431, 432, 433, ..... 737, +} 
Aj = (841,942, 043, Gin; --} 
Pere e NOE rte (1.1) 
Thus A; = jz, teu] and 
oo oo oo 
A= |J 4: = U Utas} 
i=1 j=1i=1 


Hence we can arrange the elements of the union into a countable sequence using well known 
counting method. 


011, 412, 422, 021, 413, 423, 033, 032; 0315 e (1.2) 


So where is the axiom of choice? Let us go over the proof once more, we are given a countable 
collection of sets A = (41, Ao,.., A;,..}. Each A; is a countable set and so for each i, there 
exists an enumeration of A; = {aj1,4@j2,....,@;;,..}. However, there exists more than one 
enumeration of A;. If for each i, E; denotes the set of all enumerations of the form (1.2), then 
we are confronted with the following problem: 

If we want to apply the diagram (1.1), we have to choose one specific enumeration of A;, for 
each i. In other words, we have to choose one element from each E;. And here we are; we need 
a choice function on the family A = (A1, 45, ...., A;, ..). Naturally the argument above shows 
that axiom of choice is used in the particular proof of the theorem, that countable union of 
countable sets is countable. Also note that it does not rule out the possibilty of finding an 
alternative proof that would make no reference to the axiom of choice. 


e Another application: For any mapping a: S — T, there exists a surjection 8 and an injection 
y such that a = y o 8. (Compare 1.10.65) 
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1.7.4 Theorem. THE FOLLOWING ARE EQUIVALENT: 


1.(WOP) (The well-ordering principle, also called Zermelo’s Theorem) Every nonempty 
set can be well ordered. (E.F.F.Zermelo was a German mathematician). 


2.(ZL) (The Zorn’s Lemma): Let (S, <) be a preordered set. Assume that every chain in $ has 
an upper bound in S. Then S has at least a maximal element. (The lemma is named after M. Zorn.) 


3.(AC) (The Axiom of Choice): Let C be a collection of non-empty sets. Then there exists 
a function f defined on C with th the property that, for each set S € C, f(S) € S. (The function f 
is then called a choice function.) 


1.7.5 Remark. There is something misleading about the names of the three statements (WOP), 
(ZL), and (AC) above. The first one is called a “Principle” (or a “Theorem” ), the second a “Lemma,” 
and the third an “Axiom.” This is just for historical reasons. Specially the use of “Theorem” and 
“Lemma” is unappropriate. It suggests that they can be proved from more basic results. The 
theorem above dismisses this suggestion as incorrect; if one admits one of the three statements he 
must admit the two others. Their logic value is the same. As a matter of fact, the assumption of 
the validity of one of them allows to prove the rest. The negation of one of them forces the negation 
of the other two. 

A long list of equivalent statements has been added by several authors to the above theorem. For 
example, and just mentioning concepts used in this book, the statement called Tychonoff’s Theorem: 
An arbitrary product of compact sets is itself compact (Kelley:[33]), or the statement: In the product 
topology, the closure of a product of subsets is equal to the product of their closures. Another comes 
from the realm of Linear Algebra: Every nonempty vector space has an algebraic basis (Hamel 
basis) [11]. 


1.8 Axiomatic Set Theory 


(Russell’s Paradox). A set is either a member of itself, or it is not. Let R denote the set of all sets 
which are not members of themselves. Then if R € R it follows that R ¢ R. If R ¢ R, it follows that 
R € R. Hence it cannot be that R € R or that R ¢ R. It is clear from this and other paradoxes, 
that there is a need for the axiomatization of intuitive set theory. These paradoxes are avoided in 
axiomatic set theory by the elimination of “sets” that are “too large.” To develop the theory of sets 
from the axiomatic point of view is a long and difficult process, far removed from Real Analysis. For 
this reason we have made no effort to be rigorous in dealing with sets, but have rather appealed to 
intuition. 


1.9 Axioms and Choice 


We shall give a basic treatment of set theory, namely the framework in which most of our mathematics 
will take place. Our undefined terms are class and the relation *€" called the belonging relation. 
For any two classes A and B, A € B is either true or false. 

A class also consists of elements and is characterized by its elements. All sets are classes. But a 
class is a set iff it can be an element of some class. This implies that it is forbidden to make use of 
certain classes as elements for the construction of a new set. An example of such a class is the class 
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of all sets. On the other hand, for each set A there is canonically defined a new set P(A) which, 
in particular, contains A as an element: P(A) is the set of all subsets of A. The collection of all 
conceivable sets into a class not forming a set permits one to avoid the well-known paradoxes that 
arose in “naive” set theory. 


1.9.1 Definition. We write AC B if x € A >x € B. We say A and B are equal and write A= B 
if A C B and B C A. For a given class A if there exists a class B such that A € B then we call Aa 
set. Otherwise it is a proper class. 


Axiom 1: The Axiom of Existence: There exists a set which has no elements. 


Axiom 2: The Axiom of Extensionality: If every element of X is an element of Y and every 
element of Y is an element of X then X — Y. 


Axiom 3: The Axiom Schema of Comprehension: For each formula p in which only set 
variables are quantified and in which the class variable A does not appear, there is a class A whose 
members are just those sets having property p. 


Axiom 4: The Axiom of Pair: For any sets A and B, there is a set C such that x € C if and 
only if x = A or x = B. We write (A, B]. 


Axiom 5: The Axiom of Union: For any set 5, there is a set U such that x € U if and only if 
x € A for some A € S. 


Axiom 6: The Axiom of Power Set: For any set A, there is a set P(A) called the power set 
of A such that X € P(A) if and only if X C A. 


Axiom 7: The Axiom of Replacement: Let $ be a formula such that for every set x there 
is a unique set y for which $(z, y) is true. For every set A there is a set B such that for all rc A 
there is a y € B for which ¢(x, y) holds. 


Axiom 7': The Axiom of Replacement: If A is a set and f : A — B is a a function, then the 
range of f is a set. 


Axiom 8: The Axiom of Infinity: There exists a set A with the properties: (i) Ø € A and (ii) 
if a € A, then an {a} € A. 


Axiom 9: The Axiom of Foundation: For every nonempty set A there is a x € A such that 
z(4Ac-f. 


Axiom 10: The Axiom of Choice: Given any nonempty family {A;;i € A} where each A; and 
A are sets, then there exists a set S consisting of exactly one element from each A;. 


It can be shown that there is a unique set satisfying Axiom 1. It is called the empty set and 
written as Ü. Axiom 4 and 7 give us that we may take Cartesian products and hence define functions. 
Thus, the reason why there are two Axiom of Replacement listed. Axioms 1-9 are called Zermelo- 
Frankel set theory or often times ZF. When one includes Axiom 10, we write it as ZFC. Choice is 
indeed independent of the other axioms. 
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1.9.2 Lemma (ZF). There does not exist a set x satisfying x € x. 


Proof. Otherwise, by the Axiom of Power Set we could form the set A = {x}. Now, this set must 
satisfy foundation but it only has one element, namely x and so zN A= Í. 


1.9.3 Theorem (Schróder-Bernstein). If A € B and B < A, then A œ B. 


The proof of the Schróder-Bernstein theorem is long and technical. As it does not illustrate 
anything new we shall leave it to the interested reader to find a suitable reference. At this point 
there are one of two ways to define cardinal numbers. One is to simply define the cardinality of a 
set A to be the equivalence class under €. But through this way you obtain that cardinalities are 
not sets but proper classes. T'he other way is to innocuously define cardinals as a collection of sets 
with the property that each arbitrary set A is assigned a unique cardinal |A| and that A ~ B if and 
only if |A| = |B]. You then can induce the order onto the class of cardinals. Now, again the last two 
have the feature that if you simply want to discuss cardinalities and obtain known results such as 


1.9.4 Theorem (Cantor’s Theorem). For any set A, we have |A| € |P(A)|. 


1.10 Problems and Solutions on Chapter 1 


Warning! Never Never Ever read this solution unless you tried problems quite long time and gave 
up. Doing so may impair your ability to think and solve problems. 


1.10.1 Problem. Show that {x; x # x) = 0. 
1.10.1.1 Solution. If [z;x Z x) #0, then there exists x such that x Æ x, a contradiction. 
1.10.2 Problem. Let {A,;n € N} be a collection of sets. 

1. Consider Bn = UJ? , Ai, n € N. Show that UZ; B; = UZ, Ai. 

2. Consider By = N; Ai, n € N. Show that 72, B; = (Y, Ai. 


1.10.2.1 Solution. 
1. Let 


oo i 
rE U Bere B= LJ Ax for some i 
i=1 k=1 


oo 
erc Åp for some k zc LJ Ai. 
i=l 


2. Similar to above. 


1.10.3 Problem. Prove that the implication is left distributive with respect to the disjunction. 
1.10.3.1 Solution. We have to prove 


A= (BVC)=(A=B)V(A=C). 
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By the basic properties of the V operation (idempotency, commutativity, associativity) and the 
identity (X > Y) = ~X V Y, thus 


A= (BvC) =7AV(BVC) = (AV 4A) V (BV C) 
= (7A V B) V (2A V C) 
- (A5 B)v (A C). 


1.10.4 Problem. 
1. All empty sets are equal. 


2. The empty set has no elements. 
3. The only set with no elements is the empty set. 


1.10.4.1 Solution. 


1. Suppose (, and Øz are any two empty sets. Since an empty set is a subset of any other set, we 
must have both (; C Øz and 05 C Ø. By the definition of equality of two sets, we get 0; = Qe. 
This proves (1). 


2. Suppose x € (). Since for any set A we have Ø C A and ( C A€, we must have both x € A and 
x € AC, which contradicts the existence of z. This proves (2). 


3. Suppose X is a set with no elements and X # Q. Since Ø C X, then X ¢ Ø. Then there must 
be an element x € X such that x ¢ Ø. But X has no elements which is a contradiction. Hence 
the proof. 


1.10.5 Problem. Show that, for any subsets A, B and C of X, 
1. AAB - 0 if A= B. 
2. AAB=X iff A= BC. 
3. AA0 = A and AAX = AC. 
4. (AAB)n C = (An C)A(BnC). 


5. (AUB)N(BUC)N(CUA) = (An B)U (Bn C)U (Cn A) 
=(AUBUC)N (ATU BUC)N (AU BCUC)n(AU BUCO) 
=(ANBNC)U(ATNBNC)U(ANBENC)U(ANBNCY). 


6. (A\ B)U(B\ C)U(C\ A) = (AUBUC)\ (ANBNC) 
= (AAB) U (BAC) U (CAA) = (BN A) U (CX B)U(A\ C). 


1.10.5.1 Solution. To solve some of these problems, we adopt the following short-hand algebraic 
notations so that the calculations can be done quickly: 

+ for U, - for MN,’ for complementation €, 0 for Ø, 1 for X and we write A - B = AB; A-1 = 
A,;A+A’'=1;A-A’=0 
Then AUB = A+B, ANB = A.B and A\B = ANB? = AB’, AAB = (A\B)U(B\A) = AB'+A' B 
and we can write A- B = AB, A+ A =1, AA’ =0,1' = 0,0' = 1. 
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AAB = 

#(A\ B)U(B\A)=0 
@A\B=WandB\A=0 
SACBandBCA 
€A — B. 


AAB=X 
SAB'+A'B=1 
= A(AB' + A'B) = A1 = A and 
B'(AB' + A B) = B'1 = P' 
— AB' = A and AB’ = B' 
zs B. 
Hence A = B®. Converse part is left to the reader. 
3. Left to the reader. 
4. Now, RHS is 
(An C)A(Bn C) = AC(BO) + (AC) BC 
= AC(B' +C’) + (A + ChÓBC 
= ACB' + A'BC = (AB' + A'B)C = (AAB)nC 
Hence (AAB)nC = (An C)A(B nC). 
5. We have 
(AU B)n(BuUC)n(CU A) 
=(A+ B)(B 4- C)(C + A) 
=(AB+ AC + BB+ BC)(C+ A) 
—ABC + ACC + BBC + BCC + ABA + ACA + BBA+ BCA 
=ABC+AC+ BC+ BC + AB + AC + BA4- BCA 


—ABC + BC+ AB + AC 
=BC + AB + AC = AB + BC + CA. 


Thus (AU B)N (BUC)n (CU A) = (ANB)U(BNC)U(CN A). 
Again, 
BC + AB + AC = BC(A+ A") + AB(C + C^) + AC(B + B^) 
= BCA + BCA’ + ABC + ABC’ + ACB + ACB’ 
= BCA + BC A! + ABC’ + ACB’. 
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Thus (BUC)N(AUB)N (AUC) 
—(AnBncC)u(A'nBnC)U(An B'nC)U(An BNC’). Ina similar way, we get the next 
result. 


6. Again, 
(AUBUC)\(ANBNC) 
=(A+B+C)(ABOC) = (A+ B t C)(A' + B' e C^) 
—AB' + AC' + BA! + BC' + CA! + CB' 
—(AB' + BA’) + (BC' + CB’) + (CA' + C'A) 
—AABUBACUCAA. 
and 


(AB' + BA") + (BC' + CB) + (CA' + C'A) 
=(AB’ + BA)(C + C^) + (BC' + CB')(A + A") + (CA' + C'A)(B + B) 
—(AB'C + A'BC + AB'C' + A BC") + (ABC' + AB'C + A'BC' + A'B'C) 

+ (4'BC + ABC’ + A'B'C + AB'C?) 

—AB'C + A'BC + AB'C' + ABC’ + A'BC' + A'B'C 

—AB'(C + C") + BC'(A+ A) + CA'(B + B’) 
or —A'B(C + C^) + B'C(A + A’) + C'A(B + B) 

—AB' + BC' + CA' or = A'B  B'C + C' A. 


1.10.6 Problem. Show that, for any sets A and B, there is a set C such that AAC — B: Is C 
unique? 


1.10.6.1 Solution. Suppose D be a set such that AAD — B then 


AAC — AAD 
—AA(AAC) = AA(AAD) 
—(AAA)AC = (AAA)AD 
>C = D. 


Hence C is unique. 


1.10.7 Problem. Given two sets A and B, show that 
AU B = AABA(An B) and AN B= AA(An B): 


Deduce that, if AN B = 0, then AAB = AU B. 
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1.10.7.1 Solution. Now, 


AABA(An B) 
—(AB' + A'B)A(AB) 
—(AB' + A'B)(A.By + (AB' + A'B)'(AB) 
—(AB' + A'B)(A' + B^) + (A' + B)(A + B’)(AB) 
—(AB' + A'B) + (AB + A' B')(AB) 
—(AB' + A'B) + AB 
=(AB’ + A'B) + AB + AB 


=(AB’ + AB) + (A'B + AB) 
=A(B’+ B)+(A'+A)B 


Thus AABA(A n B) = AU B. Again, if AN B = Ú then A\ B = A and BN A = B. Hence 
AAB = (AN B)U(B\ A) = AUB. 


1.10.8 Problem. Is it true for all subsets X,Y, Z of U that 
1. XQ(YAZ)-(XnY)A(XnZ). 
2. XU(YAZ) = (XUY)A(XUZ)? 

1.10.8.1 Solution. 
1. True. We have 


(XnY)A(Xn ae XZY + (XY) CX Z) 
)(X' - 2) - (X' -Y(XZ) 

- Qr 4 tT(XY)Z! + X'(XZ) - Y'(XZ) 
) 
( 


XY)Z' rY'uxZzyexQz +Y'Z) 


2. False. For, if X = {1,2,3},Y = {2,3,4},Z = (3,4,5) then (X UY)A(X U Z) = {5} and 
XU(YAZ) = {1,2,3, 5}. 


1.10.9 Problem. Show that, given two sets A and B, we have A = 0 & B = AAB. 


1.10.9.1 Solution. We have 


B = AAB 
>BAB = (AAB)AB 
>0 = AA(BAB) 
> = AAO = A. 


and other part is clear. 


1.10.10 Problem. Suppose {A,;a € A} be a family of subsets of X, then 
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1. Usca 4a dE 9. 
2. Uaca Aa = Diff. either A = Ü or Aa = 9. 
3. Naca Aa = X, if A — 9. 


1.10.10.1 Solution. 
1. Suppose z E€ Usca Aa > Ja € A such that z € Aa — A z 0. 


2. Left to the reader. 


3. Naca 4a = X > Uaca AE = 0 and apply 1. 


1.10.11 Problem. If (En) be a sequence of subsets of a set X, we define 


lim sup En = N U Ep = {x € X; x € En frequently} 
TL— oo 
n=lk=n 
and 
lim inf En = U N Ey = {x € X; x € E, ultimately}. 
noo 
n=lk=n 
Show that 


1. iMrs inf E, C limno sup En. 
2. limno sup En = (x € X; x € En, for infinitely many n}. 
3. Mno inf En = {x € X; x € En, for all but finitely many n]. 


4. if (a) Ey 2 Eg 2 ... and if (b) Ey C E» C .., then compute lim,_,.. inf En and lim, sup En 
in both cases. 


5. lim, 4, inf EC = (limp... sup Ep)°. 


6. (lim, 4s; inf En U limno inf Fh) C limno inf (En U Fh), and equality holds if U is every- 
where replaced by N. 


7. lim, 4,55 sup (En N Fr) € (limno sup E, N limpo sup Fn), and equality holds if N is every- 
where replaced by U. 


1.10.11.1 Solution. 
1. Let Pa = N% Ex, then 


P, C PC... cq 


and let Qn = Ugn Ex, then 


Qi 2 Qo 2e 2 Qn 2 Quai 2 oru 


Since 


Ppeq4cucP cPuc ee C Qn4i © Qn C..C Q2 C Qi, 
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hence 
sup P, C inf Qn 
n T. 
oo oo oo oo 
=U Nac N Ue 
n=1lk=n n=1lk=n 


=> lim inf E, C lim sup £j. 
noo 


n—oo 


2. Let z € NZ Ug, Ex; then z € (15 4 Qn. So, £ € Qn V n = 1,2,.... Suppose x € Qn implies 
x € Ek, V n= 1,2,... Then z € E; for infinitely many k. 
3. Let x € UP, NL, Ex, then z € UP, Pa implies x € P; for some k. Suppose x ¢ Pi, ..., Px à 
implies x € E; V i > k. Then x € Ej for all but finitely many k. 
4. (a) If E, 2 Ez 2 .., then [Ji ,, Ex = En, so, lim, o, sup En = NF; En and Ng, Ex = 
( Xp so, limno inf En = NZ] En 
(b) If E1 € Ey C ..., then NK, Ex = En, so, limno inf En = UZ] En = limnsco sup Fn. 
5. Left to the reader. 
6. Left to the reader. 


7. Left to the reader. 


1.10.12 Problem. For each n € N, let Mn = EE ke Z} . Then show that lim sup„ Mn = Q and 
lim inf, Mn = Z. 


1.10.12.1 Solution. Here, we can write M, = Ek € Z} = 17. Now, let m € Z, then m — 
DP € M, — ZC M, V n eN. We show that Mp N M; = Z, V p,q € N, with (p,q) = 1. Suppose 


that = = 2. Then, q = © => mjn similarly n|m m=n p = q, a contradiction. Now, 


if a,b are integers with no common factor and b > 1, the number 7 lies in no M,,, where n is a 
natural number such that b does not divide n. Thus, limpo sup M, = NZL Un Mx = Q and 


limps inf Mn = UZ Flies My = Z. 


1.10.13 Problem. Every sequence (Mn) of countable sets has a convergent subsequence. 


1.10.13.1 Solution. We need to show that a subsequence can be extracted so that, if an element 
lies in an infinite number of sets in this subsequence, then it belongs to all but finitely many sets 
if this subsequence. This can be achieved by a Cantor diagonal procedure. More precisely, put 
M, = {£n k;k € N} for n € N and order the set M = UP, Mn as 21,1 € 21 € $13 € 231 < 
£22 < £13 < z44 € .. If for every x € M there exists n € N such that x ¢ UZ, Mg, then 
lim sup Mn = 0, and there is nothing to prove. Otherwise, select the first element in M that belongs 
to infinitely many M,,’s and consider the subsequence (Mn, ) of those M;,'s. Now, if no other element 
in Ur 4 Mn,, belongs to infinitely many elements in the subsequence, we are done. Otherwise, pick 
the next element in U7, Mn,, with this property, and choose the corresponding subsequence of Mn, . 
Proceed recursively. Either we stop at some step (and then we obtain a convergent subsequence) or, 
on the contrary, the process continues forever. In this case, choose a subsequence consisting of the 
“diagonal” of the successive subsequences so obtained. This concludes the proof. 


1.10.14 Problem. Prove or disprove the following assertion. 


1.10. 
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If p is a transitive relation on X, then so is p^ !. 


Let p be a reflexive and transitive relation on X. Then pN p^! is an equivalence relation. 
If p1, p2 are transitive relations on X, then so is pı 9 pa. 


Let p bea relation X such that p is symmetric and transitive. Then p is relexive iff dom(p) — X. 
Moreover, p is an equivalence relation. 


1.10.14.1 Solution. 


1. 


1.10.15 Problem. In this problem we deal with (binary) relations in the set of real numbers R, 


Since p is a transitive relation on X, so po p C p, then p o p^! = (pop)! C p^! implies 


that p^! is transitive. 


. Suppose that p is reflexive and transitive relation on X, let 


(x,y) € prp 
—(z,y) € p and (x,y) € p^ 
—(y, £) € p and (y, £) € p 
=>(y,2) € pnp 


(x,y), (Y, z) € pN p 
=>(x,y), (y, 2) € p and (z, y), (y, z) € p^ 
=(x,z) € p and (y, £), (z,y) € p 
Now (y, x), (z,y) € p > (z, £) E€ p > (£,2) E€ p™'. 
Thus (£, z) € pnp! 


1 1 1 


shows that p 1 ^ is transitive. Finally, Ax € prp ^^ shows pp ^ is reflexive and hence 


an equivalence relation. 


Let X = {1,2,3,4}, take pı = ((1,3), (2,4)} and po = {(1, 2), (4, 1), (4, 2)) then pı © p2 = 
{(1, 4), (4, 3), (4, 4)} is not transitive. 


Suppose that p is relexive, then (x, z) € p V x € X implies dom(p) = X. 
Conversely, let x € X then for some y € X, (x,y) € p, so by symmetricity (y, z) € p and by 
transitivity (x, y), (y, x) € p implies (x, x) € p. Thus p is reflexive and hence p is an equivalence 
relation. 


ie. the subsets p of R?. 


1. 
2. 
3. 
4. 


What is the natural interpretation of such relations? 
What is the geometric meaning of the sets dom(p) and ran(p)? 
What is the geometric meaning of the property of reflexivity? 


What is the geometric meaning of the property of symmetry? 
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What is the geometric meaning of the property of connectedness? 
What is the geometric meaning of the property of antireflexivity? 


5. 
6. 
7. What is the geometric meaning of the property of asymmetry? 
8. What is the geometric meaning of the property of antisymmetry? 
1.10.15.1 Solution. 

1. The relations are interpreted as the subsets of the Cartesian plane. 


2. dom(p) is the projection of p onto the axis Ox and ran(p) the projection of p onto the axis 
Oy. 


3. The diagonal (i.e. the straight line described by the equation y = x) is included in p. 
4. The diagonal is an axis of symmetry of p. 


5. The set-theoretical union of p, the diagonal, and the symmetric image of p with respect to the 
diagonal is the whole plane. 


6. The diagonal is disjoint from p. 
7. p does not contain a pair of points symmetric with respect to the diagonal. 


8. The only points of R which have in p images which are symmetric (with respect to the diagonal) 
belong to the diagonal. 


1.10.16 Problem. If p and p be the the relations on a set X, then show that (poji)! = plop t. 
1.10.16.1 Solution. 
(a,b) € (pou)? 
 (b,a) € pop 


€ Jc E X such that (b,c) € wand (c,a) € p 
Í 


€ 3c€ X such that (c,b) € u^! and (a,c) € p^ 
1 1 


e (a,b) Eu op. 


Thus (p ep eg o p™t. 


1.10.17 Problem. Let p and u be two equivalence relations on a set X. Show that po u is an 
equivalence relation on X if and only if p o u = po p and that, in this case, po u is the intersection 
of all the equivalence relations on X that contain both p and p. 


1.10.17.1 Solution. Suppose that po u is an equivalence relation on X. Here 


(a,b) € po u implies (b, a) € po u (by symmetricity) 
Now (b, a) € pop 
=> Jc € X such that (a, c) € wand (c,b) € p 
=> (b,c) € pand (c,a) € u 
=> (b, a) E€ pop 
=> pom pop. 
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Similarly, jo p C po u. Thus pop = pop. 
Conversely, let poo u = uo p. 

then, V a € X, (a,a) € p and (a,a) € u implies (a,a) € p implies (a, a) € po p implies p o p is 
reflexive. 

Now, (pou)! = u- 1 op! C uop— pou pop is symmetric. 

And (po u) o (popu) =po(mop)owp=po(pop)ou=p?op? C pop implies po u is transitive. 
Hence p o p is an equivalence relation. 

Let R = {a;a is an equivalence relation on X, p,u C a}. Let (x,y) € pop, then d z € X such 
that (x,z) € u C a, (z, y) € p € a and this implies (x,y) € o. Thus p o u C a. Hence the result 
follows. 


1.10.18 Problem. Give an example of each of the following : 
1. A relation which is not reflexive, but symmetric and transitive, 
2. A relation which is reflexive, symmetric and transitive, 
3. A relation which is not reflexive, not symmetric but transitive, 
4. A relation which is not reflexive, not symmetric and not transitive, 
5. A relation which is neither reflexive nor transitive but symmetric, 
. À relation which is reflexive, but not symmetric and not transitive, 
. À relation which is reflexive and symmetric but not transitive, 


. À relation which is reflexive and transitive but not symmetric. 


cc o N Qo 


. A relation which is reflexive and transitive, but not antisymmetric. 
10. A relation which is transitive and antisymmetric but not reflexive. 
11. A relation which is reflexive and antisymmetric but not transitive. 


1.10.18.1 Solution. 
Let X = {a,b,c}, X x X = {(a,a), (b, b), (c, c), (b,a), (a, b), (b, c), (e, b), (a,c), (e, a)] . 


o NS 
ESI 
& 
wa 
— 
S 
c 
m 
— 
NQ 
Q 
Ww 
— 
S 
Q 
s 
— 
NQ 
c 
Da 
— 
ESI 
c 
m 
— 
S 
Q 
— 
y 
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p= {(a, a), (b, b), (c, c), (a, b), (b, a)}. 
p = {(a,b), (a,a)}. 
p= {(a, a), (b, b), (c, c), (a, b), (b, c)}. 


1.10.19 Problem. If S be a set, and |S| = n is finite, then 


cU AeA C 


. |S x S| =n. 

. there are 2"^ relations on S : 

. there are 2^^-" reflexive relations on S ; 

. there are 20^ *)/2 symmetric relations on S, 


. there are 2("°-")/2 reflexive and symmetric relations on S. 


1.10.19.1 Solution. 


1. 


Let S = (a1,a5,.., an } then 


=>" taxon. 


i=l 


|S x S| = 


Ulta} x 8) 


. Since any subset of S x S is a relation and there are |P(S x S)| = 20° subsets of S x S, hence 


there are 2”” binary operations on S. 


. Let A = {(a,a);a € S}, then for any p C (Sx S)N A, pU A is a reflexive relation, as 


(S x S)\ A| 2 n? — n, so |P((S x S) VA)| = 27" is the number of reflexive relations on S. 


. For symmetric and reflexive relations p, A C p, p^! C p, so let 


T = {{(a,b), (b, a));a,b € S,a Æ b}. 


Thus, any subset of T'U A gives us symmetric relations, so the total number of subsets is 
[P(T U A)| = 2/TUAI = alr? +n)/2, 


. For symmetric and reflexive relations p, A C p, p^! C p, so let 


T = {{ (a,b), (5a); a,b E€ S,a Æ b}. 


Thus, any subset of T gives us symmetric relations, so the total number of subsets is |P(T) 
9IT| — 9(n?-n)/2 


M 


1.10.20 Problem. Let A = {1,2,....,m} and B = {1,.. n}. 


1. 
2. 
3. 
4. 


How many different functions f : A — B do exist? 
Suppose n > m. How many different injective functions f : A — B do exist? 
How many different functions f : Ag — B do exist, where Ag C A is arbitrary? 


Suppose m > n. How many different surjective functions f : A — B do exist? 
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1.10.20.1 Solution. 


1. |B|I4!. The number of all functions f : A — B is equal to the number of all variations with 
repetition of n elements of the class m, i.e., it is n™ = |B|lAl. 


2. The number of injective maps from a set A with m elements to a set B with n elements is easy 
to find; one need only notice that an injective map corresponds to the choice of m distinct 
elements of B, in some order. 
ie. (7) - mI = n(n — 1)(n — 2)....... (n — m 4 1). 


3. (B| - 1)! = (nt 1). 


4. The total number of maps from X to Y is n™. We shall find the number of maps that are not 
surjective and then take the difference to obtain the number of surjective maps. 
Let Y = (yi, .., Yn}. A map f : X — Y is not surjective if there is at least one element y; € Y 
that does not belong to its image. In other words, the set of non-surjective maps f : X > Y 
is the union of the sets F1,.., Fn, where F; is the set of maps whose image does not contain y;. 
The cardinality of each set F; (there are n such sets, one for each value of i) is the number of 
maps from X to the set Y V (yj) and therefore equal to (n — 1)”. The cardinality of each of 
the (5) sets F; N Fj is the number of maps from X to the set Y V (yi, yj} , that is, (n — 2)”, 


2 
and so on. In conclusion, we have by the inclusion-exclusion principle 


[Ay U .... U Anl 
= M |Al- M) [Asn Ajl+ M ANANA Ak- 
1l<i<n l<i<j<n 1<i<j<k<n 


-(") (n— 1)" - (5) (n - 2" 4 (5) (n—3)" —.... 


The number of surjections from A to B is n" — (7) (n— 1)" + (5) (n—2)™...+(-1)"77(,",)1™. 


1.10.21 Problem. Determine the largest set A C R such that the following functions are defined. 
(We call then A the natural domain of the function given with that formula.) 


1. f(x) = x cos yz. 
2. f(x) = Vsinz?. 
3. f(x) = ln? (sin (£)) where In? z = In(In(In z)). 


1.10.21.1 Solution. 


1. The natural domain of the function g(t) = vt is the set (t € R;t > 0), which means that 
A C [0, 00). Again, 


T. T 
20e [(4k — 1). (4k DE 
cosu > weu Jeol +5 


or, equivalently, 
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Using the condition A C [0,0o). and putting in the last relation u = yx, x > 0, we obtain that 
if x > 0, then cos(/z) > 0 holds if and only if 


N 


97 


2 
0x [Aor (Ak - 197 «uz (4k+1) T, kez 


for some natural number k. This means that the natural domain of f is the set 


D- le =] U (U K 1T, ak i vt]. 


ken 


. The function g(t) = sint is non-negative iff 2ka < t < (2k + 1), k € Z, hence 


sina? > 0 & 2kr < z? < (2k + 1yr for k €€ No. 
Since for every x € R, Va? = |x|, we obtain finally 


D = {x € Ri V2kr < |x| < Vk +17 for some k € No} 
= | U [V2kn, V Gk + vr] U | U |- Gk + Drv] l 


k€No k€No 
. The natural domain of the logarithmic function g(t) = Int is the open interval (0,00), hence 
the natural domain D of the function f will be the set of all x € R such that sin (z) > 0 The 


last inequality is true iff there exists an integer k such that 


2km < Č < (2k +1)r,k € Z 
x 
Solving these inequalities for x gives three cases. 
(a) If k = 0, then 0 < 1 <1, hence z € (1,09); 


(b) IfkeZ,k>0 then z € (ams) 


(c) Ek € Zik < 0 then z € (amk) 


So, we obtained that 


p=( U (ama) U| U (sez) Uo 


keZ,k<0 keZ,k>0 


1.10.22 Problem. Let the function f : R\{—1} — R be given with the formula f(x) = qfy- Find 
the function fn, n € N, where 


fi = f, fz = f o fi,- fa =f fry 


Determine also the natural domains of these composite functions. 
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1.10.22.1 Solution. The domain of the function f is the set R \ {—1}. Then 


fale) = (Fh) (e) = fü =F (iz) = BS => 
1+a 


Clearly, the natural domain of fə is the set RA {—1/2}, the definition of fə reduces its domain to 
the set R \ (—1, —1/2). Let us prove by mathematical induction that for n = 2,3, ... we have 


x 1 1 
= f R 1 & 
Ltng 07 Y de S 3 


We proved already the formula for n — 2. Suppose it holds for n — k, for some natural number 
k > 1. Then 


(f o fx) (x) = f(fs(z)) = f (5) 


= mE = x for x R\{ 1 5 23 IE 


fiio) 


1.10.23 Problem. Give an example of a partially ordered set which has a unique minimal element 
but no smallest element. 


1.10.23.1 Solution. Consider the set (0, 1] U [2, 3) with the ordering < given by x < y if and only 
if either z, y € (0,1] and x < y, or x,y € [2, 3) and x < y. Then “<” is a partial ordering on the set, 
2 is the unique minimal element and there is no smallest element. 


1.10.23.2 Solution. If S and T are subspaces of V, we must find the largest subspace W of V 
contained in the subspaces S and T and the smallest subspace U of V containing the subspaces S 
and T. ie. SOT and S 6 T. 


1.10.24 Problem. Let A,B be two sets such that A C B a relation p is defined on P(B) by 
(X,Y) € pif XN A-Yn A. Then show that 


1. p is an equivalence relation on P(B); 

2. (Ø) is the equivalence class determined by 0 is P(B \ A). 
1.10.24.1 Solution. 

1. A routine verification is left to the reader. 


2. Now, 


(0) = (X € P(B); (X,0) € p} 
—-(XeT(B;XnA-0nA-80) 
= (X € P(B); X c AC} 
—-(X;XC Bn AC) 
={X;X C B\ A} 
= P(B\ A). 
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1.10.25 Problem. Let P be a given partition of a non-empty set X. Define a relation pp(depending 
on P) on X by (x,y) € pp iff there exists A € P such that x,y € A (i.e., iff y belongs to the same 
class as x). Then pp is an equivalence relation, induced by P. Moreover, 


1. P(pp) =P (partition induced by pp); 
2. p(P,) = pp (equivalence relation induced by partition P). 


1.10.25.1 Solution. Let x € X. Since P is a partition, there exists A € P, such that x € A. So, 
(x,x) € p. This implies p is reflexive. If (x,y) € p, then (y, x) € p from the definition of p. So, 
p is symmetric. Let (x,y) € p and (y,z) € p. Then there exist A, B € P such that x,y € A and 
y,z € B. Consequently, y € AN B. Since P is a partition, A = B. Consequently, x,z E€ A € P; 
therefore, (z,z) € p. So, p is transitive. As a result p is an equivalence relation. 


1. We now show that P(pp) = P. Let A € P and x € A. Then for every y € A, (x,y) € pp. 
Consequently, y € (x) > A C (x). Next let z € (x). Then there exists some B € P such that 
zx,z € B. But zr € A =x An B — A = B (by the property of a partition). Consequently, 
z E€ A= (x) CA. As a result, 


(x) = A, but (x) € P(pp). 


Consequently, P C P(pp). Moreover, both P and P(pp) are partitions of the same set X. 
Hence, P(pp) = P. 


2. To prove p(P,) = pp, let (x,y) € p. Then y € (x) € P, => (a, y)p(P,) =. Again (x, y)p(Pp) > 
there is an equivalence class (z) such that x,y € (z) => (z,x)p and (z,y) € p(x,z) and 
(z, y) € p => (x, y) € p (by transitive property of p) > p(P,) € p. Hence p(P,) = pp. 


1.10.26 Problem. In P(X), the power set of X, define a relation p as follows ApB iff AAC = BAC 
for some C € P(X). Show that p is an equivalence relation. 


1.10.26.1 Solution. We observe that 


AAC = BAC 
—(AAC)AC = (BAC)AC 
=AA(CAC) = BA(CAC) 
=> AA = BAG 
—A -— B. 


Thus ApB iff A = B. Thus p is an equivalence relation. 
1.10.27 Problem. 
1. fF es 4. 
2. If A, B C X, then 
(a) If AC B C X, then f(A) C f(B). 
(b) f(AU B) = f(A)U f(B 
(c) f(An B) € f(4)n f(B 


Mr NE 


1.10. 


PB 


e 
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(d) f(AN B) 2 f(A) \ f(B). 


. If P,Q C Y, then 


(a) IE P C QC Y, then /- (P) C f-1(Q). 
( 


b f-(PUQ) = fP) U fQ). 
(c) fF PNQ)=f (nf (Q) 
(d FHP \ Q) = fP) \ F7(Q) 
If AC X and B CY, then 


AN F'(B) € f (f(A)n B) and f(A)N B = f(An f '(B)). 


. If AC X then AC f^! (f(A)) and A= f^! (f(A)) iff f is injective. 
. If BCY then f(f^!(B)) € B and f(f ^ !(B)) = B iff f is surjective. 


.27.1 Solution. 
. If x € f-1(0) then f(x) € 0, which is absurd. 


. (a) y€ f(A) > dz € AC B y f(x) € f(B). 


(b) y € f(AUB) => 3x € AUB such that y = f(x) € f(A) or f(B) => y € f(A)U (B). 
(c) AGnBC A— f(An B) € f(A) and An B € B= f(An B) € f(B), thus by combining 
these, we get the result. 


(d) Let y € f(A)\f(B) > dx € Asuch that y = f(x) € f(A) and y = f(x) € f(B) > v ¢ B. 
Thus x € AN B > y= f(x) € f(AN B), and the result follows. 


(a) zef (P) f(x) € PEQ = ze fQ). 

(b) ze f-!(PuQ) = f(z) e PUQ > f(z) e Porf(zs)e Q9 zef HP)orzxe f(Q) = 
z€f (P)y) f-1(Q). Thus f" (PUQ) € f-!(P)U f-!(Q). Again, P C PU Q and 
Q C PUQ implies f^! (P) C f! (PUQ) and f-!(Q) C f"! (PU Q), thus by combining 
these, we get the result. 

(c) Now, x € f! (PnQ) e f(x) e PAQ e f(z) € Pand f(x) E€ Q exe f-!(P)nf-'(Q). 

(d) Again, x € f-1(P\ Q) = f(z) e P and f(z) Qe ze f !(P)andzé£ f!(Q) exe 

(Pf). 
x € Anf !(B)—dHye B such that y = f(z) > f(x) e F(A NA B xe f !(f(A)n B). 
)nB-d3z€4A such that y = f(x) € B thus z € An f 1(B) > y= f(z) € 


Again, yc f(A 
f(An f^! (B)), other part is similar. 
x € A> f(x) € F(A) «ef (f(4) + AC f ((A). Again, x e f (f(A ag fa) € 


f(A) = dy € Asuch that f(x) = f(y), by injectivity x = y € A, which shows f~!(f(A)) C 
Hence f is injective implies A = f^ !(f(A)). Now, let f(a) = fly ) then taking A = {x}, we 
get y € f 1(f((z])) = {x} which shows y = x. Thus f is injective. 

Alternatively, Let x # y then æ ¢ {y} = f~*(f(y)) implies f(x) ¢ (f(y)) > f(x) # fly). 
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Let y € f(f-! (B)) then d x € f^!(B) such that y = f(x) € B. Hence f(f~!(B)) C 
let y € B then, by surjectivity d x € A such that y = f(x) € B => xe f !(B) 
f (B) ie. y = f(x) € f(f  (B)). Thus B C f(f ! (B)) hence B = f(f ^! (B)). 
Now, let y € B = f(f !(B)) then d x € f^!(B) C A such that y = f(x). Hence f is 
surjective. 


1.10.28 Problem. Show that, for a function f: X > Y, 


1. 
2. 
3. 


f is injective iff f(An B) = f(A)n f(B) V A,B € X. 
f is surjective iff Y \ f(A) C f(XNVA)V AC X. 
f is bijective iff Y V f(A) = f(XNVA)V AC X. 


1.10.28.1 Solution. 


1. 


. Note that the condition says that (f(A))° = f(AC 
f(A 


Suppose that f is injective. Now, AN B € A and An B € B => f(An B) € f(A) n f(B) 
and x € f(A) n f(B) implies d a € A,b € B such that f(a) = x = f(b) >a=bE ANB 
(by injectivity), thus x € f(An B) implies f(An B) € f(A) n f(B). Hence f(An B) = 
f(A)n f(B)V A,B C X. 

On the otherhand, let f be not injective. Then d x,y € X such that f(x) = f(y) but x Z y, 
so, considering A = (x) and B = {y}, we get f(An B) = f(4)n f(B) = 0— (f(x)) #0, a 
contradiction. 


. Suppose f is surjective. Then, let A C X, and 


y EY \ f(A) 
=> Jx € X such that y = f(x) ¢ f(A) 
>r ¢ A > f(x) € f(X\A) 

=y = f(z) € f(X \ A). 


Conversely, if A = Ø then Y V f(@) C f(X) implies Y C f(X) and A = X implies f(X) C Y. 
Hence Y = f(X). 


Suppose that z, y € X and f(x) = f(y) 
, then by the condition, 


) 
but x # y. Let A= {z}, so y € AS ie. f(y) € e) 


f(y) € f(47) = UGG) = CG)*, 


a contradiction. Thus f injective. 
Again, suppose that f is surjective, so Y = f (X) and then we take A = X and B = AC, hence 
by injectivity, we have 

fX NAF) = f(X)n FAS) 


= f(X \ A) = f(X)N (F(A))o =Y \ f(A). 


1.10.29 Problem. Let f: X — Y be a function and {A;;7 € I} be an indexed family of subsets of 
Y, prove the following assertions: 


[ol 
l. (lier A) E Vier Af. 
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2. Suppose that B C Y, show that B \ (Uje; 4i) = (e; (BV Ai) - 
3 f^ (Vier Ai) = Vier T (Ai) 
4. F (Mier Ai) = Puer f£! (AQ 
1.10.29.1 Solution. 
1. Let 


C 
rE (n D 
tel 
ou ¢ N A; 


iel 
ex ¢ A;, for somei € I 
ex € AP, for some i € I 
ez € |) AP. 
iel 
c 
Thus, (Mier Ai)” = Uie; AT. 
2. Similar to (1). 
3. Let 
cares (U D 
iel 
e f(x) eL JA 
iel 
€» f(x) € A; for some i € T 
ercf !(A)forsomeicI 
s z e |]J FA). 
iel 


Thus, f^! (Uier Ai) z Vier f^ (Ai). 


4. Let 
ger (n D 
icr 


f(x) € (Ai 
iel 
€ f(x) e A; for allie I 
x € f—'(A;) for allie I 
eze[()|f (A) 
iel 


Thus, f^! (Mier Ai) = Mier F (A). 
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1.10.30 Problem. Let S denote the collection of all subsets of a given set T. Let f : S — IR be 
a real-valued function defined on S. The function f is called additive if f(AU B) = f(A) + f(B) 
whenever A and B are disjoint subsets of T. If f is additive, prove that for any two subsets A and 
B we have 


1. f(AU B) = f(A) 4- f(BN A) and f(AU B) = f(A) + f(B) — f(An B). 


2. Assume f is additive and assume also that the following relations hold for two particular 
subsets A and B of T : 


(a) f(AU B) = f(47) + f(B^) - f(AP)f(B^) 
(b) f(An B) = f(A)F(B), F(A) + f(B) # f(T), 


where A? = T \ A, B? = T \ B. Prove that these relations determine f(T), and compute the 
value of f(T). 


1.10.30.1 Solution. 
1. Since AN (B\ A) = 0 and AU B = AU (B \ A), we have 


f(AUB) = f(AU(B\ A)) = f(A) + f(BN A. (1.3) 
In addition, since (BV A) N (AN B) = and B = (BN A) U(AN B), we have 
f(B) = f((BNA)U (An B)) = f(B\ A) + f(An B) 


which implies that 


f(BX A) = f(B) - f(An B) (1.4) 
By (1.3) and (1.4), we have f(AU B) = f(A) 4- f(B) — f(A B). 
2. Write 
f(T) = f(A) + F(A) = f(B) + f(B^), 
then 
LCD = (F(A) + F(A®)) (F(B) + £039) 
= f(A4)f(B) + f(A7)f(B) + f(A)f(B^) + FADL(BY) 
= f(A) F(B) + [F(7) — F(A) F(B) + F(A) F(Z) - F(B + f(A9)£ (89) 
= [f(A) + F(BIF(T) — fCA)F(B)  f(A9) f (8) 
= [f(A) + F3) f (7) — fCA)F(B) + f(A?) + F(BY) — f(AU B) 
F(A) + F(BYF(L) — FCA£GB) + TFL) — FA) + IFT) — (B) 
AEB) OA] 
= [f(A) + f(B) + 2f(7) — f(A)f(B) — 2[F(A) + f(B)] + F(A B) 
= [f(A) + f(B) + 2] f(T) — 2[f(A) + f(B)] 
which implies that [f(T)]? — [f(A) + f(B) +2] f(T) + 2[ f(A) + f(B)] = 0. Let f(A) + f(B) =a 


and f(T) = x. Then we have 
z? —(a+2)¢ + 2a = 0 (x —a)(x — 2) = 0 
So, x = 2 since x Z a by f(A) + f(B) Z f(T). 
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1.10.31 Problem. 


1. 
2. 


Prove that, for a set X, f: P(X) > P(X) defined by f(A) = AC is a bijection. 


Let X bea set, f: P(X) > P(X) defined by f(A) = An B for B € P. Under what conditions 
is f one-to-one and onto? 


. Let X bea set, f: P(X) ^ P(X) defined by f(A) = AAB for B € P. Under what conditions 


is f one-to-one and onto? 


. Let f : X > Y bea mapping. Let F : 2* — 2Y be the mapping defined by F(A) = f(4)VA«€ 


P(X). Show that F is one-to-one (onto) iff f is one-to-one (onto). 


1.10.31.1 Solution. 


1. 


Let f(A) = f(B), then AC = B€ => A = B shows that f is injective and for A € 
P(X), (AP) = A= f(A€) = A implies f is surjective. Thus f is bijective. 


. We see that BOB = BAX => f(B) = f(X), so f is one-to-one implies f(B) = f(X) 2 B= X. 


So, for any A € P(X), we get f(A) = ANX = A= f is the identity mapping which is bijective. 
Hence the required condition is B = X. 


. We have that, for P,Q € P(X) 


f(P) = f(Q) 
=>PAB=QAB 
=>(PAB)AB = (QAB)AB 
=P = Q => f is one-to-one. 


And for any A € P(X), we get f(AAB) = (AAB)AB = A > f is onto. Hence f is bijective 
for any B. 


. Let F be one-one. Then taking A = {x} and B = {y}, we get 


f(z) = fy) = farh = fy) > ir} = {y} >r =y 


shows that f is one-one. 

Let f be one-one, then for A, B € P(X). Now F(A) = F(B) => f(A) = f (B) 

and a € A implies f(a) € f(A) = f(B) implies f(a) € f(B) implies f(a) = f(b) for some 
b € B, since f is one-one, so a = b € B. Thus A C B, similarly B C A. Hence A = B, and F 
is one-one. 

Again, suppose that F is onto. Let b € B then 3 A € P(X) such that F(A) = {b} ie. Jae A 
such that f(a) = 6 implies f is onto. 

Suppose that f is onto. Let B € P(Y) then, consider the set 


A - Jt (5;be B) c x, 


shows that F(A) — B. Hence F is onto. 


1.10.32 Problem. Let f : X — Y be any function. For a subset B of Y, prove that: f~'(B) = 
0 & Bnf(X)-Q. 
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1.10.32.1 Solution. BN f(X) #0 eS 4y€ Band d x € X such that y = f(z) e Bowe 
f^ 1(B) #9, a contradiction. 


1.10.33 Problem. Let there exist a function f : X — Y which is not an injection. Prove that 


X z (0 and Y z 0j. 


1.10.33.1 Solution. Note that f C X x Y, so if X = () then f = Ø which is injective because if 
(21, y) € 0 and (x2, y) € @ then zı = z2. If Y =@ and f : X — Y then X = @ also and f = which 
is again an injection. 


1.10.34 Problem. Let there exist a function f : X — Y which is not a surjection. Prove that 


Y z . 
1.10.34.1 Solution. If Y — () and f is a function then f is a surjection. 


1.10.35 Problem. AP = () iff A = Ý and B Z Í. 


1.10.35.1 Solution. Suppose that A = () and B40, so f € AP > f C B x 0 = 0. But 0 is not a 
function from B 4 () to A = (). Therefore A? = Ø. Conversely, suppose that A 4 (. Let a € A then 
{(a,a);x € B) is a function B > A which produces AP Æ Ø. On the otherhand B = (), then () is a 
function from B — A and again AP Z (). 


1.10.36 Problem. Prove that AP = B4 > A=B. 


1.10.36.1 Solution. If A? 7 (), let f € AP = B^. Then domf = B since f € AP. But domf = A, 
since f € B^ thus A = B. Again, if AP = Ø, then by the previous problem A = Ø. But B^ = () also 
giving B — (). Hence A — B. 


1.10.37 Problem. Prove that A C B > A* C B*. 
1.10.37.1 Solution. Let f € A* , then observe, 
l.fCc XxACXxB 


2. Vx € X Jy €A (and therefore y € B) such that (x,y) € f 


Again, (z,y1) € f and (z,y3) € f > yi = yo. f is therefore a function X — B and f € BŽ. 


1.10.38 Problem. Prove that A ~ B > A* ~ B*. 


1.10.38.1 Solution. Let 9 : A > B be a bijection. Let f € A*. Define $ : A* — B* by 
®(f) = $o f. We show that 9 is injective. Since 9o f = ġo g = f = g so 9 is injective. Again, for 
g E BX, (67! 0g) = óo(Q-!og) = g shows that © is surjective. Hence © is a bijection. 


1.10.39 Problem. If f: X 2 X, then f C ix => f —ix. 


1.10.39.1 Solution. To prove f = vx, it remains to prove tx C f. Let x € X. Since f is a function, 
(x,y) € f for some y € X and then f C ux > (x,y) eux —Nmy =u (m,r) € f — ux Cf. 


1.10.40 Problem. If f: X X, then ix C f > f —ux. 


1.10.40.1 Solution. Similar to the above. 


1.10.41 Problem. Let f,g € Y* and let A = {x € X; f(x) = g(x)). Prove that fou, — gota. 
Let B C X such that f otg = go pg. Prove that B C A. 
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1.10.41.1 Solution. Note that, 


(f o ta)(z) = fva(w)) = f(x) = g(x) = gale) Vv € A 


implies fov, = gou,. Let x € B then f(up(x)) = g(up(x)) — f(x) = g(x). So x € A, thus 
B C A. 


1.10.42 Problem. Let f,g € Y*. Prove that there exists an equivalence relation on p on Y such 
that if $, : Y — Y/p be the quotient map then ®, o f = ®, o g, and moreover, if u is any other 
equivalence relation on Y such that ©, o f = ®, o g, then p C u, and Y/p is finer than Y/u. Hence 
there exists m : Y/p + Y/u such that m o 6, = ®,. 


1.10.42.1 Solution. Let 5; = {A € P(Y xY); A is an equivalence relation on Y ) such that ®,og = 
$5 o f, which means 


(xo f)(x) = (®) og)(x), Va EX 
A-—l[g(z)/AVx € X 
PU. (x)/AVxz e X 


Since Y x Y € $5, so $5 z 0. Now, p=}, {A € 32) is an equivalence relation on Y. We show that 
®,0g = 9,0 f. We show that (f(z),g(x)) € p V x € X. Since (f(x), g(z)) € AVA € Ñ, therefore 
Gore EN {Ae Vb = pV axe X. Since p=), {A € VE}, so pCAVAE Y;. Now, if p is any 
other equivalence relation on Y such that $,,0g = ®, of, then p C u. Now, we define 7: Y/p > Y/u 
by 7([y]p) = [y]u. We show that 7 is well-defined, let [y]; = [z] > (y.z) € p => (y, z) € n > [p= 
[2], > ([y]o) = n([z]5). Thus a is well-defined. Again, if [y], € Y/p then «([y]5) = [y], > 7 is 
surjective and 70 ®, = ®,,. 


1.10.43 Problem. Let A, B,C be sets such that BNC = Ø. Prove that 


APUC y AP x AC. 


1.10.43.1 Solution. Let f € AP"C, then f = uUv where u = f (B x A) and v = f n(C x A). We 
see that u Nv = Í for BNC = ( now u: B — A and v : C 5 A. We define 9 : APU" — AP x AC 
by ®(f) = ®(wUv) = (u,v). We now verify that ® is well-defined, an injection and a surjection. 


1.10.44 Problem. Let A, B, C be sets. Prove that AC x BS = (A x B)C. 
1.10.44.1 Solution. Define 6 : AT x B€ > (A x B)? by 


(®(f,9)) (x) = (f(x), g(2)) V x € C. 


For injectivity: let 


$(fi.g1) = 9(f2. 92) 
—9(fi,g1)(zx) = $(f2,g))(x) Vr e C 
=(fi(x), g(x)) = (2(x).g2(2) Vr € C 
= fi(z) = fo(z), g(t) = gala) Va E C 
=fi= fe, 91 = 92 

= (fi, 91) (fo. 92). 
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To prove surjectivity; let 


h € (A x B)? then h(z) e Ax BVz € C. 

Let h(x) = (hı (x), ha(x)) 

then hı € A? and h € BS 

=> (hi,ha3) € A? x BS 

=> (hı, h2) = h since (h1, he) (x) = (hı (x), ha(x)) = h(x) V x € C. 


1.10.45 Problem. Let A,B,C be sets. Prove that A?*° x (AB)* 


1.10.45.1 Solution. Let f € AP*€, Define 9 : AP*€ > (AB)* by 


®(f) = (eg) € € x AP and g(b) = f(b,0)}. 


We show that ® is bijective. Injective: let 


9(fi) = 9(/2) 
—((egeCcx AP and g(b ) = filb,c)} 
= {(c9) ) € C x AP and g(b) = fa(b, 2 
=> fi(b,c) = fo(b,c) Vbe B andce C 
=> fi = fa. 
For surjectivity, let h € (AB)*, then h(c) : B + A and h(c)(b) € A. Let f : B x C > A such that 
f (b, c) = h(c)(b). Then 
= {(c,g) € € x A? and g(b) = f(b, c)} 
= {(c,g) € C x AP and g(b) = h(c)(b)) 
= {(c,g) € € x A? and g = h(c)) =h. 


1.10.46 Problem. If A,B,C are sets, then 
1. Ax B—- Ax OC e either B = C or A is empty. 
2. (Ax B) x C = Ax (B x C) < at least one of the sets is empty. 
3. Ax B= Bx As either A= B or at least one of the sets is empty. 


1.10.46.1 Solution. 


1. If A Æ Ø then (x,y) € A x B > (x,y) E€EAxXxC>xzEAadyEeEB>yE€EC> BCC 
similarly C C B, thus B = C. 


2. If one of the sets A,B,C is empty, then by the above (A x B) x C = Ọ = Ax(B x C). 
Conversely, suppose (A x B) x C = A x (B x C). If none of the sets A, B,C is empty, then 
there exists at least one element (a,c) € (A x B) x C where a € Ax B and c € C. By 
hypothesis (a,c) € A x (B x C) > a € A, a contradiction. 
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3. Suppose that A Z Ø B Z then V (x,y) € Ax B & (x,y) € B x A, thus AC B and BC A. 
Hence A = B. Again, let Ax B = B x A and A Z B then without loss of generality, we assume 
that 3x € A and z ¢ B. So for any y € B 


(x,y) ¢ Bx A9(z,y) € (B x A = (A x B)? = AF x BS > ye BC. 
Thus B C B? > B=9. 


1.10.47 Problem. If X,Y be two sets and f : X — Y is a surjection, then show that 


1. f induces an equivalence relation p on X; 

2. there is a surjection g : X — X/p and 

3. there is an injection h : Y + X/p such that ho f =g. 
1.10.47.1 Solution. Hint: 


1. Define a relation p on X defined by (x,y) € p iff f(a) = f(y), then, it is easy to see that p is an 
equivalence relation on X. Thus f induces an equivalence relation p on .X and the equivalence 
class determined by x is denoted by [x] and A/p is the family of equivalence classes ([x|;z € X} 
is called the quotient set determined by p. 


2. Define a mapping g : X — X/p by g(x) = [a] the equivalence class determined by zr. By 
definition we see that g is a surjection. 


3. Hint. g: X SY 4 X/p. 


1.10.48 Problem. Determine the number of ordered triples (A, B, C) of sets which have the prop- 
erty that 


1. AU BUC = {1,2,3, 4, 5, 6, 7, 8,9, 10} and 
2. An Bn C =Í. 


1.10.48.1 Solution. There is a bijection between triples of subsets of (1,2,3,4,.,,9, 10] and 10 x 3 
matrices with 0,1 entries, sending (A, B, C) to the matrix B = (b;;) with b;; = 1 if i € A; and 6j; = 0 
otherwise. Under this bijection the set of triples satisfying AU BUC = [1,2,3,4,5,6, 7,8,9, 10] and 
An BnC = ( maps onto the set T of 10 x 3 matrices with 0,1 entries such that no row is (0 0 0) or (1 
1 1). The number of possibilities for each row of such matrices is 2? — 2 = 6, so |T| = |S| = 69. 


1.10.49 Problem. Let A be a set and f : A — A be a 1-1 function. Then f” : A > A is an 1-1 
function for all integers n > 1. (f” is a standard abbreviation for f o f o..o f with n occurence of f.) 


1.10.49.1 Solution. If possible, let 3 n > 1 such that f” is not 1-1. Let m > 1 be the smallest 
positive integer such that f™ is not 1-1. Then d a,b € A such that a 4 b and f™(a) = f™(b). 
But then f(f"-1(a)) = f(f"-!(b)) and hence f™~1(a) = f"-!(b) since f is 1-1. Again, since m 
is the smallest positive integer such that f™ is not 1-1, f"-! is 1-1. Hence a = b, a contradiction. 
Therefore, f” is 1-1 for all n > 1. 


1.10.50 Problem. Let A be a finite set and f : A — A be a 1-1 function. Then f is onto. 
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1.10.50.1 Solution. Let a € A. Then f"(a) € AV n > 1. Hence the set 


(a, f (a), f^ (a), ...] € A. 
Since A is finite, so A cannot contain distinct elements and so, there exist m and n such that m > n 
with f(a) = f"(a). Then f"(f™ "(a)) = f"(a). Hence by the previous problem f" is 1-1. Let 
b= f™-"-1(a) € A. Then a = f(b). Hence f is onto. 


1.10.51 Problem. 
1. For a function f : X — X, f" is a standard abbreviation for f o f o..o f with n occurence of 
f. Suppose that f" — Ix. Show that f is bijective. 


2. If S is a finite set and f is an injection S — S, then show that for some integer n > 0, f" = Is. 


3. If S has m elements, find an n > 0 (in terms m) that works simultaneously for all injections 
S — S. 


1.10.51.1 Solution. 
1. If n = 1, then f = vx which is a bijection. Let n > 1 and suppose that f is not an injection, 
then J 21,22 € X such that zı Z x2 and f(zi) = f(x). Thus f"^!f(x,) = f"^!f(z;) > 
f"(z1) = f^(x2) > x1 = £2, a contradiction. Again, suppose that f is not a surjection, this 
means that 3 y € X such that y Z f(x) V x € X. Thus, we get f" !f(z) Ay V z € X. Hence 

f” =x is not a surjection, a contradiction. 


2. Use the previous problem. 
3. n — m!. 


1.10.52 Problem. If X is a non-empty set, then the mapping p — X/p defines a bijection from 
the set E(X) of all equivalence relations on X onto the set P(X) of all partitions of X. 


1.10.52.1 Solution. If p is an equivalence relation on X, the set X/p of equivalence classes is the 
partition P(X) of X so that p — X/p — P, defines a function 


f: E(X) > P(X). 


Define a function g : P(X) — E(X) as follows: If P = {X; : i € I} is a partition of X, let g(P) be 
the equivalence relation pp on X given by: 


(a,b) € pp & a € X; and b € X; for some (unique) i € I. 


Then pp is an equivalence relation on X. Hence g is well defined. It is clear that go f = Ig(x) 
and f og = Ip(x;). Because g(f(p)) = g(P5) = p(Po) = p for all p € E(X) > go f = Ig(x). Again 
(f o g)(P) = f(ppP) = P(pp) = P for all P € P(X) > fog Ip(xy. Hence the result. 


1.10.53 Problem. Let f : X — Y be a mapping onto Y. Then there is a mapping g : Y — X such 
that f o g is the identity map on Y. 


1.10.53.1 Solution. For each y € Y, let A, = f^! ({y}). Consider the collection A = {Ay;y € 
Y}. Since f is onto, A, # Ø V y. By the axiom of choice, there is a function F on A such that 
F(A,) € A, Vy € Y.ie. F(Ay) e f! ({y}), so f(F(Ay)) = y. Define g : Y > X; y œ F(A,). Then 
f og -—vy. 
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1.10.54 Problem. A mapping f : IR — R is onto iff each line parallel to the x-axis intersects the 
graph of f at least once. 


1. Formulate a similar condition for f : IR — R to be one-one. 


2. Formulate a similar condition for f : R — R to be both one-one and onto. 


1.10.54.1 Solution. 


1. A mapping f : IR — R is one-one iff each line parallel to the x-axis intersects the graph of f 
exactly once. 


2. A mapping f : R — R is one-one and onto iff each line parallel to the x-axis and each line 
parallel to the y-axis intersects the graph of f exactly once. 


1.10.55 Problem. Define a mapping f : N > N by 


BTE See oda 
f(r) = 4n 2 DP 
5 if n is even. 


Here, for each n € N, the equation f(x) = n has exactly two solutions. 
(For example f(x) = 2 has the solutions x = 3 and x = 4.). 


1. Define a mapping f : N > N such that for each n € N, the equation f(x) = n has exactly 
three solutions. 


2. Define a mapping f : N > N such that for each n € N, the equation f(x) = n has exactly n 
solutions. 


3. Define a mapping f : N > N such that for each n € N, the equation f(x) = n has infinitely 
many solutions. 


1.10.55.1 Solution. 


1. 
3 ifn = 3m, meN 
f(n) 24H ifn-3m-1,mecN 
ny2 ifn = 3m—2, meN 
2. 
E if k 2 nm, mcN 
EHI ifk —nm—1,mcN 
f(k) = 4 E ifk =nm—2, meN 
gud ifk=nm—n+1, meN 


3. Define f : N 2 N in the following way 


1,2,3,4,5,6, 7,8,9,10, .... 
1:1,2:1,2,371,2;3,45;.. 
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1.10.56 Problem. Let X = {1,2,3}. Find an example of a function f : X > X and a set AC X 
so that f !(A) Z 0 but f-1(f-1(A)) = 0. 
1.10.56.1 Solution. Define f : X — X by f(1) = 2, f(2) = f(3) = 3 and A = {1,2} then 
f (A) = (1) and f^! (f! (A) = 0. 
1.10.57 Problem. 

1. Let f: X + Y bea function. Define F : P(X) > P(Y) by F(S) = f(S) V S € P(X). 


(a) What conditions on f ensure that F is 1-1? 
(b) What conditions on f ensure that F is onto? 
(c) Show that if f is a bijection, then so is F. 


2. Let f : X + Y be a function. Define G : P(Y) 2 P(X) by G(S) = f-1(S) V S e P(Y). 


(a) What conditions on f ensure that G is 1-1? 
(b) What conditions on f ensure that G is onto? 
(c) Show that if f is a bijection, then so is G. 


1.10.57.1 Solution. 


1. (a) Suppose that f is not 1-1, sod z, y € X such that f(x) = f(y) but « Z y then consider the 
sets A = {x,y}, B = {x} and then F(A) = (f(), f(y)} = {f(a} and f(B) = (f(2)) > 
F(A) = F(B), if F is 1-1 F(A) = F(B) 2 A= B ie. {x,y} = (x) — x = y which is 
impossible and thus F is not 1-1. Hence f is 1-1 ensures that F is 1-1. 

Suppose that f is not onto, so d y € Y such that y € F(X), then the set T = F(X)U {y} 
in P(Y) has no preimage in P(X). Thus F is not onto. Hence f is onto ensures that F 
is onto. 


PE 
Z 


— 
[e] 
Nes 


Combining the above results, we can conclude that f is bijective implies F is bijective. 


N 
— 

v 
— 


We claim that f is onto. If f is not onto, then d y € Y such that y 4 f(x) V x € X. In 
that case G({y}) = f^ !(y) does not exist and then domG Z P(Y). Hence f is onto. If f 


is 1-1, then G((y1]) = G({y2}) > f^! (n) = f (2) > yı = y2 > {y1} = {yo} shows 
that G is 1-1. 


(b) Left to the reader. 
(c) Left to the reader. 


1.10.58 Problem. 
1. Show that there exist sets X, Y, Z and functions f : X —^ Y; g,h: Z 2 X such that fog = foh 
but g 4 h. What property is necessary on f such that fog = foh>g=h? 


2. Show that there exist sets X, Y, Z and functions f : X > Y; g,h: Y — Z such that go f = hof 
but g Z h. What property is necessary on f such that go f = ho f —g-—h? 
1.10.58.1 Solution. 
1. Let f : X — Y be not injective, then 4 zi,z2 € X such that zi Z zo > f(zi1) = f(x2) 
and if g Z h, then 3 z € Z such that g(z) Z h(z). Now assign g(z) = x1, h(z) = z2, hence 


(fog)(z) = f(g(z)) = f(a1) = f(x) = f(h(z)) = (f oh)(z) for some z € Z, Thus fog = foh 
but g Z h. The property on f is that it is injective. 
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2. Let f : X > Y be not surjective, then f(X) CY s>AyecY\ f(X) andg Fh, then JycY 
such that g(y) 4 h(y). Now, let gly) = 21, h(y) = zs, then define g by g(y) = zı for some 
y € Y and 


z; ifyeY\f(X). 


Now, for y € Y V f(X), h(y) = z2 and g(y) = 2, Thus g Z h. Again, (go f)(x) = z = 
(ho f)(x) V x € X. The property on f is that it is surjective. 


1.10.59 Problem. Let X,Y be non-empty sets, let f : X — Y. Prove the following: 
1. f is injective iff there is a map g : Y — X such that go f — ux. 


TOES {2 ify € f(X) 


2. f is surjective iff there isa map h : Y — X such that f o h = vy. 
1.10.59.1 Solution. 


l. Let f be injective. Then for each y € f(X) there is a unique z € X such that f(r) — y. 
Choose a fixed element zo € X. Define g : Y —^ X by 


aes x ifyc f(A)and f(z) =y 
zo ify ¢ f(X). 
Then go f =tx. 
Conversely, let there be a map g : Y — X such that go f = tx. Since tx is bijective, it follows 
that f is injective. 

2. Suppose f is surjective. Then f-!(y) C X is a non-empty set for every y € Y. For each y € Y, 
choose x, € f !(y). Then the map h : Y > X,y > zy is such that f o h = ty. Conversely, 
let there be a map h : Y — X such that foh = ty. Since ty is bijective, f o h is bijective and 
hence it follows that f is surjective. 


1.10.60 Problem. Let f : A — B bea mapping with A, B Z Ø. Then the following are equivalent: 


l. f is injective; 


2. Ja mapping g : B > A such that go f = t4; 
3. V subsets X C A and V mappings hı, hə : X — A such that f o hı = f o ha > hi = ha. 
1.10.60.1 Solution. We prove by showing (1) = (2), (2) = (3) and «(1) > -(3). 
1. (1) = (2) is done in the previous problem. 
2. (2) > (3): Let x € X and hi, hg: X — A such that f o hı = f o ha, then 
go (foh) =g0 (foha) 
>(go f) o hı = (go f) o ha (by the associativity of compositions) 
—(gof)ohi = (go f) o h2 
>44 0 ħi =i, © ho 
—(tAohi)(x) = (ta o ha)(£) Vr € X 
= a(hi(x)) = va(ho(z)) Yz € X 
>h (x) = h2 a) VrcxX 
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3. a(1) > ~(3) : If f is not injective then there are elements a1,a2 € A such that a1 4 a» but 
f (a1) = f(a2). Now we construct mappings h1, ha such that hı Æ hg but f ohi = f o h2. Since 
hi Æ h2, so da € A such that A1(a) = a1, ha(a) = as. Now 


(f o hi)(a) = f(hi(a)) = f(a1) = f(a2) = f(ia(a)) = (f o ha)(a) 
=(f o ha)(a) = (f o ha)(a) 


=f o hə = f o ho for some a c A. 


Hence the result follows. 


1.10.61 Problem. Let f : A — B bea mapping with A, B Z Ø. Then the following are equivalent: 


1. f is surjective, 


2. Ja mapping g : B — A such that fog = up, 
3. V set Y and V mappings hı, hə : B — Y such that hı o f = ha o f > hy = hg. 
1.10.61.1 Solution. We prove by showing (1) — (2), (2) 2 (3) and 7=(1) = ~(3) 


1. (1) > (2) : Let A = {Ay = f-1(b);b € B}. Since f is onto, so f-'(b) Z Ø. Thus, A is 
the family of disjoint sets and |J eg Ap = A, so we can apply the axiom of choice on A to 
get a set S such that for b € B choose a, € A such that f(a) = b and SM Ay = {ap} is 
singleton. Now, consider the functions g : B — A defined by g(b) = Ay à S = (ay) and 


(f og)(b) = f(g(b)) = flav) = b = tB (b) Vb € B. Thus f og — ig. 
2. (2) > (3): Let y € Y and hı, ho : B — Y such that hı o hı = f o he, then 


go(fohi) - go(f ohz) 
=(go f)ohi = (go f) o ha (by the associativity of compositions) 
—(gof)ohi = (go f) o hz 
>14 0 hı =14 0 ho 
—(tAohi)(x) = (ta o ha)(£)Y xz € X 
=ta(hi(x)) = ia(ho(z)) Y £ E X 
>h (x) = ha(x)Y x E€ X 
>h = hs. 
3. a(1) => ~(3) Let f : A> B be not surjective, then f(A) € B > B\ f(A) #0 and hi £ ho, 


then 3 b € B such that hi(b) 4 ha(b). Now, let hi(b) = bı, ha(b) = be, then define hı by 
hı(b) = bı for some b € B and 


T 
b; ifbe B\ f(A). 
Now, for be B \ f(A), h2(b) = bo and hy (b) = b, Thus hy Æ ho. Again, 


(hao f)(a) =b = (hao fla) Va € A 
—h,o f= h3o ff. 


Hence the result follows. 
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1.10.62 Problem (The characterization of injection:). Let f : X — Y. Then f is one-to-one iff for 
all functions g and h such that g: Z o X and h: Z => X, fog— f oh implies that g = Ah. 


1.10.62.1 Solution. Suppose that f is one-to-one and that g and h are mappings on Z — X for 
which f og = f oh. Then f(g(z)) = f(h(z)) V z € Z. Now, since f is oneto-one it follows that 
g(z) — h(z) V z € Z. Hence, g — h. Converse part is done in the previous problem. 


1.10.63 Problem (The characterization of surjection:). Let f : X — Y. Then f is onto Y iff for all 
functions g and h such that g : Y —> Z and g : Y —> Z, go f = ho f implies g = h. 


1.10.63.1 Solution. Suppose f is onto Y then let y € Y, since f is onto, so d x € X such that 


y = f(a) so Y y € Y gly) = o(f(z)) = (g0 f)(2) = ho f(x) = h(f(z) = hly). Thus g = h. Converse 
part is done in the previous problem (1.10.61). 


1.10.64 Problem. Let A = {0,1} and B, C be non-empty sets and f : B > C be a non-surjective 
map. Then there exist distinct maps g, h : C — A such that go f — ho ff. 


1.10.64.1 Solution. Define g, h : C — A by g(x) = 0 for all x € C and 


n(x) — 1 ifxe f(B)CC 
V1 ife e C\ BE 0). 


Now, for x € C\ f(B), h(x) = 1 and g(x) = 0, thus g Z h. Again, (go f)(x) = 0 = (ho f)(x) V x € B. 
Hence go f =ho f. 


1.10.65 Problem (A decomposition of an arbitrary function). Prove that, if & : S > T isa 
mapping, then there exists a surjection 6 and an injection y such that a= yo B. 


1.10.65.1 Solution. Since a : S — T is a mapping, we get the family r = (A4, = a^! (t; Vt € a(S)} 
of disjoint sets and |J, A; = S. So by axiom of choice there exists a set C C S, such that CN A; isa 
singleton set V t € a(S). Now Define a function 8 : S — C by B(s) = Ca !(o(s)). and y: C >T 
by y(c) = a(c), for s € $c € C and we want to show that £ is surjective and y is injective. 

Let c € C, then C C S and {c} = C N A; for some t € a(S) ie.{c} = C Na! (t) and if t = a(s) 
then c = C N aT! (a(s)) = B(s), thus B is onto. Now let p,q € C and y(p) = *(q) = o(c) > {p} 
C na !(o(c)) and {q} = C na^ !(a(c)) so (p) = {q} > p = q. Hence y is injective. 


1.10.66 Problem. Let the function f : R\{—1} — R be given with the formula f(x) = 1$. Find 
the function fn, n € N, where fi = f, fa = f o fı and fn = f o fn_1 for n = 2,3,... Determine also 
the natural domains of these composite functions. 


1.10.66.1 Solution. The range of the function f is the set R \ {—1}. Then 


faz) = fo fale) = f(f(a)) =f (=) =o 


Clearly, the domain is the set R \ {—1/2}, the domain of f» is the set RV (—1, —1/2]. Then we can 
prove by mathematical induction that for n = 2,3,....., domain of 


ful) = 3 us is RV (—1, —1/2, ..., -1/n}. 
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1.10.67 Problem. Let A be an uncountable set and let B be a countable subset of A. Show that 
A is equivalent to A \ B. 


1.10.67.1 Solution. 


1. 


If AN B =@ then A \ B = A implies the identity function is the bijection from A \ B to A. 
Thus A is equivalent to A \ B. 


. Let ANB #0. Now, as A\ B = A\ ANB, so let ANB = {b1, b2, ....} C B. Let C = (061,05, ....) 


be a countable subset of AN B. Now define f : ANB > A by 


cu te Ee 


Then f is one-to-one and onto, proving that AX B ~ A. 


1.10.68 Problem. Let X bea set, and f : X + X. Let Ao = X and A444 = f(An). 


1. 
2. 
3. 


EUIS) 
Let A = NZ] An. Prove that f(A) C A. 


Show that it is not necessarily true that A C f(A). 


1.10.68.1 Solution. 


1. 


Now, we have 


Ao = X 

f(Ao) = f(X) € X = Ao 
=A; C Ap 
= f(A1) € f(Ao) 
SEINE Ay 


So, by induction, the result follows. 


. Since A = NZ] An, so 


f(A) =f (A a) c (A Han) = () Anti CA. 


n=1 


. Example: Let X = {(,7);i,7 € N,j > i} U {a,b} (where a,b be any two "extra" elements.) 


Define f : X > X by 


(1,3) ifiz]j 
and f(a) = f(b) = b. Show that A, = (43); à 2 n+1,j > ijU (a, b) and {a,b} = A = Npn An. 
but a ¢ f(A). 


iid = He A 


1.10.69 Problem. Give an example of a collection C = { An; n € N} of distinct non-epmty sets A, 
such that for any finite set F C N we have (|, c p An #9 but NZ; An — 0. 
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1.10.69.1 Solution. Consider A, = {n,n + 1, n + 2, ...... }. 


1.10.70 Problem. For any subsets A, B, A; of X, then prove the following: 
ils 
2; 


3. 


10. 


11. 


XA^71eA-2XandxyA-204& A- f, 
ACB e xAZXxB 


Xx\a = 1— XA; 


. XAnB = XAXB = min(xa, XB}, 
« Xn, = inf; XA; = ILixa; 


. XauB = 1— (1 — xA)(1 — xs) = max{ x4, xB} = XA XB — XAnB; 


XUA; = SUP; XA; = I= [La m XAi); 


. XA 7 xB iff A=B, 


- XAAB = XA + xp. (mod 2), 


XAAB = |XA — Xa|, where AAB = (A \ B)U(B\ A), 


if A is finite, then |A| = 55, c x xa(x). 


1.10.70.1 Solution. 


1. 


By the problem, 


XA —1 
>V x € X implies y4(z) = 1 
=X C A implies X = A. 
and xA = 0 


> Yz E€ X xalx) =0 implies X C A€ > A =f. 


Converse parts are obvious. 


. Suppose that A C B and x4 > xp. Then 


xalx) > xa(z) > 1>0. 
—xA(x) = l and xp(z) =0 
>r € A and z € BC 
>z E€ ANBI 


which contradicts that A C B. Hence xA < xp. 
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. Now, xxvA(z) = 1 implies x € A€ — ya(x) = 0 implies xx\a(x) + xa(x) = 1. Again, 


Xx\a(x) = 0 implies x € A > ya(x) = 1 implies xxyA(x) + xa(z) = 1. Thus xx\4 = 1- Xa. 
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. Here 


XAnB(z) =1 
—2zcAnB-rcAandzcB 
=>xa =landyg=1 
=>xa(r)xB(x) 21 
= (xaxa) (z) = 1. 


Thus XAnB = XAXB- 
Again, 


XA(x) + xB(x) — |xa(z) — xa(z)| 


min{x4, XB} (z) = 5 
—1l(asz € An B), 


shows that yang = XAXB = min{xa, xpj- 


. Similar to 4. 


. Since AUB = (ACN Bc)? so, 


XAUB 

= X(A€nB9)C 

= 1-Xacnpe 
=1-YXacxee 
-1-(1- xs) (1 - xc). 


. Similar to 5. 


and A€ C B€ > B C A. Thus A = B. 


. Now, we have 


1 ifee A\B 
XAAB(r)- 41 ifre B\A | and (xA *- xa)(z) = 


0 otherwise. 


Thus xAAB = XA + xB (mod 2). 


lop eate ee 


Thus |xA—x|(z) = 1,ifz € A\B or x € A\B implies xaa g(x) = 1. Hence XAApB = |XA—Xnl: 


oN Fe 


. Suppose xa = xp then xa4(x) = xpg(x) V x € X. Let xalx) = 1, then xp(x) = 1, so, 
x € A- zx € B, hence A C B. Let xa(z) = 0, then xpg(z) = 0 implies x € A€ > x € BC, 


ifrc AV B 
ifr c B\A 
ifee ANB 


otherwise. 


1 iffe€A\B 
-1 ifze BVA 
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11. Since A is finite, then A = Uzex {x} and |A| = J rex XA(Z). 


1.10.1 Remark. The set of characteristic functions of the subsets of X, is the set {0,1}*, and it 
is sometimes denoted by 2*, as card{0,1} = 2. 


1.10.71 Problem. 
1. Let F = {F € 25; F is an infinite set). What is card (F)? 


2. Prove that, for every n € N,N” —N x Nx..x N is a countable set. So, A = UnenN” is 
countable. 


1.10.71.1 Solution. 


1. Let p and q be two prime numbers, (p Z q), then V n, m € NX {0}, p” z q™.....(*) 
Let po, p1, po, ..., px, ... be distinct prime numbers. 
Let for each k = 0,1,2,...F, = (pt;n € N}. So p, = 2 > Fp = (2,22,2?, .....). Hence (*) 
shows that for i Z j, F; 1 Fj = 0. Moreover, each F; is an infinite set. 
Let 
Fo = (A; A € 2, A is finite}. 
Then Fy NF = 0, Fo UF = 2X. Hence cardF is c. 
2. We define a mapping f : Fo — A as follows: Let A € Fo. So A is of the form: A = 
[n3, n2, n3, .., ng, ..] and f(A) = (n1,n2,.. nk) € NF. Clearly f is 1-1. As A is countable, so 


is Fo. 
Conclusion: The set F is uncountable. Thus in N there are uncountably many infinite subsets. 


1.10.72 Problem. A mapping f : N — N is said to be strictly increasing if n < m > f(n) < f(m). 
How many strictly increasing mappings f : N — N do we have? 


1.10.72.1 Solution. Hint: If f : N — N is strictly increasing, then the set M = f(N) is an 
infinite set. Now, let M C N be an infinite set. So M is of the form M = {n1, n2, ng, ....) with 
nj < n3 < na < ... To M, we associate the mapping f : N > N, f(k) = n, so that f(N) = M. 
Hence there are uncountably many strictly increasing mappings. 


1.10.73 Problem. Let (A,,) be a sequence of sets. Show that (Jẹ; Ax can written as a disjoint 
union family of sets. Deduce from this another proof of the fact that the countable union of countably 
many sets is at most countable. 


1.10.73.1 Solution. Hint: Let Bo = Ao, B1 = A1 Ao, ..., Bn = An \ UPI Ap. Show that the sets 
Bn are pairwise disjoint, and 
oo 


J Ai = LJ Br and UA = Up 
k=1 kc k k=1 


=1 


1.10.74 Problem. Let X be a set. Show that the set S = (f; f : X — {0,1}} is equipotent to 
P(X). [S is denoted by 2* and P(X) is the power set of X]. Furthermore |X| < [P(X)| = |2*|. 


1.10.74.1 Solution. Define a function ¢: X — P(X) by (x) = (x) for x € X, then ¢ is an 
injection, which shows that |X| < |P(X)|. Now, we show that there cannot be a surjection from 
X — P(X). Suppose that 7: X — P(X) is surjective. Then consider the set T = (t € X;t ¢ x(t)}. 
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We show that T has no preimage in X. Clearly T £ 0, for Ø € P(X) = Jae X such that (a) = 0, 
thus a d Ø = 1(a). Soa € T C X. Again, let s € X such that 7(s) = T. We observe that 


scT-— s€T 
ands éT > scT, 


a contradiction, shows that 7 is not a surjection. Thus |X| < |P(X)]. 
Now, we show that P(X) is equipotent to 2% . Define a function v : P(X) — 2* by v (P) = xp, where 


1, ifeeP 


xp is the characteristic function defined on X > {0,1}, by P € P(X), xp(x) = . dà 
0, ifrcP". 


1. Injectivity: We observe that 


—xA(x)- xp(z)Vae X. 


Let x4(x) = 1, then xp(z) = 1, so, x € AS x € B, hence A C B. Let xa(x) = 0, then 
xp(z) = 0 implies x € AT > x € BY, and AC C B€ > B C A. Thus A = B shows that v is 
injective. 


2. Surjectivity: Let ¢ € 2*, then d(x) = 1 or ó(z) = 0. Suppose that (x) = 1, then consider 
the set P = (x € X;¢(x) = 1) then P^ = {x € X;¢(x) = 0). Hence ¢ = xp. Thus v is 
surjective. Hence P(X) is equipotent to 2* and [P(X)| = |2* |. 


1.10.75 Problem. Let S be a set. Prove that S is infinite if and only if |A| = |S| for some proper 
subset A of S. 


1.10.75.1 Solution. Assume |A| = |S| where A is a proper subset of S. If S is finite, say |S| = 
(1,2, ....,n)| then |A| = |{1,2,....,n — k}| < |(1,2,....,n)| where k is the number of elements in 
S \ A, contradiction. So S is infinite as desired. Conversely, assume S is infinite. Choose x; € S, 
then x2 € S V {a}, then z3 € SN (zi, 22]... in this way we have (by induction) distinct points 
Ln € S for all n € N. Let T = (x4;n € N} and define f : T > T by f(x) = Yan. Since the z,,'s are 
distinct f is injective, so f : T — f(T) is bijective. Now define g : S — S by g(x) = f(x) itx € T, 
and g(x) = x if x € SN T. Since f is injective so is g, so g : S + g(S) is bijective. Now A = g(S) 
has the same cardinality as S, yet since f(T) is a proper subset of T, A = (SN T) U f(T) is a proper 
subset of S, as desired. 


1.10.76 Problem. 
1. Let F(N) = (AC N; |A| < œ}, then show that F(N) is countable. 


2. There exists a function ¢: F(N) > N such that ¢(A) < ¢(B) if A C B forA, B € F(N). 


1.10.76.1 Solution. 
1. Hint: Note that F(N) is equipotent to a subset of 


NU(NxN)U..U(NxN»x..xN)U.. 


2. Left to the reader. 


1.10. 


PROBLEMS AND SOLUTIONS ON CHAPTER 1 53 


1.10.77 Problem. Exhibit a bijection between the following sets: 


1. 


or ge pe oW 


(a, b] and [c,d], 
(a, b) and (c, d), 
[a, b) and [c, d), 
[a, b) and (c, d], 


(a) (a,b) and [c,d] 
(b) [—1, 1] and (—1, 1), 


(a, b] and (c, d), 
[a, oo) and R, 
(a, oo) and R, 
. (0,1) and R*, 


10. (0,1) n Q* and R, 
1.10.77.1 Solution. 
1. [a,b] and [c,d], Define f : [a,b] > [c, d] by 


2. 


—d 
f(z) = (x—b) | +4 
(a,b) and (c, d), Same as before. 
3. [a, b) and [c,d), Same as before. 
4. [a, b) and (c, d], Define f : [a, b) > (c, d] by 
—d 
f(x) = (2 - a) — +d. 


(a) (a,b) and [c,d]. We define a function f : [c,d] > [a,b] by 


fa) 2 ( - 9575 +a. 


Now, we construct a bijective mapping g : [a,b] — (a,b) by considering a sequence (zn) 
in (a,b) and define g by 


Ly ifr—a 
g(x) = 
Into ife=A%,,n>1 


x otherwise. 


Then [c,d] ats [a, b] — (a,b) defines a composition mapping g o f and its inverse the 
required bijection. 
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(b) Let f : [-1, 1] > (—1, 1) defined by 


2 ióírcc.un-l2,. 
f(z) 247 v omm 
x, otherwise. 


It is readily verified that f is a bijection. 
6. (a,b] and (c,d), construction is similar to above. 


7. [a,oo) and R. Consider a sequence (£n) with xı = a in [a,oo) and define 
T4 ifr=a 
f : la, œ) > R by f(x) = 4 ang fg= rn m21 


ln(x —a) otherwise. 
8. (a,œ0) and R, z > ln(z — a). 
9. (0,1) and Rt, e+ tan a 


10. (0, 1) n Q€ and R: Consider a sequence (xn) in (0,1) N QF, and enumerate the rationals in IR 
by ri,r2,T3... define f by 


n if = Ln, = 1, 2, de 
fts ae if x T n 
sg) otherwise. 


1.10.78 Problem. Any complex number that is a root of a (nonzero) polynomial with integer 
coefficients is called an algebraic number. Show that the set of all algebraic numbers are countably 
infinite. 


1.10.78.1 Solution. Let Z = (..., -2, 21,0,1,2,...). Fix n > 1. Since every polynomial p(x) = 
ao + aya +..+ ang” is determined uniquely by (a9,a;,...,a4), it is easy to see that the non- 
zero polynomials of degree « n with integer coefficients are in one-to-one correspondence with the 
countable set Zt! XV {(0,0,...,0)}. Let (ao,a1,...., an), be an enumeration of all these polynomials. 
By the Fundamental Theorem of Algebra, the set A, = (x € C; p(x) = 0} is a finite set. Thus, the 
set of all zeros of the polynomials (pi, p2, ...) of degree < n is precisely the set Rn = UZ, Ax, which 
is a countable set. Now, note that the set of all algebraic numbers is which is, as a countable union 
of countable sets is itself countable. 


1.10.79 Problem. (Principle of Mathematical Induction) If S is a subset of the set N of natural 
numbers such that 0 € S and either 


(1) ne $—n-c-1cSVncN; 
or (22 me S V0Em«n-oncSVvncN; 


then S — N. 


1.10.79.1 Solution. If N \ S 49, let n £0 be its least element. Then for every m < n, we must 
have m ¢ N \ S and hence m ¢ NX S. Consequently either (i) or (ii) implies n € S, which is a 
contradiction. Therefore NV S =@ and N = S. 
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1.10.80 Problem. Let A,B,C be sets such that C C A, An B = () and B,C are denumerable. 
Prove that AU B ~ A. 


1.10.80.1 Solution. Let B = {bj, bo,...,0n..} and C = {c1,c2,..Cn,..}. Define a mapping f : 
AU B > A by 


x, otherwise. 


fG) = i. me 


1.10.81 Problem. Let U be a partially ordered set. Show that we can write U — SU T, with 
SNT = 0, such that S is well ordered (with respect to the ordering in U) and T has no least element. 


1.10.81.1 Solution. Hint: Look at the union of all subsets of U that have no least element. 


1.10.82 Problem. Show that (0, 1] is equivalent to the unit square (0, 1] x (0, 1]. 


1.10.82.1 Solution. Let P(x, y) be any point in this square. The coordinates x, y are real numbers 
and can be represented in a number system having base 2. We may then write 


x£ = 0.x123..X4...5; y = O-YLY2--YR--- 


where £k, Yk are either 0 or 1. In order to avoid ambiguity, we shall assume that the digits defining 
x,y contain an infinite number of times. With this understanding, the coordinates of P(x,y) can 
be expressed in one and only one way as a dyadic fraction. Divide the digits composing these two 
decimal fractions into groups so that each group ends with the digit 1.Thus, if x and y have the 
particular values 


x = 0.10010110001... 
y = 0.01011001001... 


The arrangements by groups is 


= 0.(1)(001)(01)(1) (0001)... 
y = 0.(01)(01)(1)(001) (001)... 


From this group arrangement, we form a new decimal number t by taking a group of digits first from 
one of the numbers z, y and then from the other. Thus, in the particular case just given we have 


t = 0.(1)(01)(001) (01) (01) (1)(1)(001)(0001) (001)... 
— 0.1010010101110010001001... 


The number f thus defined is represented by a definite point of the segment (0,1), and thus to 
any point P of the square there corresponds one and only one point t of the required segment. 
Conversely, given any point t of the segment (0,1) represents uniquely a dyadic number, with the 
foregoing restriction as to the digit 1 contained in it. We can show by reversing the foregoing 
process that there corresponds one and only one point P of the given unit square, Since the required 
correspondence exists, the result follows. 
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1.10.82.2 Solution. To get the another solution we use Kónig binary Representation: 
Let n € N, the Kónig-binary symbol (n] stands for n — 1 zeros followed by a 1. Thus 


(2] means 01, (4] means 0001, and (1] means 1. 
37 1 1 1 

eB 198 z 22 + 92+3 ' 9244342 
= .0100101 = 0.(2](3](2] 


= .010010011111.. = 0.(2](3](3](1](1](1].. 


Thus for any x € (0,1], x has a unique binary form using infinitely many 1’s. Then there is a unique 
infinite sequence n4, n1,n4, ... of positive integers such that 


dels. od 
B 9ni j Qnitne ' Qnitn2+n3 Figen 


= 0.(n4] (nal (na] wes 


This is called the Kónig-binary Representation of x. Hence any x € (0, 1] has one and only one 
37 

Kónig-binary Representation. For example Dor 0.(2](3](2] but the König-binary Representation 

is 0.(2)(3] 3] a] (1] (1].... 

We first prove that (0,1] œ (0,1] x (0,1]. Given any x € (0,1], we have the unique Konig-binary 

form 0.(n4](na](na]... Define 


Let F(x) = (f(x), g(x)) then F((0,1]) C (0,1] x (0,1] and if (x,y) € (0,1] x (0,1], so by the 
uniqueness of the Konig-binary form, we can write 


x = 0.(mi](ma](ma]... 
y = O.(ni](ns](na]... 


and the number t defined by t = 0.(m](ni](mos](na](ma](na]... € (0, 1] which implies F is onto. And 
F is 1-1 by the uniqueness of the Kónig-binary form, hence 


F :(0,1] > (0,1] x (0, 1] 
is bijective. Finally the function G defined for 0 € t € 1 by 


(4t, 0) if0<t< 
G(t) = 4 (0,4t— 1) ifi <t< 
F(2t-1) if; <t<1. 


NIP Ale 


is on [0,1] — [0,1] x [0, 1] and is one-one. 
1.10.83 Problem. Show that the cardinality of the set P of all irrational numbers is c. 


1.10.83.1 Solution. We propose two different approaches: 
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1. The set NN (which is of cardinality c, can be mapped one-to-one and onto the set of all irrational 
numbers between 0 and 1. This can be proved by using the concept of continued fractions; the 
required map 6 is given by 

1 


(ny, ma, ...) C XU MEE (n1, na, ...) € NP. 
nı + nater 
na 


2. Let à be a one-to-one map from R onto R?, and call A the image of the set Q. The set 
A is countable. Let ¢ be a vertical line in R?, that has the x-coordinate different from the 
x-coordinates of all the points in A. Then @ lies outside of A, and the cardinality of £ is c. 
Then the cardinality of $^ !(/) is also c. The set 9^ !(£) lies outside of Q. This shows that P 
contains a subset whose cardinality is c, and it is contained in a set whose cardinality is c. The 
Cantor-Bernstein-Schróder theorem shows that the cardinality of P is c. 


1.10.84 Problem. 
1. What is the cardinality of the family of all countable subsets of (0,1)? 


2. What is the cardinality of the set of all continuous functions on [0,1]? 


1.10.84.1 Solution. 


1. Observe that there are as many countable subsets of (0,1) as mappings from N into (0,1). 
Accordingly, the cardinal of the family of all countable subsets of (0,1) is card(0, 1)" = co. 


Now compute c° = (280) *° 2No-No — Qo — ç, 


2. Use the fact that each continuous function is determined by its values at QN [0,1]. Then use 
(1). 


1.10.85 Problem. A real number a is said to be algebraic if for some finite set of integers ao, ..., an, 
not all 0, such that ag+a,a@+....4a,a” = 0. Prove that the set of algebraic real numbers is countable. 


1.10.85.1 Solution. Clearly the set of integers is countable. Since each polynomial corresponds to 
a finite selection of integers, the set of polynomials of degree n with integer coefficients is countable 
for each n. The set Z[a] of all polynomials with integer coefficients is the union over all n of sets of 
polynomials of degree n. As a countable union of countable sets, Z[x] is thus countable. Note that 
the set A of algebraic real numbers is 


A= U (ze Rip) 20) 
pEZ[z] 


Now each p € Z[x] has some finite degree n, and then can only have at most n real roots. Thus 
the set (x € R; p(x) = 0} is finite for each p € Z[x]. Hence as a countable union of finite sets, A is 
countable, as desired. 


1.10.86 Problem. Let A = (A5; a € A} be non-empty family of pairwise disjoint non-empty 
subsets. Prove that there is an injection A — UJ, c4 Aa. 


1.10.86.1 Solution. Hint: Apply the axiom of choice to the family .A. 


1.10.87 Problem. Let A and B be sets. Suppose that p is a relation from A to B. Prove that 
there is a mapping u : A > B that u C p. 
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1.10.87.1 Solution. Hint: Let (a) = {x; (x,a) € p). Apply the axiom of choice to the family 
A= {(a);a€ A}. 


1.10.88 Problem. Let p be a relation on a set X. Prove that 


1. pU p^! is the smallest symmetric relation including p and 
2. pN p^! is the largest symmetric relation included in p. 
1.10.88.1 Solution. Hint: 


1. Show that pU p"! is the symmetric relation including p, and every symmetric relation including 


p, includes pU p^. 


2. Show rhat pNp~! is the symmetric relation included in p and every symmetric relation included 


p, is included in pN p^. 


1.10.89 Problem. Let p be a reflexive and transitive relation on a set X. Prove that p o p = p. 


1.10.89.1 Solution. Hint: The transitivity of p ensures that pop C p and use the reflexive property 
to prove the reverse inclusion. 


1.10.90 Problem. Let p be a relation on a set X. Prove that p is an equivalence relation on X iff 
1 


Ax Cpand pop ^opc- p. 

1.10.90.1 Solution. Hint: If p is an equivalence relation on X, so by definition Ax C p and we 
prove that p o p^! o p C p using symmetry and transitivity of p and the reverse inclusion using 
reflexive and transitive properties. 

For the converse, reflexive is immediate. To prove the symmetricity and transitivity, choose the 


appropriate elements of p, p^! and p and the fact po p^! o p = p. 


1.10.91 Problem. Let X be a set with a binary operation ^" on X. We write x x y = ry and * 
satisfies 


a. a(yz) = (xy)z, 
b. zy — yz, 
c. oy — cv 
for all x,y,z € X. Define € on X by x € y iff xy = y. Prove that 
1. X is a partially ordered set. 


2. Each pair of elements of X has a least upper bound, that is if x,y € X, then daz € X such 
that x < z,y € z and if z < w,y € w then z < w. 
As for example, for any set S, let X = P(S), * stands for U and < stands for C . 


1.10.91.1 Solution. Let x € X then zr = x — z < x showing that < is reflexive. Suppose that 
x € y and y < z then zy = y and yz = zx, so by (b), x = yx = xy = y gives < is antisymmetric. 
Again, let x < y and y < z then zy = y and yz = z, which shows (ry)z = yz = z > z(yz) = z2 => 
zz = z => x < z. Thus < is transitive. Hence (X, <) is a partially ordered set. 

Let x,y € X. Then zy = yx = z (say). Hence zz = (xy) = (zx)y = zy = z and yz = y(yz) = 
(yy)z = yx = z implies x < z and y < z. 

Now, let x < w and y < w, then cw = w,yw = w implies yrw = yw = w and ryw = cw = w 
implies zw = w, so z < w. 
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1.10.92 Problem. Let p be an equivalence relation on a set X. Let q : X — X/p be the corre- 
sponding quotient map. Then the equation f oq — f gives a one-to-one correspondence between 
the maps f : X/p — Y from the quotient space and the maps f : X > Y and z,y € X satisfying 
apy => f(x) = fly). 


1.10.92.1 Solution. If f : X — Y is given by f = fog, then zpy & q(x) = q(y) f(z) 
f(a(z)) = f(a(y)) = Fy). - 

Conversely, suppose f : X — Y has the property in the question. Then we show that f(q(x)) = f(x) 
uniquely defines a map f : X — Y. Specifically, the requirement f(q(x)) = f(x) means that for any 


[x] € X/p, and write [x] = q(x). Then f([r]) = f(x). It remains to show that f is well defined. Let 
[z] = [y], then xpy > f(x) = f(y) = (f oa)(x)) = (Foa(y) > f(a(z)) = Flay) = Fla) = fu). 


Hence the result. 


1.10.93 Problem. Let R be the set of real numbers. Define a relation p on IR by apb iff a — b is an 
integer. Show that the quotient set can be identified with the interval [0, 1). 


1.10.93.1 Solution. Hint: The corresponding equivalence classes are 


[x] = {... £ — 2,x — 1,x,£ + 1,x + 2,....} £ € [0,1) 


the quotient map q is q(x) = x — n where n is the biggest integer < x. 


1.10.94 Problem. Let R be the set of real numbers. Define a relation p on R by apb iff a — b is an 
integer. Show that the quotient set can be identified with the unit circle S! on the plane, which is 
also all the complex numbers of norm 1. 


1.10.94.1 Solution. Hint: The map E : R — S! defined by E(x) = e?*” is onto and satisfies 
E(x) = Ely) & Ina —2ny € 21Z & r — y EZ. 


1.10.95 Problem. Let p; and po be equivalence relations on X, such that xp,y > xp2y. How are 
the quotient sets X/pı and X/p» related? 


1.10.95.1 Solution. Left to the reader. O 


1.10.96 Problem. Let px and py be equivalence relations on X and Y. A map f : X > Y is said 
to preserve the relation if zipxzo > f(xi)py f(x2). Prove that such a map induces a unique map 
f : X/px > Y/py such that qy o f = f o qx, where qx, qy are the corresponding quotient maps. 


1.10.96.1 Solution. Left to the reader. 


1.10.97 Problem. Define two nonzero vectors u and v in a real vector space V to be equivalent 
if v = ru for some real number r > 0. Show that the unit sphere SV of the vector space can be 
naturally identified with the quotient set of nonzero vectors under the relation. Then use this to 
identify homogeneous functions (with fixed degree) on V \ {0} with functions on the unit sphere. 


1.10.97.1 Solution. Left to the reader. 


1.10.98 Problem. Let F be the collection of all finite sets. For A, B € F, define A ~ B if there 
is a one-to-one correspondence f : A — B. Prove that this is an equivalence relation. Moreover, 
identify the quotient set as the set of non-negative integers and the quotient map as the number of 
elements in a set. The exercise leads to a general theory of counting. 
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1.10.98.1 Solution. Left to the reader. 


1.10.99 Problem. A partition of a set X is a decomposition into a disjoint union of nonempty 
subsets 


X=| |X; Xi 40 


ier 
1. Define x — y if x and y are in the same subset .X;. Prove that this is an equivalence relation. 
2. Prove that X;'s are exactly the equivalence classes for the equivalence relation in the first part. 


3. Prove that equivalence relations on X are in one-to-one correspondence with partitions of X. 


1.10.99.1 Solution. Left to the reader. 


1.10.100 Problem. Previous problem shows that the concept of equivalence relations on X and 
the concept of partitions of X are equivalent concepts. Explain how the concept of quotient maps 
from X and the concept of partitions of X are equivalent. 


1.10.100.1 Solution. Left to the reader. 


1.10.101 Problem. Suppose a relation * ~’ on X is reflexive and transitive. Prove that if we force 
the symmetry by adding x ~ y (new relation) whenever y ~ x (existing relation), then we get an 
equivalence relation. 


1.10.101.1 Solution. Left to the reader. 


1.10.102 Problem. Find the quotient maps and the equivalence relations corresponding to the 
partitions. 


1. Z = (35; n E€ Z} u (3n + 1;n € Z} U (3n 4+ 2; n € Z} 
2. R = (—co, 0) U {0} U (0, oc) 


3. X x Y =Usex{ar} x Y. 


1.10.102.1 Solution. Left to the reader. 


1.10.103 Problem. For the equivalence relation on .X induced by a map f : X — Y defined by a 
relation z4 ~ £2 on X when f(x,) = f(z3), show that the equivalence classes are [y] = f^! (f(x)), 
and the corresponding partition is X = Llye s(x) f ! (y). 


1.10.103.1 Solution. Left to the reader. 


1.10.104 Problem. Let f : X —^ Y and g : Y — X be any two maps. Show that X and Y can each 
be expressed as disjoint unions: X = X1U X2, Y = Yı U Yə, such that f(X1) = Yi and g(Y) = Xo. 


1.10.104.1 Solution. Hint: For each E C X, let Q(E) = X NVg(Y \ f(E)) and take X; = 
MOE); Q(E) € Ej. 


1.11. ADDITIONAL EXERCISES ON CHAPTER 1. 61 


1.11 Additional Exercises on Chapter 1. 


1.11.1 Exercise. Let A = (0) and B = P(P(A)). 
1l.IsS0c€ B, 0C B? 
2. Is (01 € B, (0) C B? 
3. Is {{0}} € B, {{0}} C B? 
1.11.2 Exercise. Identify the equal and equivalent sets from the following 
1) {x EN;a 4 2n,x 4 2n+1, NEN}. (2)(0]. 


(1) 
(3) 0. (4) {{O}}. (5) (01,00). (6) {2, 4,6, 8, 2, 4}. 
(7) {2,4,6,8}. (8) {{2, 4,6, 8}}. 


(9) {0, {0}, 00, (055, (0, {0}, (0, (0) 33. (10) ((;m € N}} 


1.11.3 Exercise. If S = {a,b,c}, A and B are subsets of S such that AU B = S, An B = (). What 
is the number of possible solutions for A, B? 


1.11.4 Exercise. What can be said about the sets A and B if AAB — A? 


1.11.5 Exercise. Let X be a set containing n elements and C C P(X) such that for any two sets 
A, B € C either A C B or B C A. Show that the maximum cardinality of C is n + 1. 


1.11.6 Exercise. Let X be a set containing m elements. Show that the number of pair of sets 
(A, B) that satisfy the condition A C B C X is 3". 


1.11.7 Exercise. Let A and B be finite sets such that A C B. Then the value of the expression 


5 [eA 


C\ACCCB 

is always 1. 
1.11.8 Exercise. Give an example of sets A, B and C such that A € B, B € C and A ¢ C. 
1.11.9 Exercise. Give an example of sets A, B and C such that A € B, B € C and A € C. 
1.11.10 Exercise. Give an example of sets A and B such that A € B and A C B. 
1.11.11 Exercise. Determine whether each of following statements is true for arbitrary sets A, B, C. 

1. If A € B and B C C, then A € C. 

2. IA € B and B C C, then A C C. 

3. If A C B and B € C, then A € C. 

4. If A C B and B € C, then A C C. 


1.11.12 Exercise. Show that any subset of 6 elements from the set (1,2,3,..., 9) must contain two 
elements whose sum is 10. 
Hint: Consider the pigeon-holes {1 or 91 (2 or 8M (3 or 7H (4 or 61 (5). 
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1.11.13 Note. Pigeonhole Principle: It may be interpreted as saying that if m pigeons are put 
into n pigeonholes and if m > n, then at least two pigeons must share one of the pigeonholes. This 
is a frequently-used result in combinatorial analysis. 


1.11.14 Note. If m pigeon occupy n pigeon holes, then at least [==] +1= [2] pigeons share 
the same pigeon hole. (where [xz] and |x] are defined by [x] least integer greater than or equal to 
x and |x] the greatest integer less than or equal to z. 


1.11.15 Exercise. Show that 
1. for any subsets A, B and C of a set X, AAB C (AAC) U (BAC). 
2. and for any subsets A1, A2, By, B2 and C4, C2 of a set X, 
(A, U Az) A (B1 U Bo) 
(A1A B1) U (Ag ABs) 2 4 (A, Az) A (B1 N Bo) 
(Ai \ 42) A (Bi \ B2). 
1.11.16 Exercise. Prove that, for any subsets A, B, C and D of a set X, 
1. (ANBNCND)U (ASN BNC) U(BENC)U(CND®Y) =C 


2. ((An BNC)U [([AAB)n CC]? n ((4€ n C) UCL) N(BU(ANC)) 
= Bn (AAC). 


1.11.17 Exercise. Define a function f : [0,1] — [0, 1] by 


0, if x —0,1 

1 ifz-l 

= > 2 
f(x) G2 en). if = 2H 
x otherwise. 


, 


(Here [x] is defined to be the largest integer smaller than z). Show that f is onto but not 1-1 on 
any interval. 


1.11.18 Exercise. The basic laws of set equality or of subsets can be proved to be theorems of set 
theory. For all subsets X, Y and Z of any universal set U and A€ is the complement of A C U. 


1. X = X, (reflexive property of equality) 

2. X C X. (reflexive property of subset relation) 

3. If X =Y, then Y = X. (symmetric property of equality) 

4. X=Y iff X C Y and Y C X. (antisymmetric property of subsets) 

5. If X = Y and Y = Z then X = Z. (transitive property of equality) 

6. If X C Y and Y C Z then X C Z. (transitive property of of subset relation) 


T. 0C X,v X CU. 
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8. XU X = X. (idempotent law for union) 

9. X à X = X. (idempotent law for intersection) 

10. XU = X. (identity for union) 

11. Xn0— 0 

12. XU U =U. 

13. XAU =X. 

14. XAY = Y N X. (commutative law for intersection) 

15. XUY =Y U X. (commutative law for union) 

16. Xu (Y U Z) = (XUY)UZ. (associative law for union) 

iv. XN(YNZ)=(XNY)NZ. (associative law for intersection) 


18. XC XUY, and Y € XU Y. 
19. XAY C X, and XAY C Y. 


20. Properties of complementation: 


(i) (X°)° = X. 
(ü) SUS =V. 
(üi) XN XC =O. 
(iv) U€ =. 

(v) O° =U 


21. Distributive laws 
(i) XU(YNZ) =(XUY)N(XUZ). 
(ii) XN(YUZ) =(XNY)U(XNZ). 
22. Set differences 
(0 XX Y mXnS. 
(ii) XXV — X. 
(iii) 0N X — 0). 
(iv) Ye X 
(v) (X\Y)\Z=(X\Z)\(V\ 2). 
(vi) De Morgan’s laws (X n Y)€ = XC UY, (XUY)° =X nY€. 
(vil) X (YUZ) - (XXY)n (X Z). 
(viii) XNV(Y nZ) 2 (XNY)U(XWVZ). 
ke = HY MTCX UY). 
joX = DOOY uix TUY e. 


(ix 


X 
X 
X 
(x) X 
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(xi) (XnY)u (X9 nY)u(XnY9)u (x€ nY9) =U. 
(xi) XU(YNVX)2 XUY. 
(xiii) OAV Ye = XC UY. 
23. Symmetric differences 
(i 
(ii 


XAY =YAX. 

XA(YAZ) = (XAY)AZ. 

XAX =Í. 

XAU = X€. 

XAQ = X. 

XAY =(XUY)\(XNY). 
Xn(YAZ) =(XNY)A(XNZ). 
If X NY =f then XAY = X UY. 


(iii 


(iv 


) 
) 
) 
) 
) 
(vi) 
(vii) 
(viii) 
24. O X c Yam XY =f. 
(ü) Roe Y" ME XUY =U. 
(ii) X C Y and X C Z implies X CY NZ. 
) XC Z and Y C Z implies X UY C Z. 
) X CY implies Y = XU (Y V X). 
)XCZ implies XU(YnZ) -(XUY)nZ. 
)ffXnYeXnZand XUY=XUZ then Y =Z. 
)itEXnYexnzeand X° AY =X AZ then Y =Z 
) FXUY =XUZ and XUY = XUZ then Y = Z. 
jc Ve Yt exe 
GO X CY. E XUY =Y. 
(xi) X CY iff XNY=X. 
(xii) X CY iff XXVY — 0. 


(iv 
(v 
(vi 


(vii 
(ii 
(viii 


(ix 


1.11.19 Exercise. 
1Yx@=0xZ=0. 


2. (XUY) x Z=(Xx Z)U(Y x Z). 

3. (XNY)x Zo (X x Z)n (Y xZ). 

4 (XXY)x Z o (X x Z)V(Y x Z). 

5. Xx Y=Xx Zand X £9 then Y = Z. 

6. XxY =Y x X, X #0 and Y £0 then X — Y. 
7. EY x Z = 0 then Y 2 or Z = Í. 


1.11. ADDITIONAL EXERCISES ON CHAPTER 1. 65 


1.11.20 Exercise. Verify that 
A, U... U A, = (Ay \ A9) U .... U(An-1N An) U (An \ 41) U (NL, Aj) - 
1.11.21 Exercise. Prove that the system of equations 
AUX =AUB, ANX=9O 
has at most one solution for X. 


1.11.22 Exercise. If A, B are non-empty sets and (A x B)U(B x A) = C x C, then prove that 
A=B=C. 


1.11.23 Exercise. Let A, B C X and C, D C Y. Prove that 
1. (Ax C)n(Bx D) (An B) x (Cn D). 


2. (Ax C)U (B x D) € (AU B) x (C U D); show that, in general, equality does not hold, by 
verifying 


(AU B) x (CUD) 2 (Ax C)U(B x D)U(Ax D)U(B x C). 


3. (X x Y)\(Bx D) = (XV B) x Y)U (X x (Y V D)). 


1.11.24 Exercise. Let {A;n € N} be a family of sets and Sk = Bm Ai, k = 1,2, .... Show that 


n-l 

and this is a pairwise disjoint union. 
1.11.25 Exercise. Let A, = (n € N; n is divisible by q}. What is Aq U Ar, Ag N Ar? 
1.11.26 Exercise. Let A C X and f : X > Y. Let i: A — X be the map i(a) = a. Show that 

L fa - foi. 

2. If g = fja, Then g !(B) = An f! (B). 
1.11.27 Exercise. Let f : X — Y. Show that 

1. f is injective & V y € Y; f^! (y) = 0 or a singleton set & V A; f(A€) C (f(A))°. 

2. f is surjective & Vy € Y; f| (y) Z0 & VA; f(A9) 2 (f(A). 


1.11.28 Exercise. 
1. If f is injective on A and B, then f is injective on AU B. 


2. If f is injective on A and B, then f is injective on AN B. 


1.11.29 Exercise. Show by an example that we can have maps f and g such that f o g is one-one 
(onto) whereas f or g is not one-one (onto). 
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1.11.30 Exercise. If A be a finite set then show that any one-one map f : A — A is also onto. 
1.11.31 Exercise. Let f : A — B be a map between two finite sets show that 

1. If f is injective then o(A) < o(B). 

2. If f is surjective then o(B) < o(A). 

3. If o(A) = o(B) then f is 1-1 and onto iff it is either 1-1 or onto 
where o(A) denotes the number of elements in the set A. 


1.11.32 Exercise. Let f: X — Y be a function. Define F : P(X) > P(Y) by F(S) = f(S)VS € 
P(X). Define G: P(Y) 2 P(X) by G(S) = f-!(S) VS € P(Y). 


1. Show that the following statements are equivalent. 


(a) 

(b) 

(c) G is onto. 
) 
) 


f is one-to-one. 


F is one-to-one. 


(d f(MNN) = f(M)n F(N) Y M,N e P(X). 
(e) f(X\M)CY\ f(M) Y M € P(X). 


2. Show that the following statements are equivalent. 


f 
f 


f is onto. 


F is onto. 


(d) fX M) 2 Y\f(M) V M € P(X). 
3. Show that the following statements are equivalent. 


(a) f is bijective. 
(b) F is bijective. 
(c) G is bijective. 
(d) F(X \ M) 2 YN f(M) Y M € P(X). 
1.11.33 Exercise. Let X and Y be sets, P(X) and P(Y) their power sets. A function f : X > Y 
defines functions F : P(X) > P(Y) and G : P(Y) > P(X), by the formulas 


F(A) = f(A) = {f(a) : @ € A} 
G(B) = f (B) = {x € X; f(x) € B). 
Discuss the composite functions F o G and Go F. 


1.11.34 Exercise. Let < denote the product order on N? = N x N, defined by for (21, £2) < (yi, y2) 
iff zı < £2 and yı < y» for (x1, £2), (y1, y2) € N?. Show that every subset X C N? has only finitely 
many minimal elements. 
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1.11.35 Exercise. For any real x, [x] denotes the greatest integer less than equal to x. Let p be a 
relation on R, defined by (x, y) € p iff [x] = [y], then show that p is an equivalence relation on R 
and for any positive integer n, (n) = [n,n + 1). 


1.11.36 Exercise. Let p, jj, T be relations on X, then 
1. 
2. (PN u) | =p hp 
3. ( 
4. (pou)or — po(uor). 
1.11.37 Exercise. Let p be a relation on X, then A C dom(p) & A C p 1 (p(A)). 
1.11.38 Exercise. Let p, u be relations on X, then dom(u) C dom(p) & u C pop top. 
1.11.39 Exercise. Let p be a relation from X to Y, then pis a function iff p (p^ 1(A)) C A, V A C Y. 
1.11.40 Exercise. Let p be a relation from X to Y, then the following are equivalent. 
1. p is function on X. 
2.VA,BCY wehavep !(An B) 2p !(4)np !(B). 
3. V A,B C Y with for An B = 0, we have p !(A4)n p^ 1(B) = 0. 


1.11.41 Exercise. Suppose p is an arbitrary relation on a set A, such that p is reflexive and 
transitive. Prove that the relation $ defined by xóy iff xpy and ypx, is an equivalence relation on 
A. 


1.11.42 Exercise. How many distinct equivalence classes there are for each of the following equiv- 
alence relations? 


1. Two people are equivalent if they are born in the same week. 
2. Two people are equivalent if they are born in the same year. 
3. Two people are equivalent if they are of the same sex. 


1.11.43 Exercise. Let f : X — Y be a function. Show that if f is injective then there exists a set 
Z and functions g, h : Z > X with f(g(z)) = f(h(z)) V z € Z but g(z) z A(z) for some z € Z. 


1.11.44 Exercise. Let A, B, C be non-empty sets, let f : A > B;g: B —> C; let h = go f. Prove 
that 


1. if f and g are injective, then is injective; 
2. if f and g are surjective, then h is surjective; 
if h is injective, then f is injective; 


if h is surjective, then g is surjective; 


LEE E 


if h is injective and f is surjective; then g is injective; 
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6. if h is surjective and g is injective; then f is surjective; 
1.11.45 Remark. If h = go f is bijective, neither f nor g may be bijective. 
1.11.46 Example. Let X = {1,2,3}, Y = {3,4,5,6}. Define f : X > Y and g: Y > X by 
f) = 3, f(2) = 4 f(3) = 5; 
9(3) = 1,9(4) = 2, 9(5) = 3, 9(6) = 3. 
Then h = go f = Ix. As Ix is bijective, h = go f = Ix is bijective but neither f nor g is bijective. 


1.11.47 Exercise. For every mapping f with domain A we have f ov, = f and for every mapping 
g with codomain A we have 14 o g = g. 


1.11.48 Exercise. Let A, B, C be non-empty sets, let f: A> B; g: B > C; h: C — A. If 
hogo f and go f oh are injections, and f ohog is a surjection, prove that f, g and h are all bijections. 


1.11.49 Exercise. Let A,B,C be three non-empty sets, f : A — C, and g : B — C be two 
mappings. If g is injective, prove that 3 a mapping h : A — B such that f = g o h if and only if 
f(A) € g(B). Show that if this condition is satisfied then the mapping h is unique. 


1.11.50 Exercise. Let (A,4;o € A} be a family in 2* and A € 2*. Show that U 
Uaes (Ao \ A) and A\ Uaes Ao = Naca CAN Aa): 


1.11.51 Exercise. Let {Ag;a € A} be a family of subsets of X. If each Aa has exactly one element, 
then [], Aa consists of a single element. If A = 0 then [[,, Aa has exactly one element, the null set. 
If A #0 and some A, = 0 then [], Aa = 9. 


aca 4a \ A = 


1.11.52 Exercise. Prove the following: 


1. If S is any set, then S x S is an equivalence relation on S. 


1 


2. If a relation p on a set S is transitive, then p^ ^ is also transitive on S. 


1 


3. p is reflexive and transitive relation on S = p(1p^^ is an equivalence relation on S. 


4. Show that, p is a symmetric and transitive relation on S = p is an equivalence relation on S, 
is not true. 


5. Prove that if the relation p on S is antisymmetric, so is the relation p71. 


6. Prove that if the relation p on S is symmetric, then p N p7! = p. 


7. Prove that if the relations p and u on S are antisymmetric, so is the relation p N u. What 
about p U u? 


8. Can a relation p on a set $ be both symmetric and antisymmetric? 


9. Let A = {1,2,3}. Give an example of a relation p on A such that p is neither symmetric nor 
antisymmetric. 


10. Prove that if the relation p on a set S is symmetric, then p^ is also symmetric for any k > 0, 
where p% is the k-th power of the relation o^. i.e. p* = po... o p(k times). 
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11. Prove that asymmetry implies antisymmetry. 

12. Prove that it is false that antisymmetry implies asymmetry. 

13. Prove that asymmetry and symmetry together imply transitivity. 

14. Can a relation p on a set A be both asymmetric and antisymmetric? Why? 
15. The intersection of two connected relations in S is connected in S. 

16. The union of two connected relations in S is connected in S. 


1.11.53 Exercise. 
1. Show that AU B is finite iff A and B are finite. 


2. Let A(# 0) be finite and for each a € A, Aa be finite. Show that (|J, - 4 Aa is finite. Is the 


converse of true? 


acA 


3. Show that A x B is finite if A and B are finite. If A x B is finite, does it imply that A and B 
are both finite? 


1.11.54 Exercise. Let p be an relation on a set X. Prove that p is a partial order relation on X 
iff po p = p and pnp !=Ax. 


1.11.55 Exercise. 


1. Show that a set S is finite if and only if each nonempty subset of P(S) (partially ordered by 
inclusion) has a minimal element. 


2. Show that a set S is infinite if and only if S is equivalent to some proper subset of itself. Hint: 
Recall that any infinite set contains a countably infinite subset. 


1.11.56 Exercise. 


1. Let A, B C X. Show that A x B is finite if A and B are finite. If A x B is finite, does it imply 
that both A and B are finite? 


2. Let A(# 0) be finite and for each a € A, Aa be finite. Then show that [Jaca Aa is finite. 
3. Is the converse of (2) true? 
1.11.57 Exercise. Let A C X. Show that, if A is finite then the power set P(A) is also finite. 


1.11.58 Exercise. Let A, B C X. Let F be the set of all functions f : A > B. Show that if both 
A and B are finite then F is finite. 


1.11.59 Exercise. Show that if B is not finite and B C A, then A is not finite. 


1.11.60 Exercise. Let A(4 Ø) be countable and for each a € A, Aa be countable. Then show that 
Lue A Aa is countable. Is the converse true? 


1.11.61 Exercise. Verify whether the the following sets are countable or not? 
1. The set of all two element subsets of N. 


2. The set of all finite subsets of N. 
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1.11.62 Exercise. Show that, if A is an infinite set, then |A x N| = |A]. 


1.11.63 Exercise. Let F = {A;A € 2", both A and A®,are infinite}. Show that the set F is 
uncountable. 


1.11.64 Exercise. Suppose that the sets X and Y are infinite and f : X — Y is an onto mapping 
such that, for each y € Y , the set f^! ((y]) is countable. Show that then Card(X) = Card(Y ). 


1.11.65 Exercise. Let F = (4; A € 2" A 7 () and finite}. Let 6: F > N, ¢(A) = nean. Show 
that is ¢ onto and that, for each n € N, the set $^! (n) is finite. From this deduce another proof of 
the fact that F is countable. 


1.11.66 Exercise. Let (X, €) be an ordered set such that for any two elements x,y € X, sup(z, y] 
and inf{z,y} exist. Let f : X — X be a mapping. Show that f is increasing iff f(inf{z,y}) < 
inf f({v,y}) V v, y € X. 


1.11.67 Exercise. Let A = {A,;a € A} be a collection of sets and A = UJ( As; o € A}. Show that 
1. A is finite if A is finite and each A, is finite. 
2. A is countable if A is countable and each A, is countable. 
3. Ac A if A is infinite and each A, is countable. 
4. Suppose A ~ R and A, ~ R for each o € A. Then whether A œ R or not, justify. 
1.11.68 Exercise. Let A Z Ø. Then the following are equivalent: 


1. 3 a sujection f : N — A. 


2. J an injection g : AGN. 
3. A is countable. 
1.11.69 Exercise. Let A 4 ( and n € N, where N,, = {1, 2, ..., n}. Then the following are equivalent: 


1. da sujection f : Nn > A. 


2. J an injection g : A > Nn. 
3. A is finite and at most n elements. 


1.11.70 Exercise. Suppose A and B are two sets with B C A. Let f : A — B be injective. Then 
show that J a bijection h : A > B. 


1.11.71 Exercise. Suppose A and B are two sets. Then J a bijection h : A > B iff 3 an injection 
g: A — B and a surjection h : A > B. 


1.11.72 Exercise. Let Y * to denote the set of all functions X — Y. Show that: 
|P(N)| = [N"| = |(Q*)^| = [27] = |R]. 


1.11.73 Exercise. Let 2" denote the set of all functions from N to (0,1). Let B denote the set of 
all countable subsets of 2. Then show that |2"| = |B]. 
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1.11.74 Exercise. Let A C R be such that for every x € A, de > 0 with (z,2+¢€)N A = 0, then 
prove that A is countable. 
1.11.75 Exercise. Let C = 2. 

1. Let f : € — [0,2] be the function defined by 


oo 


f(x) = 


n=0 


Ln 
gn’ 
Prove that f is surjective and that every element of [0,2] has at most two preimages under f. 


2. Find the set D of elements of [0,2] that have two preimages under f. Prove that D and f^ !(D) 
are countably infinite. 


3. Construct a bijection from C — [0,2], and a bijection from C > R. 


1.11.76 Exercise. For any function f there exists a function i which is one-to-one, a function j 
which is onto, and a function g which is one-to-one and onto, such that f —iogo j. 


1.11.77 Exercise. For the sets X, Y define Y* = (f; f : X — Y] i.e. the set of all functions from 
X to Y. Let X be a set and T = (0,1). 


1. If X = {a,b,c,d}, list all the elements of T*. 


2. Assume X # 0. Is |X| < |Y*|, v X, Y? Find a condition on Y such that |X| < |Y*|. Prove 
that |X| € |Y*| by finding an injection 9 : X > Y*. 


3. Assume that AM B = (). Prove that there exists a bijection 
QAUM x E 
4. Prove that there exists a bijection 9 : (XY)7 + XY*47, 
Note: One can think of R? as Rt!?} and R? as Rt!?:3} and so on. 


5. Assume Y Æ Ø. Prove that XY is uncountable iff X is uncountable or X has at least two 
elements and Y is infinite. 


6. Let X = (21,22, ..., £k} be a finite set containing k elements, and f : X > X. Let zı € X be 
fixed and an41 = f(x4). Suppose f(ap41) = z1. Show that ro = xy4» and x3 = zy43. Show 
that z44& = Zn. 


1.11.78 Exercise. (Calkin and Wilf [16]). An explicit enumeration of the positive rational numbers 
can be produced by concatenating blocks of 2” numbers (n € N). Start with Bọ = + and continue 
with the blocks B1, B2, Bs, ... following the rule 


5,-| P ponas Ba) forn>1: 
p-ctq q q 


1121323 14352534 
121323143525341 
Ssa a a ——— 


Prove that the numerator and denominator of each ratio p/q € Bn are relatively prime, every reduced 
positive rational number occurs in some block, and no reduced positive rational number occurs at 
more than one block. 
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1.11.79 Exercise. Let A = {A,;n € N, |A,| > 2 V n € N}. Consider the set 
T- [rs Ü senes] 
n=1 
Prove that T' is uncountable. 
1.11.80 Exercise. Show that [i^o | = 20, 


1.11.81 Exercise. Let A be an infinite set and B be a countable set. Then |A| = |A U B| where 
|A| = a i.e.,a + No =a, V lal > Xo. 


1.11.82 Exercise. Show that the set of irrational numbers has the cardinality c i.e. |R \ Q| = |R|. 
1.11.83 Exercise. Let A C R such that A contains an interval. Then prove that |A| = |R|. 
1.11.84 Exercise. Show that |R| = |R* ]. 

1.11.85 Exercise. Is it true that ND? = Wo? 

1.11.86 Exercise. Let C = {A;;i € N}, is |D [74 4| = INI? 

1.11.87 Exercise. Show that |N x R| = |R|. 

1.11.88 Exercise. Show that |R®| = |2"| i.e. c* = 2*. 

1.11.89 Exercise. Show that ce = c. 


1.11.90 Exercise. Suppose f : N > N is onto, g : N > N is one-to-one and f(n) > g(n), for all 
n € N. Prove that f(n) = g(n),n EN. 


1.11.91 Exercise. Consider an arbitrary function f : X — Y and denote the image f(X) by B. 
Let a: B — Y denote the inclusion function and define a function 8 : X > B by B(x) = f(x) € B 
for every x € X. Show that a is injective and f is surjective, and that ao B = f. Hence every 
function can be decomposed into the composition of a surjective function and an injective function. 


1.11.92 Exercise. By the method of mathematical induction, prove that the subset F, = (1,2, ...,n) 
of N is finite for every n € N. Establish the following statements: 


1. The union X UY of two finite sets X and Y is finite. 
2. If X is an infinite set, then there exists an injective function f : N X. 


1.11.93 Exercise. In Z*, define m < n if n divides m. Show that this is a partial ordering, that 
every chain has an upper bound, and determine the set of maximal elements. 


1.11.94 Exercise. Let F be the set of all real-valued functions of a real variable. Show that by 
defining f < g to mean “Y x : f(x) € g(x)”, (F, <) is a partially ordered set. If f <’ g denotes 


f=gor lim f _ 9 


is (F, x’) partially ordered? 


Chapter 2 


Introduction to the Set of Real 
Numbers 


No one shall expel us out of the paradise which Cantor has created for us. 
—David Hilbert 


2.1 Introduction 


In the 19th century, mathematicians were more concerned with the construction of real numbers 
from the rationals than finding a system of axioms that would capture the essence of the set R. 
In the year 1900, a German mathematician David Hilbert (1862-1943) gave a list of axioms that 
characterize the real numbers. What were Hilbert’s axioms for R? The first group of axioms took 
care of the usual operations on real numbers and their properties. These algebraic properties mean 
that the set of real numbers R, together with the operations of addition and multiplication, is a 
field. 

The field axioms and order axioms make the set R an ordered field. However, they are not sufficient 
to describe R, and Hilbert was forced to include a third group. The problem is that the set Q 
(rational numbers) satisfies the same axioms, so it is also an ordered field. Yet, the Monotone 
Convergence Theorem is not true in Q. What we mean is that if we believed (like the ancient Greek 
mathematicians did) that rational numbers are the only acceptable numbers, then the Monotone 
Convergence Theorem would fail. In order to show that the statement is not always true, as we shall 
see. 


2.2 Real numbers: Axiomatic developement 


There are several ways to introduce the real number system. We selected one of them assuming that 
it is easiest and shortest. The real number system is a set R together with two algebraic operations, 
denoted by (+) (called sum or addition) and (-) (called product or multiplication), i.e. two mappings 
+ and - from R x R > R, and an order relation on R) that satisfy the following axioms: 


1. Addition Axioms: 
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e A(i) p+q= q+ pfor all p,q € R. (Commutative property) 


A(ii) p+ (q+r) — (p-- q) +r for all p,q,r € R. (Associative property) 


e A(iii) There exists an element 0 € R such that 0 + p = p 4-0 = p for every p € R. 
(Existence of additive identity) 


e A(iv) For every p € R there exists an element —p € R such that p+ (—p) = (—p) +p = 0. 
(Existence of additive inverse) 


2. Multiplication Axioms: 


e M(i) p-q—q-:pfor all p,q € R.(Commutative property) 
e M(ii) p: (¢-r) = (p:q):rforall p,q,r € R.(Associative property) 


e M(iii) There exists an element 1 € R such that 1-p = p-1 = p for every p € R. (Existence 
of multiplicative identity ) 


e M(iv) For every p € R \ {0}, there exists an element p^! € R such that p- (p !) = 
(p-!)-p — 1. (Existence of multiplicative inverse) 


3. Distributive property of multiplication over addition: 

e p: (q+r)= (p. q) c (p-r) and (p q): r = (pr) c (q-r) Vro,g,r ER. 
4. Order Axioms: The subset P C R satisfies the following: 

e O(i) OZ P, 

e O(ii) If p,q € P, then p + q and pq € P. 


e O(iii) If p € R, then one and only one of the following statements hold: 
p€TP,p-0or—p€c P. (Law of trichotomy) 


2.2.1 Remark. The elements of P are are called positive elements and the elements of —P = 
{—p;p € P} are are called negative elements. Since 0 = —0, so 0 cannot be an element of 
P. There exist several systems satisfying above axioms. But all are algebraically and order 
isomorphic. We choose one of them and call it the set of real numbers, and denoted it by 
R= (R, +, -, <). An element in R is said to be a real number. 


2.2.2 Note. We write a > 0 ifa € Panda>bifa—be Pora< bifb—aeP. 


2.3 Special subsets of Real Numbers: 


The real number system R contains certain special subsets obtained by beginning with 1 € R 
and successively adding 1’s to form 2=1+1, 3=2+1, etc. the set of natural numbers 


N = (1,2,...,n,...]. 


Since R is the additive group, so considering the additive inverses of the members of N, together 
with 0, the additive subgroup as the set of integers 


Z = {..,—2, —1,0, 1, eee eee 
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(Zahlen is German for number); and non-negative integers 
No = {0,1,2,...,,...}, 
the set of rational numbers (or fractions or quotients) 
Q= (m/n;m,n € Z,n £0}, 
and the set of irrational numbers 
Q^ - RA Q. 


Equality in Q is defined by m/n — p/q if and only if mq — np. Recall that each of the sets 
N, Z, Q, and R is a proper subset of the next; i,e., 


NCZcQcIR. 


2.3.1 Definition. A nonempty subset X C R is inductive if for every x € X it holds that 
the real number x + 1 is also in X. 


2.3.2 Note. The set of natural numbers, denoted by N, is the smallest inductive set containing 
the real number 1. 


2.4 Bounds of a set 


2.4.1 Definition. Let A C R. We say that A is bounded above if there exists u € R so 
that a X u for all a € A. The real number u is called an upper bound for the set A. If there 
exists no u € R so that a < u for all a € A, we say that A is unbounded above. We say 
that A is bounded below if there exists | € R so that l € a for all a € A. The real number l 
is called a lower bound for the set A. If there exists no | € R so that | < a for all a € A, we 
say that A is unbounded below. If A is simultaneously bounded above and bounded below 
we say that A is bounded. 


2.4.2 Definition. Let A C R. We say that U € R is the least upper bound, also called the 
supremum for the set A, if the two following conditions hold true: 

(a) The number U is an upper bound for the set A. 

(b) If u is another upper bound for the set A, then U < u. 
If a supremum U of A exists, we write U = sup A. Analogously, we say that L € IR is the 
greatest lower bound, also called the infimum for the set A, if the two following conditions 
hold true: 

(a) The number L is a lower bound for the set A. 


(b) If l is another lower bound for the set A, then L > l. If an infimum L of A exists, we 
write L — inf A. 


5. LUB axiom or Completeness axiom: 
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e Every nonempty subset which is bounded above, has a supremum, Equivalently, 


e For every ordered pair (A, B) of nonempty subsets of R having the property that a < b 
for every a € A and b € B there exists an element € € R such that a < € € b, for every 
a € A and b € B. 


This is also referred to as the completeness axiom. A set S endowed with two algebraic operations + 
and - and an order relation <, satisfying the addition axioms, the product axioms, the distributive 
axiom, and the order axioms above is called an ordered field. 


2.5 Extended Real numbers 


2.5.1 Definition. We choose two new objects, which we name +oo (oo) and —oo, and consider the 
set R = RU {+co, —oo}. The elements of R are called extended real numbers. 


2.5.2 Remark. ! These definitions come with a warning: coo are not real numbers! They are 
just symbols suggestively standing for a certain type of behavior of a subset of R. This extension 
is primarily order-theoretic: that is, we may extend the < relation to the extended real numbers in 
the obvious way: 

VzrzcR,—oo«sz« roo. 


Conversely much of the point of the extended real numbers is to give the real numbers, as an 
ordered set, the pleasant properties of a closed, bounded interval [a,b] : namely we have a largest 
and smallest element. The extended real numbers [—oo, +0] is not a field. In fact, we cannot even 
define the operations of + and - unrestrictedly on them. However, it is useful to define some of these 
operations: 


zX-d-oo0-—oo-crz-ooif —o0 « x € coo 


3X —oo0- —oo-cz-— —ooif —oo € x < +00 
z.œ = oo.r = oo, x.(—oo) = (—oo).z = —oo if 0 < x € +00 
LOO =O." = —oo, z.(—oo) = (—00).4 = +00 if — co € z < 0. 


Only —oo + oo, +00 — 06, 0.00, 00/0, 0/00, +00/ + oo cannot be defined. 

None of these definitions are really surprising. If we think about it, they correspond to facts we 
have learned about manipulating infinite limits, e.g. if lim, ,. f(x) = oo and lim, ,« g(x) = 10, then 
lim, .¢(f(x) + g(z)) = oo. However, certain other operations with the extended real numbers are 
not defined, for similar reasons. In particular we do not define 


TOO 
oo — oo, 0.co, ——. 
TOO 


Why not? Again we might think in terms of associated limits. The above are indeterminate forms: if 
you that lim; ,« f(x) = oo and lim,-_,¢ g(x) = —oo, then what about lim,_,-(f (£) + g(z))? Answer: 
nothing, unless you know what specific functions f and g are. As a simple example, suppose 


1 —1 
f(a) = — + Land g(x) = Z, 
HH x 


1It is advised to omit for the first reading. 
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then lim,.,6 (3 + 1) = oo and lim,;-_59 ee —oo, but lim, ,o(f (x) + g(z)) = 1, 

So oo — oo cannot have a universal definition independent of the chosen functions. In a similar way, 
when evaluating limits 0.00 is an indeterminate form: if lim, f(x) = 0 and lim, g(x) = oo, then 
lim f(a)g(a) depends on how fast f approaches zero compared to how fast g approaches infinity. 
Again, consider something like f(x) = (x — c)?, g(x) = 2/(x — c)?. And similarly for oo/oc. 
However, there are also more purely algebraic reasons: there is no way to define the above expressions 
in such a way to make the field axioms work out. For instance, let a € R. Then a +œ =o. If 
therefore we were allowed to substract oo from oo we would deduce a = œ — oo, and thus could be 
any real number: that’s not a well-defined operation. 

'The extended real number system provides a certain case of expressing our ideas in a different 
fashion. For instance, we can now define the supremum or infimum of any subset of real numbers 
not necessarily bounded. Thus, if A is a set of real numbers which is not bounded above then sup A 
is defined to be equal to oo whereas if it is bounded above then its supremum is as defined earlier. 
Similarly, a set which is not bounded below has its infimum equal to —oo. Another advantage of 
having extended real number system is that even an empty set of real number has a lub now, viz., 
—oo. For every real number is an upper bound for elements of Ø. Therefore the set of upperbounds 
is unbounded below and hence the smallest one is —oo. Likewise, every real number is a lower bound 
for Ø and hence the largest one is oo. We can therefore say that every subset of R has a lub and a 
glb in [—oo, oc]. 


2.6 Archimedean Principle 


2.6.1 Theorem. (The Archimedean Property) Let u > 0. Then, for every z € R, there is a 
unique integer n such that 


nu € z « (n 4 1)u. 


Equivalent formulations are given in the problems. 


In particular, when u = 1, we obtain that for every x € R, there is a unique integersuch that 
n € z «n4 1. This number is called the integral part of x and is denoted by [x]. Then 


[z] <a < [rz] - 1 


and thus 
[ri] = max(n € Zin <r} Vx € R. 


The difference x — [|x], called the fractional part of x, is denoted by {x}. 
2.6.2 Lemma. For every real number x and every integer n, 
[x +n] 2 [a] +n. 


2.6.3 Theorem. (Gelfond-Schneider, 1934) If a Z 0,1 is algebraic number and 6 € Q? then of is 
transcendental. 
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2.7 Arithmetic Modulo One 


Let No = {0, 1, 2, ...}. Denote the fractional part of a real number a by {a}. If a > 0 then {a} = a—[a] 
where [a] = max{n € No;n < a}. Alternatively, {a} is the unique real such that 0 < {a} < 1, and 
a = {a} +n for some integer n. It is immediate that 


{a} + {5}, if {ah +B} <1 a 
{a} +{b}- 1, if{a} (0) 21 | 


To see this write a+b = (a) -- (6) + [a] + [b] and use the alternative characterization of the fractional 
part. Alternatively (2.1) can be written as 


(en =| 


_ Jta+ ob}, if {a} + (b) <1 
inpr b 4+fa+d}, iffal- (5) 21 (2.2) 
Also, if {a} > {b}, then 
_f{a-d},  ifa>b 
e-a fE ifa <b (2:3) 


The first follows from 


a—b= {a} — {b} + ([a] — [b]) 


and the second from 


b—a=1-+ {b} — {a} + ([] — [a] — 1) 


and the alternative characterization of the fractional part. 


2.8 Problems and Solutions on Chapter 2 


Warning! Never Never Ever read this solution unless you tried problems quite long time and gave 
up. Doing so may impair your ability to think and solve problems. 


2.8.1 Problem. Prove that v2 is irrational. 


2.8.1.1 Solution. Supose that v2 is rational, that is /2 = a for some p,q € N. So qV2 = p, that 
is, it is possible to multiply v2 by a natural number so that the result is an integer. Let 


m = min(q; qv2 is an integer, } 
then m4/2 is an integer. Now 


1<V2<2 
20«V2—-1«1 
—0«m(v2-—1) «m. 
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Consider the number k = m(V/2 — 1) = m2 — m which an integer as my/2,m are both integers. 
Again, 
ky/2 = (V2m — m) V2 
= 2m —mvV2, and 
k —m 2 my 2 — 2m <0 
=>0<k<m. 


We see that k is a natural number such that ky/2 is an integer which is less than m contradicts the 
minimality of m. So v2 is a rational number. 


2.8.2 Problem. Prove that the decimal expansion of x will end in zeros (or in nines) if and only 
if, x is a rational number whose denominator is of the form 2"5"', where m and n are non-negative 
integers. 


2.8.2.1 Solution. “<=” Suppose that z = Tum , if n > m, we have 
2»5" — 10" | 


So, the decimal expansion of x will end in zeros. Similarly for m > n. 


“=>” Suppose that the decimal expansion of x will end in zeros (or in nines). For case x = 
à0.0102...... an. Then 


Qo Èro LO" say _ Dgo 10" 5a, 


10” 2n5n 
For case x = a9.a1a2...... a4,99999..... Then 
r= ko 10"7*a; | 9 i j 9 | 
E 2n5n | 10m 7757 gonm ^ 
py ll s 9 eg 
E = H 107° 
9n5n 10"+1 3 
7 xd 10?-*a, ; 1 
= gn5n ' 10" 
Er. 2o 10?-*a, 


So, in both cases, we proved that x is a rational number whose denominator is of the form 2"5"", 
where m and n are non-negative integers. 


2.8.3 Problem. Prove that p= yn +1 + Vn — 1 is irrational for every integer n > 1. 
2.8.3.1 Solution. Suppose that p = yn + 1 + vn — 1 is rational, and then 


(Vn 14 Vn-1)(Vnt1-vn-1)-2 


which implies that /n+1+ /n-— 1 is rational. Hence, yn +1 and Vm —1 are rational. So, 
n—1 = k? and n+1 = h?, where k and h are positive integers. It implies that h = 3/2 and k = 1/2 
which is absurd. So, yn + 1+ yn — 1 is irrational for every integer n > 1. 
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2.8.4 Problem. Let x be a positive rational number of the form 
Ta 
k 
z=) 
k=1 


where each a; is non-negative integer with a, < k — 1 for k > 2 and a, > 0. Let [2] denote the 
largest integer in x. Prove that a4 = [a] , that ap = [k!x] — k[(k — 1)!a] for k = 2,...,n, and that 
n is the smallest integer such that n!a is an integer. Conversely, show that every positive rational 
number x can be expressed in this form in one and only one way. 


2.8.4.1 Solution. (=) First, 


[z] = 
k=2 
=a, + S i|, searen 
k=2 ` 
"p “a xOk-l X 1 1\ 1 
E i M k (acus pie 
k=2 k=2 k=2 


Second, fixed k and consider 


i=1 
k-1 n ä 
=k! = +a tk! M = 
i=l i=k+1 
n a; 
and (k— 1)!z = (k — 1)! V7 E 
i=1 
k—1 á n s 
-(-0 Ft (k X 
i—1l ik 
n ai 
So [kla] = Dx: 
i—1l 
k—1 d 
=T i=k+1 
k—1 n 


Qi . Qi 
= k! e ! c 
k! > j + aj, since E. J j «1 
i=l i=k+1 
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and 
k—1 n 
k[(k — 1)tz] = k (k-215^ 7 -6-21$75 
SN i n a 
— k(k — QUE jr since k(k — 22 spa 
k—1 a; 
m5 


which implies that a; = [k!a] — k[(k — 1)!z] for k = 2, ..., n. 
Last, in order to show that n is the smallest integer such that n!z is an integer. It is clear that 


In addition, 


A Pen since  ¢ Z. 


(<) It is clear that, every an is uniquely determined. Hence the result follows. 


2.8.5 Problem. Show that, if 0 < |b| < |a| then, for all n > 1, 


2.8.5.1 Solution. Hint: Put || =c. Then 


1—c” 1 


1+e+Ê +... +e = < : 
1—c l-e 


The left hand side is not greater than n times its smallest term, so not greater than nc"-!. Hence 


n—1 1... jas 
nc < 4— implies 


la — |b) 


a 


2.8.6 Problem. Let a,b be real numbers such that |a], |b| > k > 0. Show that 


1 ; la — b| 
< 


a b k2 


doc [a—b| 
west 


2.8.6.1 Solution. Since |ab| > k?, 
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2.8.7 Problem. For every real number x and every integer m, 
[z +n] = [x] +n. 


2.8.7.1 Solution. The formula [a] € x < [x] + 1 implies [xy] +n € x+n < [z]+n+1, from which 
we conclude that [x + n] = [x] +n since [x] + n and [x] +n +1. are consecutive integers. 


2.8.8 Problem. For x, y € R and n € N, we have, 
1. [z +y] > [x] + [y]. 
2. [E] = [2]. 
3. Zro [e + £] = [na]. 


2.8.8.1 Solution. 
1. Since [x] + [y] is an integer and satisfies [x] + [y] < x + y, therefore [x] + [y] € [x + y]. 
2. We claim that [r/n] € [x]/n. Indeed, if this were not the case we would have [z/n] < [x] /n < 


([x] + €) /n, for some 0 < e < 1. Therefore [x] € n[x/n] € [x] + e, a contradiction since n[r/n] 
is an integer. It follows that [r/n] € [[z]/n]. The converse inequality is obvious. 


3. Let 


Then f is periodic with period 1/n and vanishes on the interval [0, 1/n]. So, f — 0 identically. 


2.8.9 Problem. The equality (x +n} = {x} holds for every real number x and for every integer n. 
2.8.9.1 Solution. We infer that 


{r+n}=xr+n-|r+n] 
=z +n — (|z] +n) = {x}. 


2.8.10 Problem. Consider a sequence (a„) of positive numbers such that (a4 + a3 + .. + an)? = 
a? +a +... + a2, n > 1. Prove that a, =nVn> 1. 


2.8.10.1 Solution. Use induction. 


2.8.11 Problem. 


1. For any two real numbers a, b, prove that 


b a 
pale 2 


min{a, b} = inf(a, b} = ae 


max{a, b} = sup{a, b} = 
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2. If a,b,c,d € R, then show that 
sup{a + c,b +d} € sup{a, b] + sup{c, d}. 


2.8.11.1 Solution. 


1. For any two points a,b € R, eu is the midpoint of a and b. So, adding half of their distance 


-b 
lal to art, we get 


b —b 
Spgs fee i] 
2 
and subtracting a from £25, we get 
b—la—b 
TE Pea mdi ad 
2 
2: 
+ce+b+d H b—d 
ipaa dde ect c jt c | 
_at+b+e+d+|a—b+c-—d 
7 2 
a+b+ct+d+|a—06|4+ |c — d] 
< 
T7 2 
<a b+|a—b| _ctd+|c—d 
X 2 2 


< sup{a, b) + sup{e, d}. 


2.8.12 Problem. 
1. |ab| = |a||b| and ab < |ab| for all a,b € R. 


2. |a — b| = |b — a| for all a,b € R. 

3. |a? =a? for all a € R, 

4. If b » 0, then |a| € b iff —b € a <b. 

5. —|a| € a < |a| for all a € R. 

6. |a+b| € |a| + |b| for all a,b € R. 

7. If both a and b are non-negative, then |a — b| < max{a,b} < a +b = |a| + Jbl. 
8. If both a and b are non-positive, then |a — b| € max{ |a], |b|} < |a| + Jbl. 

9. If one of a or b is positive and the other negative, then |a — b| = |a| + |]. 


10. |la] — |b|| € |a — b| for all a,b € R. 
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2.8.12.1 Solution. We prove only (5) and (9). By (2) and (4), we have 


la + |? = (a +b)? = a? + 2ab +? 
| 


< lal? + lale] + 0l? 
< (lal + [b]? 
= |a + b| < |a] + [b]. 


Again, by (5) 


a| = |a — b+ b| € |a — b| + |b|, and 
b| 2|b—a-a| € |b — a| 4- lal 

=> |a| — |b] € |a — b|, and 

b| — la| € |b — a| = |a — b| 

— (a| — |b) < |b — a| = |a — b| 
—|la| — [b|| € la — b], 


proves (5) and (9). 


2.8.13 Problem. Show that the triangle inequality |x + y| € |x| + |y| can be stated more sharply 
for real numbers as 


I7+yl=le]+lyl, ^ ifzyz0 
< max(|z|, |y|}, if zy < 0. 


2.8.13.1 Solution. Left to the reader. 


2.8.14 Problem. The positive part of an x € R is defined by 


PD Ier € and the negative part by zy = ne a: 
Prove that 
1. zt = max(z,0] and z^ = min{—z, 0}. 
2. x =x" — x7 and |a| = a*t + a7. 


4. £ +y — max(z, y} + min(z, y]. 
5. max{x, y} +z = max{z 4 z,y +z}. 


. min(z, y} +z = min{z +z, y +z}. 


. x < y iff £t < yt anda Xy. 


oo N Q 


. max{z,y} = —min{—z, —y}. 
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9. max(z, y] = max(r — y,0) -y = (x-y 


10. min(z, y} = min{a — y,0} + y = -(x — y) 


2.8.14.1 Solution. Left to the reader. 


2.8.15 Problem. Let a,b,c € R. Prove that: 
1. | min{a,b} — min(a, c}| € |b — cl; 
2. | max(a, b} — max{a,c}| € |b — c]; 
2.8.15.1 Solution. 
1. We have, by definition 


| min{a, b} — min{a, c}| 
a+b jl|a—b| a+c  |a-c| 
= + 


2 2 2 2 
a Biol s ops jud] 
79 C a ria C 
1 
<i- e+ lla- e- la — B 
1 
<5 (\b—e| + b- d) =b- d. 


2. Left to the reader. 


2.8.16 Problem. Show that |a + b| = |a| + |b| if and only if ab > 0. 


2.8.16.1 Solution. Hint: After squaring, the equation is equivalent to ab = |ab|. Note that if a and 
b are nonzero, then ab > 0 means that a and b have the same sign. 


2.8.17 Problem. Prove that |z|+|y|+|z| < |xt-y—z| - |y4-z —z| -|z - x — y| for all x, y, z € R. 
2.8.17.1 Solution. We write 
2x = (x — y + z) + (x + y — z) to get 


22] = (c = y + z) + (z + y — 2)| 
S|ir-ytz -tirty- z| 


Similarly for 2y and 2z, and then adding the desired result follows. 


2.8.18 Problem. Show that 1/3 is not a dyadic number. (A rational number is dyadic if it is of 
the form m/2"; where m € Z and n € N.) 


2.8.18.1 Solution. The base-2 expansion of 1/3 is 0.010101....; prove then that a number is dyadic, 
if and only if, it has a terminating base-2 expansion. 


2.8.18.2 Solution. Assume that 1/3 — k/2" for some k € Z and n € N. This implies 3k — 2", and 
this is impossible due to the uniqueness of the prime number factorization. 
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2.8.19 Problem. Give an example of a subset M of R such that M + M is not a subset of 2M. 


2.8.19.1 Solution. M = (0,1/21, M = Z. 


2.8.20 Problem. Show that for a convex subset M of R we have M +M C 2M. For which subsets 
M of R we have 2M C M+M? A subset S of R is convex if wat+(l-wye SV z,y € $,0 € ui & Il. 


2.8.20.1 Solution. Let x,y € M, then for u = 1/2, LE € M implies z + y = 2m € 2M for some 
m € M, which implies that M +M C 2M, and all non-empty subsets of R satisfy 2M C M+M. 


2.8.21 Problem. Let z,y,a € R. 


l.a<yt+eVe> Oifand only if z € y. 


2. r»5y-cecVe0ifand only if x > y. 
3. |a| < eV e » 0 if and only if a = 0. 


2.8.21.1 Solution. We prove only (1). If possible, let x < y + € V € > 0 but x > y. Now, choose 
€ = (x — y)/2 and observe that y +€ = (x 4- y)/2 < x (as y < x), a contradiction. Thus x € y. Other 
parts are similar. 


2.8.22 Problem. A real number U is the supremum of a set A C R if and only if 
1. for every x € A,x < U. 
2. for every € > 0 there is an element y € A such that y > U — e. 


2.8.22.1 Solution. (1) shows that U is an upper bound of A. Let e > 0, soU — e < U and U — €e 
cannot be an upper bound of A. This means 3 y € A such that 


U—e<y<U. 


Conversely, let u be any upper bound of A, but u < U. Choose e < (U — u)/2, then by the condition 


Jy >U —e>U — (U — u)/2 = (U +u)/2 >us y>u 
showing that u is not an upper bound, a contradiction. Hence U < u. 
2.8.23 Problem. A real number L is the infimum of a set A C R if and only if 
1. for every x E€ A, L € zx. 
2. or every € > 0 there is an element y € A such that y < U + €. 
2.8.23.1 Solution. Similar to above. 
2.8.24 Problem. The supremum (infimum) of a nonempty bounded set is unique. 


2.8.24.1 Solution. Let A C R and sup A = U, and sup A = U2. Then either U; > U2 or Uz > Ui. 
Suppose that Uı > Us, then taking e < (Uı — U2)/2 we get an y € A such that y > U — € = 
Uı — (Ui — U3)/2 = (Uı + U2)/2 > Us implies Us is not an upper bound of A, a contradiction. 
Similarly, if U> > U, then U, is not an upper bound of A, again a contradiction. Thus U4 = Us. 


2.8.25 Problem. The following are equivalent: 
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1. Every nonempty subset A C R that is bounded above has a supremum. 


2. For every ordered pair (A, B) of nonempty subsets of IR having the property that a < b for 
every a € A and b € B there exists an element € € R such that a < € < b, for every a € A and 
bc B. 


2.8.25.1 Solution. (1) > (2) Let A, B CR with AZ 0, B 40 anda <bVa € A,b € B. Now, we 
observe that A is bounded above by every element of B, so by (1) sup A exists and let sup A = €, then 
aX£Vac A. We claim £ X bV b c B. Suppose d bo € B such that bo < £ then a < bo «£Vac A 
contradicts that € is the least of all such upper bounds. Thus a < £ € bVac A,bc B. 

(2) = (1) Suppose that a nonempty subset A C R is bounded above. Let 


B = (b € R;bis an upper bound of A}. 


Now, the ordered pair (A, B) of nonempty subsets of R have the property that a < b Vac A,bc B. 
Then by (2) there exists £ € R such that a € € € b for every a € A and b € B. We have to show 
that € = sup A. For, suppose there exists bọ € B such that bo < €. Then bo is an upper bound of A 
strictly less then £, contradicting assumption € = sup A. 


2.8.26 Problem. Let (A)),e. be a non-empty family of non-empty sets of real numbers such that 
the set A = |J, Ax is bounded above. Prove that sup A = supe m {sup Ay}, inf A = infe m (inf Ay}. 


2.8.26.1 Solution. Since A is bounded, so A, C A is bounded V A € M. Let sup A = a and 
sup A, = a, VA € M. We show that a = supyea; o. Since Ay C AVA € M, then sup Ay < sup A 
ie. a, X a V A € M. i.e. a is an upper bound of {a,},eu. Suppose e > 0, then 3 a € A such 
that a > a — e and a € A, for some u € M > a € sup A, = Qu, hence a, > a > o — e. Thus 
o = Supe o. Hence the result. Other part is similar. 


2.8.27 Problem. 1€ P, ie. 1 » 0. 


2.8.27.1 Solution. Suppose that 1 d P. Then either 1 = 0 or —1 € PP. If 1 = 0, then for all 
pER, p=p-1=p-0=0=> R= (0), which is impossible. Again, —1 € P and using O(ii), we get 
for p € P implies (C1).p € P > —p € P. Thus p € P and -pe P > p+ (—p) € P > 0 € P. But this 
contradicts O(i). Hence 1 € P, i.e. 1 > 0. 


2.8.28 Problem. (P.G.L. Dirichlet) Suppose that o is irrational and N € N. Then there exist 
m,n € Z, such that 1 € n € N, and 


2.8.28.1 Solution. For a number a € R, denote no — [no] by (no) the fractional part of na, then 
the numbers (o), (2a), .., (No) are irrational, distinct, and all belong to (0,1). Now dividing the 
interval (0,1) into N equal parts, we get that the numbers belong to the following disjoint intervals 


1 N-—1 
(05 JU-U (55.1). 
If the interval (0, 1/N) contains the number (no), then 0 < no — [no] < 1/N, i.e. 0 < a — [no]/n < 
1/(nN). If none of the numbers (o), (2a), ..., (Na) is in the interval (0, 1/N), then two of them (say 


(ha) and (ka), with h > k) will belong to the same interval (Pigeonhole Principle). This gives us 
\(ha) — (ka)| < 1/N, that is, 


(h= E)a - (ho] — [Ea] | < $. 
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Let n = h — k and m = [ha] — [ko]. Then n, m € Z,1 € n € N and 


la — m/n| € 1/(nN). 


2.8.29 Problem. Suppose that « is irrational, then there are infinitely many rational numbers p/q 
with q > 0 and such that |o — p/q| < 1/g?. 


2.8.29.1 Solution. Assume there are finitely many, say, p1/q1,.-,Pn/Qn- Then, by the preceding 
exercise, there exists p/q such that |a — p/q| € 1/(qN) with q € N and 1/N < min(|a — p;/qi|; 1 < 
i € n). (The minimum is positive because a is irrational.) 


2.8.30 Problem. Let S C R be nonempty. Show that u € R is an upper bound of S if and only if 
the conditions t € R and t > u imply that t ¢ S. 


2.8.30.1 Solution. Suppose that u € R is an upper bound of 5$, and the conditions hold and t € S. 
By definition, t € u contradicts t > u. Thus t ¢ S. Conversely, suppose that u is not an upper bound 
then d s € S such that u < s implies s € S, again a contradiction. 


2.8.31 Problem. (The Archimedean Property) Let u > 0. Then, for every x € R, there is a 
unique integer n such that 
nu X x « (n4 l)u. 


2.8.31.1 Solution. First, we show that there is q € Z such that x < qu. Assuming the contrary, 
it follows that the set A — (nu;n € Z) is bounded above and the Completeness Axiom assures the 
existence of z = sup A. As z is the least upper bound, there must be an integer number m such that 
mu > z — u, whichmeans (m + 1)u > z, contradicting the choice of z. By applying the above remark 
to —z, we get the existence of an integer number p such that pu < x. Consequently, there exist two 
integers p and q such that pu € x « qu. On the other hand, [pu, qu) can be represented as a finite 
union of pairwise disjoint intervals of length u, 


[pu, (p + 1)u) U [(q — 1)u, qu), 


which ensures that x belongs to one (and only one) of the component intervals. 


2.8.32 Problem. Show that in R, sup = —oo and inf  — oc. 


2.8.32.1 Solution. A possible argument can be given to justify the statement: The sup and inf 
are defined for non-empty bounded subsets of R. Since Ø C S V S CR, thus 
0C (zx)jVr€mR 
—inf() > inf[(rbj—- ry Vr €R 
=> inf = oo 


Similarly, 


0C[íz)jVz€eR 
=> sup < sup(zb—- z Vx €R 
=> sup) = —oo. 


2.8.33 Problem. 
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1. Let A and B be two subsets of R. Prove that sup A < inf B > ANB=9. 
2. Give an example that the converse is not true. 


2.8.33.1 Solution. 


1. Suppose that x € AN B. Then z € A > x < sup A, and z € B => x > inf B. Hence 
x < sup A < inf B € zr — z < xz, a contradiction. 


2. Consider the sets A — (1,2), B — (2,3). 


2.8.34 Problem. Let A be a non-empty set of positive real numbers, which is bounded above, and 
B = {x € R;1/x € A}. Prove that B is bounded below inf B = 1/sup A. 


2.8.34.1 Solution. Let sup A = o, then a > a Va € A implies i > I V a € A which shows that + 
is a lower bound of B. 
Now, choose e > 0 then Ja’ € A such that 


ca? [01 


Eka 1+ ea 
1 1 + eQ 1 
ex 


a >Q 


> = Fe 
a’ a a 
1 1 
> inf B= — = ——_. 
a  supA 


2.8.35 Problem (Archimedean Principle). For every two real numbers x and y such that x > 0, 
there exists a natural number n such that nx > y. 


2.8.35.1 Solution. Under the above-mentioned assumptions define 


A—-(ucR;nceN,nz >u} 


and note that A 4 @ (because at least x € A). We show that A = R. Suppose that A # R and 
denote B = R\ A. Obviously, B 4 Ø. Note that for every u € A and v € B,u < v. Indeed, for 
every u € A there exists a natural n such that nz > u. Because v € B and the real number set is a 
totally ordered set, it follows that nz < v. Then u < nz € v = u < v. Part (2) implies that for the 
ordered pair (A, B) there exists a real number z such that 


uxztzvVucA,vc B. (2.4) 
The real number z — x € A, because otherwise z — x € B, and then by (2.1) 
z«Xzz—m-cx0, 


contradicting the hypothesis. Therefore z — x € A. Then we can find a natural number n such that 
z— x «mz. We also have 


z +x -—(z—mz)42z < (n4 2), 


and it follows that z 4- € A. Then z+ z € z, thus x < 0. The contradiction shows that A = R and 
the theorem is proved. 


90 


2.8.35.2 So 
A is bounde 
s— x is not 
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lution. Suppose nz € y V n € N, ie. y is an upper bound for A = {na;n € N}. Then 
d above, so by the Completeness Axiom A has a supremum. Let s — sup(A). Then 
an upper bound for A since x > 0, so there is an n € N with nz > s— x. But then 


(n —- 1)z € A and (n + 1)z = nz +x > (s — x) +a = s, contradicting the fact that s is an upper 
bound for A. Thus the assumption that nz < y for all n € N is false. 


We now prove some equivalent conditions on IR. 


2.8.36 Problem. Let IR be the set of real numbers. Then the following conditions are equivalent: 


1. For every two real numbers x and y such that x > 0 there exists a natural number n such that 
nz y. 


2. N is unbounded above in R. 


3. If x € 


R, then there exists an n4 € N such that x < n4. 


4. If x € 


o N O c 


R, then there exist m4,n4 € Z such that 


Ta LK Ny. 


. inf(1/n;n € N} =0. 
. Z is neither bounded above nor bounded below. 
If x € R, there exists n; € N such that 0 < 1/n; < |æ]. 


. If x € R, there exists n, € N such that n, < £ < n4 +1. The integer n, is called the integral 


part of x, denoted by [x]. 


9. For every x,y € IR, z < y, there exists a rational number r, such that 


2.8.36.1 So 


xccrT«yg. 


lution. We prove some of the implications, other implications are left to the reader to 


complete the cycle. 


1. (1) => 


(2) : Suppose that N is bounded above, so 3 B € R such that 
nzBVncfN. 


Now by (1), d m € N such that m.1 » B — m » B, which shows that B cannot be an upper 


bound 
2. (1) 


of N. Thus N is unbounded above in R. 


(3) : If possible, let no such n, exist. So, n € x V n € N, ie. N is bounded above by z, 


so N has a sup. in R. Let supN = G, then G — 1 is not an upper bound of N hence 3 K € N 
such that K > G — 1 = G < K +1, which is a contradiction that G is an upper bound of N. 


Thus 3 


3. (3) > 


n4 € N such that z € ng. 


4) : Now z € R > —z ER, so by (3) 3 n, and n_, € N such that 


£ L Ng and —z € n.;. 


Then m4 = —n.., € Z and x > m,. Thus for z € R there exist Mg, Nng € Z such that 


mma «X crXmn. 
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4. (4) = (5) : Let A = {1/n;n € N}. Since 1/n > 0 V n € N, so inf A > 0. If possible, let 
inf A = a > 0. Then by (4) 3 nı € N such that 1/a < ni, then a > 1/nı > 1/(1 + nı), as 
1/(1-- ni) € A and 1/(1 4- n1) < a so, a cannot be infimum, a contradiction. Thus inf A = 0. 


5. (5) => (2) : Suppose that inf(1/n;n € N} = 0 and N is bounded above by M € R. Let e = 1/M 
then 3 N € N such that 1/N < e = 1/M implies N > M shows that M is not an upper bound 


of N. Alternatively, let supN — A, then inf{4;n N} = SubN = + #0. 


6. (1) 2 (7) : Suppose that x 4 0 then |z| > 0, now, for the reals 1 and |z|, by (1) 3 n; € N such 
that n;.|x| > 1 2 |x| > 1/n;. 


7. (1) > (8) : By (1) there exists an m € N such that m.1 > z > m > x. Suppose first that 
x > 0. Then the set (n € N;n > x} is nonempty; let m, be the smallest element of this 
set, and let n, = m, — 1. Then n, € x < n, +1. If x < 0, there is an ry € N such that 


TQ € =£ < T; +1, so — (re 4-1) < z € —r4. If £ = —r,, then let nz = —r,; otherwise let 
Ny = —(r, +1). 

The n, is unique since, ifn, < £ <nz,+land p, € £ < p, 41, we have —(p,+1) < —x € —ps, 
so 


Na — (Pe +1) <0 < (na +1) — pr 
=> — 1 < Pr — Nng <1, 


8. (1) => (9) : Since y — x > 0, so by (1) 3n € N such that n(y — x) > Lie. ny — nz > 1 which 
implies that d m € N such that 


m<nr<m+1 
m+ 1 


m 
> — <r< 
n 


m 1 
>x< — +-—<r+ly-zr)=y. 
n n 


Let r = H, Thus z <r < y. 
2.8.37 Problem. ? Let R be the set of real numbers, then prove that the following are equivalent: 


1. Least Upper Bound Axiom: Each non-empty subset of R that is bounded above has a 
supremum. 


2. Nested intervals Theorem (Cantor): If ([an,bn]) is a nested sequence of closed and 
bounded intervals, such that infn(bn — an) = 0. then there exists a unique point £ such that 


E € o ales; bn], ie. M3 lan, bn] = {6}. 


3. Dedekind’s Theorem: Let A,B C R with AUB = R, An B £z 06,A £z 0,B z 0 and 
a«bvVac A,bec B. Thend!£ceRR such thata x &£&bVac A,bc B. 


2.8.3.1 Solution. 


?]t is advised to omit for the first reading. 
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(SO): 


Let S = {an;n € N}. Then S 4 9. So by LUB axiom, let € = sup S. Then an <EVnEN. 
Since S bounded above by bn V n € N hence sup S € b, V n € N, thus an € £ € b, V n EN. 
We show that £ is unique. Suppose n(4 £) € F satisfying a, € n < b, V n € N and € > m. 
'Then 


à, <0 <E<bnVnEN 
>E€-—n<bh-—anVnEeN 
—£-—mnt&inf(b, — an) =0 
—£-m. 


Thus £ € R is unique. 


(2 (1): 


Let S(z Ø) C R be bouded above. We show that sup S exists in IR. Let bo € R is an upper 
bound of S. Then ag < bo for some ag € S. then either me is an upper bound of S or 
da’ € S such that a’ > sotbo, If soto is an upper bound of S then we write aj = ag and 


bb = goin If tothe is not an upper bound of S then we write a; = a’ and bı = bo. In 


both cases, [a1, b1] € [ao, bo], so bı — a1 € b07% Continuing in the same way, we obtain a 


nested sequence of intervals ([an, bn]) where an € S and b, is an upper bound of S. Also, 
bn — An < bz, and infn{bn — an} = 0. So, by (2) there a unique point € € R such that 
€ € (Plan, bn], ie. an € E< bn Vn € N. Now we claim € is the lub of S. Let x € S, then 
either x < an, for some no E N or £ > an Y n €E N, hence g < £ or x = é. Thusxrx<€VareS 
which shows that £ is an upper bound of S. Let e > 0. Then 3k € N such that bn, — an, < e, 


and since € < bn V n € N, so 


an, > bn, —€2§-€, 


shows that € is the lub of S. 


. (2) > (3): 


Let A,B C R wth AUB=R,ANBA#0,A40,BADanda<bVaeA,b c B. Then, 
we show that J! € € R such that a € € € bV a € A,b € B. Let ao € A and bo € B then 
2015» € R= AUB. If 2219» € A, we write 22199 = a, and bg = by. If 2+" € B, we write 


ao = a1, soto = bi. 'Then 


ag < a; € b < bo. 
Considering a4 € A and bı € B to obtain as before a2 € A and b. € B such that 
ay < a2 < b2 < bi. 


So, continuing the same proceedure, we obtain a nested sequence of intervals ([an, bn]) where 
an € A and b, € BY n EN, and inf, {b, — an} = 0. Then by (2), 3 a unique point € € F 
such that a, € € € b, V n € N. We show that a < £ < b V a € A and b € B. It is true 
that ag < E € bo. Let a € A, then either a < ao or a > ao. If a € ao then a < ag < €. If 
a > ao then either a < a, for some n c N or a > a, Y n E N > a € fan, bn] V n € N. Since 
(Oa [ans bn] = {E}, so a = £, ie. a < €. Similarly, we can show that £ < b. Hence I! € € R 
such thata<€<bVaEA,DEB. 
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4. (3) > (2): 
Suppose that, ([dn,bn]) is a nested sequence of closed and bounded intervals in IR. Let A = 
{x € R;z < a, for some n € N} and b € R\ A. Thus, we get 
(i) AUB-R,An B - 0. 
(ii) A Z 0 and B Z0 for b, € BYncN. 
(iii) Let a € A and b € B. Then a < ay for some k € N and by definition of B,an < bY n € N 
so a < b. Thus by Dedekind's Theorem 3! € € F such that a < £ € b V a € A,b € B. As 
an € A and bn € B Y n E€ N, so, we get an < £ < b, Y n E€ N > £ €, [an bn]. 


5. (332 (1): 
Let S C R and S z () be bounded above. Let A = {x € R;x < s forsome s € S} and 
B — RM A. Note that, 
(i) A,B CR with AUB-R,An B - 0. 
(ii) as S # so d s € S and so all elements x € A for which x < s, thus A # (), and for S is 
bounded above so d M € R such that s < M VY s € S implies M € B> Bb. 
(iii) Let a € A and b € B. Then, by definition of A,a « s for some s € S and by definition 
of B,s < bV s € S implies a < b, hence by Dedekind’s Theorem d £ € R such that a < £ € 
bVac Abe B. Nowe AUB— £c Aor£c B.If£c Athen there exists some s € $ such 
that £ < s. We select an element x € R such that £ < x < s. Then x € A and it contradicts 
the fact that a < £ Va € A. Thus £ € B. 
We claim £ = sup S. Since a € € V a € A, so € is an upper bound of S, if y € R is any upper 
bound of S, then s < y V s € S => y € B and so £ € y, thus € is the least of such upper 
bounds. Thus each non-empty subset of F that is bounded above has a supremum. 


6. (1) = (3) : 
Let A,B C R with AUB—-R,AQGnBZ0(,AZÓ0,BZzÜanda«cbVac A,b c B. Now, 
we observe that A is bounded above by every element of B, so by (1) sup A exists and let 
supA = £, thena € £ Va € A. We claim &£ € b V b € B. Suppose 3 bo € B such that 
bo < € then a € bo V a € A contradicts that € is the least of all such upper bounds. Thus 
axt&£zbVac A,bec B. 


2.8.38 Problem. ? Show that the Least Upper Bound Property (every set bounded above has a 
least upper bound) implies the Cauchy Completeness Property (every Cauchy sequence has a limit) 
of the real numbers. 


2.8.38.1 Solution. Let (z,) be a Cauchy sequence of real numbers. We first show that (r4) 
is bounded. Let € > 0 and let N € N be such that |x, — £m| < € for n,m > N. Let R = 
maxi|zw — zi|,...|vw-1i — zw|]. Then the entire sequence (£n) is contained in B(x,;2R). Thus 
(£n) is bounded. 

By the least upper bound property, we can define 


tn = sup(zy k > n] 
for each n > 1. Clearly (zn) is decreasing and bounded since (xn) is bounded. The least upper 


bound property implies the greatest lower bound property, thus we can define x = inf{z,;n > 1} = 
limno 2n. We show that £n — x. First, we exhibit a subsequence of (£n) which converges to zx. 


3]t is advised to omit for the first reading. 
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Let k be a positive integer. Since z is the limit of the zn, there exists Nj such that for all n > Nx, 
P 1 

2k’ 
Since zy, = sup{x;;i > Ny) so 3 ny > Ny such that 


le — z| 


1 
lZNy mc < 2k 


Thus we obtain infinitely many distinct n; ; re-index the distinct n4 to obtain the subsequence 
(z5,). By construction, 


|En; — z| < |En; mS EN; + len; — z| < 2j mF 
Thus (£n, ) converges to x. 
Now since (£n) is a Cauchy sequence, it follows that the whole sequence converges to x. Let e > 0. 
There exists N € N such that for all k > N, |an, — z| < €/2. There also exists N' such that if 
p,q > N' then |x, — z,| < €/2. Hence for all n > max{ny, N’} 


|En — z| € |En — nyl + |xay — z| < €/2 + e/2— € 


Thus (£n) converges to x. 


2.8.39 Problem. A, B be non-empty subsets of R with the property that x < y whenever xz € A 
and y € B. Prove that 3 c € R (not necessarily unique) such that x < c € y whenever z € A and 
y € B. 


2.8.39.1 Solution. Use Dedekind's theorem above. 


2.8.40 Problem. Let F be an ordered field. Greatest Lower Bound (GLB) Axiom: Let S be a 
nonempty subset of F which is bounded below. Then S admits a greatest lower bound, or infimum. 


1. Then F satisfies (LUB) iff it satisfies (GLB). 


2. In particular R satisfies both (LUB) and (GLB) and is (up to isomorphism) the only ordered 
field with this property. 


2.8.40.1 Solution. 
1. (LUB)2 (GLB): Let S C F be nonempty and bounded below by m. Consider 


—S = {-a;2 E€ S}. 


Then S is nonempty and bounded above by —m. By (LUB), it has a least upper bound 
sup(S). We claim that in fact — sup(—S) is a greatest lower bound for S, or more symbolically: 
inf $ = —sup(—S). 

(GLB)=>(LUB): Let S be nonempty and bounded above by M. Consider 


U(S) = {x € F; x is an upper bound for S}. 


Then U(S) is nonempty: indeed M € U(S). Also U(S) is bounded below: indeed any s € S 
(there is at least one such s, since S 4 ()) is a lower bound for U(S). By (GLB) axiom U(S) 
has a greatest lower bound inf U (S). We claim that in fact inf U (S) is a least upper bound for 
S, ie. sup S = inf U (S). 
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2. Left to the reader. 


2.8.40.2 Solution. (LUB)=(GLB): Let an ordered field satisfy the least upper bound property. 
Let A be a non-empty set and bounded below. Let B be the set of lower bounds of A. Then B is 
non-empty. Any member of A is an upper bound of B. Thus B is bounded above. So by the least 
upper bound property, B has lubB = zo. We claim that xo «X a V a € A. If possible, let zo > a for 
some a € A, then lubB = zo > a an upper bound of B, which is a contradiction. Thus x is a lower 
bound of A. Next claim is that zo is the glb of A. Let a € A and a > zo, if d no element a’ € A 
such that a’ < a, then a is a lower bound of A and a € B implies a < zo, which is a contradiction. 
Hence xo is the GLB of A. Similarly, (GLB)=(LUB). 


2.8.41 Problem. Every nonempty subset A C R that is bounded below has infimum. 


2.8.41.1 Solution. Denote by Ao the set of lower bounds of A. Because A is bounded below, 
Ao # 0. Notice that the ordered system (Ao, A) has the property that for every a € Ago and b € A 
implies a < b. From Dedekind’s Theorem (2.8.37) it follows there exists a real number £ such that 
a € € € b, for every a € Ag and b € A. It results that number £ is the greatest element in Ao, that 
is, an infimum of A. 


2.8.42 Problem. Let A and B be non-empty bounded set of positive real numbers, and define C 
by C = {ab;a € A,b € B}. Prove that C is bounded and that sup C = sup A. sup B and inf C = 
inf A. inf B. Prove also that if AB is the set of real numbers of the form ab where a € A,b € B, then 
sup AB need not exist, and if it does exist it is not necessarily equal to sup A. sup B. 


2.8.42.1 Solution. Let sup A = o,sup B = 8, thena 2aVac Aand 8 2 bVbec B. 
So aß > ab V a € A and V b € B. Thus off is an upper bound of C. Choose e > 0thenda € A 
such that a’ > a— z3 and 40’ € B such that b' > 8 — 47. Hence a'B > ap — 5 and a'b > a'B — 5. 
Thus a'b’ > aß — e. Which shows that a8 = sup C. 

Let A = (—oo, —3) and B = (—00,5) then sup A = —3 and sup B = 5, but AB = (—15,06), so 
sup AB does not exist, and if A = (—3, —5), B = (—4, —2) then sup A = —5 and sup B = —2 but 
AB = (10,12) so sup AB ¥ sup A. sup B. 


2.8.43 Problem. Let a,b > 0, and a? = nb?,n > 1 then 


radaran naa 
b a—b 


2.8.43.1 Solution. From the given condition, we have 
a? = n? >b -—ab. 
Now, a? = nl? < (nb)? >a < nb 
anda<nb<(n+1)b>a—b< nb. 
Therefore, 0 < a — b < nb. Again, 
a? = nb? 
—a? — ab = nb? — ab 
—a(a — b) = b(nb — a) 


a nmnb—a 


b a—b- 
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2.8.44 Problem. Let a,b > 0, and a? = 2b?, then 


a 2b—a 
0 —b«band — = : 
«a < b an b WERT 


2.8.44.1 Solution. Hint: Same as above. 


2.8.45 Problem. Prove that if A is the set of rational numbers x such that x € c, where c is any 
fixed real number, then sup A = c. Prove the same result for the set of irrational numbers x such 
that x < c. 


2.8.45.1 Solution. By definition, A is bounded above by c, to prove that c is sup A, let e > 0 then 
dr € Q such that c— e <r < c by definition of A, r € A. Hence sup A = c. 


2.8.46 Problem. Let Ø Z H CR, and p € R. Define Hı = (—oo6,p) N H and Hə = (p,oo)  H. 
And for each n € N, define 


A, = HNA (n,n + 1; B, = Hn [-(n +1), =n) 


and 
1 


n+l 


1 1 1 
Cr =H |p——,p— ;Dn = HO | p+ —— p+- 
n n+1 n 


1. Prove that H has no upper(lower) bound iff given any N € N,3 no > N +1 such that 
An, #9 (Bu, # 0). 


2. Suppose that H has no upper bound. Let i; be the smallest positive integer such that A;, 4 0. 
Now define a subsequence (Aj;,,) of (An) by Induction. If (A;,) has been defined, and let ik+1 is 
the smallest integer greater than 1 4-4; such that A;,,, 7 0. Finally V n € N, define K, = Aj,. 
Prove that the sequence (Kn) has the following property 


(a) K, is a non-empty subset of H V n € N. 


(b) If z € Kn and y € K,41, then z +1 « y. 


(c) Suppose that H has no lower bound. Prove that there is a sequence K,, of non-empty 
subsets of H such that x € Kn and y € Kn41, then z — 1 >y. 


(d) Prove that p is a cluster point of H[H»] iff there exists a subsequence (C;, ) of (C4)|(Di, ) 
of (D,,)] such that (C;,) 4 0 [D;, 4 0] for all n € N. 
2.8.46.1 Solution. 
1. Suppose H has no upper bound, so for any integer N,3 h € H such that h > N+2 ie. HA 
(N + 2,00) Z 0 and 


HO(N +2,00) 2 HO[(N -2, N -3]jU(N -3, N - U..] Z0 


=> Hn(N+p,N+p+1] 40 
p=2 

>HA(N +p,N +p+ 1] #49 for some p € N 

=>Anip 40 for p e N 

>A, #0 forno=N+p>N+1. 


Other part is similar. 
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2. By the above, A;, ZÜ V n € N 
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and à < 1-4 « i9 < 1-27 do < da... <in Xl ds <ingi <.. Since Kn = Aj, ZÜVn €N, 
suppose x € Kn = Ai, and y € K441 = Ai,,,, then Ai, N Aji,,, =O and 1+ à; < ing > 


sup A;,,, —supA;, > 1 > 2 < sup A; y > inf A 


in+1 
y >x 4- 1. Other part is left to the reader. 
2.8.47 Problem. Find UZ; In and NZL; In, where 
1. Toc R; tap 
2.1, -(reR;-1-1zvoz2-1) 
2.8.47.1 Solution. 
1. We observe that 7,41 C In, V n EN. 
For 
LE Inga 
> I «rcx : 
E E EN 
n+1 n+1 
1 1 
—-———«-——«m« 
n n+1 n+1 
=>axre€T,. 
Hence 


—y-rz2oinfA 


IMEN EN ARNE D E D 


and cosequently L; In € I4 = (—1, 1). 


Deli 


in41 — sup Åi, >] > 


On the other hand, let z € (—1,1), since x + 1 > 0 and 1 — z > 0, by Archimedean Principle 


3p,q€N such that p(x + 1) > 1 and q(1— x) » 1 


1 1 
——1l-r-«zrz«l-- 
p q 


1 1 1 
> —14 <-l+-<a<1—-—<1-— where m = max{p, q} 
m p q m 


=>reIn Cc Umsciye Uds 


n=1 n=l 


Hence UZ; In = (—1, 1). 


Again, let x € NZ; In. If x > 0, then by Archimedian principle, 3 


Lot 


m € N such that + < z => 


ré£(-l,l1)-lL, > x ¢ NZ In. Similarly, if £ < 0 then also z ¢ NZ; In. Hence x = 0. 


Thus N; 1, = {0}. 
2. Here we see that In C I441 V n € N. For 
r€l, 


1 1 
>-1+><gr<2-- 
n n 


1 
=>-1 CoS eee en 
n 


> XE In41- 
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Hence 
ees Cush tour tum 
and NZL; In = [0,1]. We show that (—1,2) = U7~, In. Let 
rE U T 
n=1 


— x € Ím for some m c N 
1 1 
=>-l1l+—<97<2-— 
m m 
1 1 
=>-1<-14+—<24<2-— <2 
m m 
=> z € (-1,2). 


On the other hand, let x € (—1,2), since x + 1 > 0 and 2 — z > 0, by Archimedean Principle 
4 p,q € N such that p(x +1) > 1 and q(2— x) »1 


1 1 
=> —l+-<r<2-- 
q 


1 1 1 
> —14 <—l1+=<xgx<2-—- <2-— — where m = max{p, q} 
p q m 


oo 
—rze€l,c Uh. 
n=1 


Thus UX; In = (—1,2). 


2.8.48 Problem. Show that, for n 4 10^, k € N, logion is not a rational number. 


2.8.48.1 Solution. Let logon = 7 where (p,q) = 1. Then 


logion = E 
q 


=> 107 =n = 2"5*(2k + 1) for some r,s € N 

=> 10? = [2"5°(2k + 1)]?, where 2k + 1 is not a multiple of 5 

=> 2P-Ta5P—s4 — (2k + 1)* 

— an even integer = an odd integer not multiple of 5 (a contradiction). 


2.8.49 Problem. Let S be a bounded subset of R and sup S = b,inf S = a with a Æ b. Show that 
[a, b] is the smallest closed interval containing the set S. 


2.8.49.1 Solution. 


Case 1. b = sup S € S and a = inf S € S 
Case 2. b = sup S € S and a = inf S ¢ S 
Case 3. b = sup S ¢ S and a = inf S € S 
Case 4. b = sup S ¢ S and a = inf S ¢ S 
We shall do only the case 2. (other cases can be done in a similar way.) i.e. b = sup S € S and 
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a = inf S ¢ S. We show that a ¢ S => ais a limit point of S. Since a is inf S, so Ve >O4ceES 
such that c < a +e. Thus Sn(a—e,a+e) Z 0 => a is a limit point of S. Again, b may or may 
not be a limit point of S. Consequently, S is a subset of the closed interval [a,b]. Next suppose 
that T be a closed set containing S. We claim S C [a,b] C T. Nowbe SCT bec T. But 
SCT-—S'CT'CT-aceS'CT-ac T. Hence [a,b] C T. 


2.8.50 Problem. If a,b € R and0 € a— 6 « e, Ve » 0, then prove that a = b. 


2.8.50.1 Solution. We always have a > b. If possible, let a > b, and choose e = z(a — b), then 
a — b « (a — b) 2 a < b, a contradiction. Thus a = b. 


2.8.51 Problem. If a¢Rand0<a< + V n € N, then prove that a = 0. 


2.8.51.1 Solution. If a > 0 then by Archimedean Principle, 3 m € N such that ma > 1 > a > 
I => a is not less than +, a contradiction. Hence a = 0. 


m? 


2.8.52 Problem. Let S be a bounded subset of R and Ø Z T C S. Prove that 


inf S < inf T € sup T < sup S. 


2.8.52.1 Solution. Since inf S is a lower bound of S, so inf S < sY s€ S —infSctVteTCc 
S > inf S is a lower bound of T > inf S € inf T. Again inf T < t < supT Vt € T => inf T € sup T. 
Furthermore supS > s V s E€ S = supS»tVt c T c S. Hence supS is an upper bound for 
T — sup S > sup T. 


2.8.53 Problem. Let S and T be bounded subsets of R and S +T = {x +y;x € S,y € T). Prove 
that sup(S + T) = sup S + supT and inf(S + T) = inf S + inf T. 


2.8.53.1 Solution. Let sup S = a and supT = 8. Then a -6 > xz-yVzrzcSvycT. Hence 
a+ B is an upper bound for S-- T. Again, let € > 0, then d zı € S and yı € T such that zı > a— že 
and yı > B — 4e, so that zı + yı > a + B — e. Hence sup(S + T) = a + B = sup S + sup T. 

Let inf S = y and inf T = ô. Theny+6<a+yVuxeES,VyeT. Hence a+ £ is a lower bound for 
S +T. Again, let € > 0, then 3 £2 € S and y» € T such that zo < y+ ie and y2 < ô + ie, so that 
z2 +yY2 < y t ó 4 e. Hence inf(S +T) = y +ô = inf S + inf T. 


2.8.54 Problem. Let S be a non-empty subset of IR, bounded below and T = (—z;x € S). Prove 
that T' is bounded above and sup T' = — inf S. 


2.8.54.1 Solution. Let inf S = y, then y < x V x cS > -7>-aV x € Simples —y is an 
upper bound for T and for € > 0,4 z9 € S such that z9 < y +€ => —x%2 > —y — e. Hence —y is the 
supremum of T i.e, sup T' = — inf S. 


2.8.55 Problem. Let S be a bounded subset of IR and with sup S = M and inf S = m. Prove that 
the set T = {x — y;z,y € S] is a bounded set and sup T' = M — m,inf T = m — M. 


2.8.55.1 Solution. We observe that T = S + (—S), hence by the previous problems sup T = 
sup S+sup(—S$) = sup S — inf S = M — m and inf T = inf $+inf(—S) = inf S—supS = m— M. 


2.8.55.2 Solution. We get by the problem, M>aVaeSand-—m>-yV €Ss3>M-me 
r—y Yx—y €T => M —m is an upper bound of T. Let e > 0, then 3 s,t € S such that s > M — že 
and t< m+ ie. This implies s — t > M — m — e which shows that M — m is the supremum of T. 
'The other part can be shown in the same way. 
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2.8.56 Problem. Let S be a non-empty subset of R, bounded below. A lower bound / of S is such 
that for each n € N 3 £n € S satisfying £n < l+ L, Prove that l = inf S. 


2.8.56.1 Solution. Suppose that l is a lower bound of S then l € inf S. Now if | < inf S, then by 
Archimedean Principle, 3 m € N such that m(inf S — 1) > 1 => inf S > l+ 4 and 3 £m such that 
PEE i. Hence 


1 
inf S >l+—>a&m€ES, 
m 


a contradiction that infimum cannot be greater than an element of a set. 


2.8.57 Problem. Let S and T be bounded subsets of R. Prove that 
sup(S U T) = max{sup S, sup T}, inf (S U T) = min{inf S, inf T). 


2.8.57.1 Solution. Since $ C SUT => sup S € sup(S UT) and T C SUT = supT < sup(S UT), 
hence max{sup S, sup T] € sup(S UT). 

Let max{sup S,supT} = sup S. Then supS > supT > supS > sV sc SUT => supS is 
an upper bound of SUT = supS > sup(SU T) = max{sup S,supT} > {sup S U T}. Thus 
sup(S U T) = max{sup S,sup T}. The other part can be shown in the same way. 


2.8.58 Problem. Let J, = |an, bn] and I; 2 I5 2 I3 2 ..., If 
a = sup{an;n € N} and 8 = inf{bn;n € N}, 
prove that 
1. [es] = Nan ifa x 8 
2 {a} = N7 In if a = $. 


2.8.58.1 Solution. 


1. Let x € [o, 8], then an < z < b, Vn € N implies x € (]7- ., In. Again, let y € NZL; In and 
either y < a or y > B. If y < a and supa, =a then dm € N such that am > y this implies 
y € NZ In, a contradiction. If y > 6 and inf bn = B, then 3 p € N such that bp < y then also 
y € NZ In, again a contradiction. Hence y € [a, 8]. 


2. Let a = f. Suppose that x Z a and x € NZ; In. Then, if x > a J k € N such that by < x 
which shows that x € [ax, bp] ie. z ¢ (5.4 In, a contradiction. Similarly, if £ < a, we also 
arrive at a contradiction. Thus {a} = (17-4 In. 


2.8.59 Problem. Let a,b, c, d be rational numbers and zx an irrational number such that cx +d Æ 0. 
Prove that (ax + b)/(cx + d) is irrational if and only if ad Z bc. 


2.8.59.1 Solution. Suppose that (axz+b)/(ca+d) = p/q, where p,q € Z. Then (aq— cp)z = dp— bq, 
and so we must have dp — bq = aq — cp = 0, since z is irrational. It follows that ad = bc. Conversely, 
if ad = bc then (ax + b)/(cx + d) = b/d € Q. 


2.8.60 Problem. Let 0 « x « 1. Then x has a terminating decimal expansion if and only if there 
exist nonnegative integers m and n such that 2"*5"5 is an integer. 


2.8.60.1 Solution. If x has a terminating decimal expansion, then x = p/10* = p/(2*5*). Con- 
versely, if 2"5"y = N € N for some m < n, then z = 2”7™ N/10"^. 
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2.8.61 Problem. (SHIGA MEDICAL UNIVERSITY) Given a? > b, where a,b are natural num- 


bers, prove that the necessary and sufficient condition for V a+ vb + V a— vb to be a natural 
number is that there exists a natural number n such that 


n? « a € 2n? and b = 4n? (a — n?). 


2.8.61.1 Solution. Suppose m — Va Hb Va — Vb is a natural number where a? > b and a,b 
are natural numbers. Squaring both sides, we have 


m? = 2a + 2 /a2 — b 
=> m? — 2a = 2 /a? — b (1) 


Squaring both sides, we have (m? — 2a)? — 4(a? — b) 
> m^ = 4(am? — b). (2) 


Since the right side is an even number, m = 2n for some natural number n. Then (2) becomes 
4n* = 4an? — b, hence 


b = 4n? (a — n?). (3) 


(3) and b > 1 imply a — n? > 0, therefore n? « a. From (1) (2n)? — 2a > 0, therefore a < 2n?. 
Together we have 


n? « a € 2n? and b = 4n?(a — n?). 


Converse part is left to the reader. 


2.8.62 Problem. Show that if cosa + sina is rational for some a € R, then for any n € N, 
cos” a + sin" a is rational. 


2.8.62.1 Solution. We observe that cosa + sina is rational implies cosa.sina is rational, for 
cosa.sina = 4 (1— (cosa + sina)?) Taking cosa = p, sina = q, we let p" +q” = s, and p +q = 
h, pq = k, so 51,52 are rational, thus p,q are the roots of x? — hz + k = 0. Hence, we get 

z?— hz? + kz = 0 > s3 — hsz + ks, = 0 

x^ — ha? + kz? = 0 > s4 — hsa + ksz = 0 


zx" — ha”! + kr”? = 0 > sn — hsn—1 + ksn-2 = 0 


Using the above equations, we can find sn and spn is rational. 


2.8.62.2 Solution. Since the number cosa + sina is rational, its square must be rational. Thus 
1+2cosasina = (cosa + sin a)? is rational. This shows that both the sum and the product of cosa 
and sina are rational and the fact that cos" a + sin" a is rational can be proved inductively using 
the formula 


cos a+sin”t! a 


= (cosa + sin a)(cos" a + sin” a) — cos a sin a(cos”™ ta + sin"! a). 
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2.8.63 Problem. Let 1 < o < f be real numbers. Prove that 3 m,n € N,m,n > 1 such that 
a< (m « B. 


2.8.63.1 Solution. Let c= 8 — o. Then for p € N, we get 
B? — a? = (a + c) a? = (Dares e+ > patc > pe, fora > 1. 


Now, take an integer n > i. Then 8" — a” > 1. Since the difference between two real numbers is 
greater than 1, so d an integer m > 1 such that a" < m < 8" i.e., a< Wm < D as desired. 


2.8.64 Problem. Prove that cos 1? is irrational. 


2.8.64.1 Solution. Assume that cos1? is a rational number. Consider the complex number z — 
cos1° + isinl?. Since z + 1/z = 2cos1° is rational, as in the introduction we conclude that 
275 -- 1/27 is rational. But 24° + 1/z4° = 2 cos 45? = V2, a contradiction. This shows that cos 1° is 
irrational. 


2.8.65 Problem. Can a rational or an irrational number raised to a rational or an irrational power 
be rational or irrational? All the eight possibilities are as follows: 


1. /(irtational) reHeona. — tational 
Yes. Observe that, 


(va) = (và) = (vay 22 


2 
We note that Jo" is irrational and it was actually proved to be transcendental by Kuzmin 
in 1930. 


2. (irrational)'retiona! — irrational; Yes; V2” ^ is irrational, as above. 


3. (irrational)'?tona! — rational; Yes; (v3) I 


4. (irrational)'?tona! — irrational; Yes; (v2) = y2. 

5. (rational)#™tional — irrational; Yes; 2Y? is irrational, 
6. (rational)!7###on2! — rational; Yes; 216823 = 3. 

7. (rational)'?&onal — rational; Yes; 2? = 8. 

8. (rational)'?ti??! — irrational; Yes; 22 = V2. 


2.8.66 Problem. Let F be the family of all real-valued functions on the real line R. Then the 
cardinality |F| of the set F is larger than c. 


2.8.66.1 Solution. The mapping ¢: R — F, where for a € R, ¢(a) denotes the constant function 
a, is one-to-one, showing that the cardinality of F is larger than or equal to c. To show that the 
cardinality of F is indeed larger than c, assume that a mapping a — fa is one-to-one and maps R 
onto F. We use the Cantor diagonal procedure to derive a contradiction. Indeed, define the element 
f € F by f(x) = fz(x) +1, for x € R. We show that for no a € R, f = fa. For it, assume that, 
on the contrary, f = fa for some a € R. Compare the values of f and fa at the point a: we have 
f(a) = fa(a) +1 = f(a) +1, a contradiction. 
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2.8.67 Problem. The supremum s of a set A C (0,1) is less than 1, and A has the property that 
if x,y € A and x < y, then m € A. Prove that s € A, and s is an isolated point of A. 


2.8.67.1 Solution. Suppose s = supA ¢ A. So s < 1 — s? < s. Choose e > 0 such that 
0 < e< s-— s?, then I x € A such that s? < s— e< x< s and dy € A such that s? « z « y « s. 
Thus, by the condition, z/y € A, so z/y < s > x < ys and ys < s? > x < ys < s?, which 
contradicts s? < x. Hence (s — e, ) à A =, which shows that s is not a limit point of A. Thus the 
only member of A which is greater than s — € is the sup A = s. 


2.8.68 Problem. Solve the equation cos" x — sin" x = 1, where n is a given positive integer. 


2.8.68.1 Solution. For n > 2 we have 


1 = cos" x — sin" x < |cos" x — sin" x| 


< |cos" z| + | sin" x| € cos? x + sin? x = 1. 


Hence sin? a = |sin" z| and cos? x = |cos" x|, from which it follows that sinz,cosz € (1,0,—1) 
implies x € 7Z/2. By inspection one obtains the set of solutions (mm;m € Z} for even n and 
(2mn, 2mm — 1/2; m € Z} for odd n. For n = 1 we have 1 = cos z — sin x = — y 2 sin(x — 7/4), which 
yields the set of solutions (2mm, 2mm — /2; m € Z}. 


2.8.69 Problem. Let n and k be positive integers such that 1 < n,k < N 4- 1. Show that 


min |sinn — sin k| « 2/N. 
nzk 


2.8.69.1 Solution. Since sin 1, sin 2, ...., sin(N + 1) € (—1,1), two of these N + 1 numbers have 
distance less than 2/N. Therefore | sinn —sin k| < 2/N for some integers 1 € k,n € N 4 1,n z k. 


2.8.70 Problem. If p and q are integers satisfying p? + pq? + q? = 0, then prove that p is even 
iff q is even. Deduce that both p and q are even. Hence show that if x is a real number for which 
£3 z--1-0,then z is irrational. 


2.8.70.1 Solution. Let p be even, ie. p = 2m (say), then (2m)? + 2mq? + g = 0 > q? = 
2(—mq? — 4m°)= even integer implies q is even. Similarly q is even implies p is even. Consider the 
cases 


1. p is odd, q is even; then in the expression p? = —(p + q)q?, p? is even and —(p + q)q? odd; 
2. p is odd, q is odd, then in the expression p? = —(p + q)q?, p? is odd and —(p + q)q? is even; 
3. p is even, q is odd, then in the expression p? = —(p + q)q?, p?, p? is even and —(p + q)q? odd; 


Hence p and q are both even. 
Again, let x = p/q, where p and q have no common factors, be a root of the equation z? +z 4-1 = 0. 
Then (p/q)? + (p/q) +1 = 0 => p? + pg? + d? = 0, so by the above, p and q are both even i.e. p and 
q have a common factor 2, which is a contradiction. Hence, if the equation z? + z 4-1 — 0, has a 
real root, then it must be irrational. 


2.8.71 Problem. Prove that for 0 < x < 7/4, (sin x)®® < (cos x)°°S”. 
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2.8.71.1 Solution. We use the relation 
log(Aa + (1 — A)b) > Aloga + (1 — A) log b. 


Let a = sinz,b = sinx + cosg, À = tana, so that for 0 < x < 7/4, € (0,1). Then inequality 
becomes 


log(tan x. sin z + (1 — tan z)(sin x + cos x)) 
> tan z.log(sin x) + (1 — tan x).log(sin x + cos x) 


i.e., log(cos x) > tan z.log(sin z)-- (1—tan z). log(sin z4-cos x) > tan x.log(sin x), (since in the second 
term, 1 — tanz > 0 and sing + coss = v2. cos(1/4 — x) > 1), ie. log(cosz) > log ((sina)'*^?), 
i.e., cosg > (sin z)*2 7/0957, ie., (cog 995? > (sin z)sin7, 


2.8.72 Problem. Prove that, cos(sin x) > sin(cosz), V x € R. 


2.8.72.1 Solution. Without loss of generality assume that x € (—7,7]. We first show that 
cos(sin x) Z sin(cos x). For, otherwise, 


cos(sin x) = sin(cos x) = cos(7/2 — cos x) 


and so sina = (7/2 — cos zx), 
since both sin x and 7/2 — cosa € (—r, r]. Thus, either 


sinx + cosx = 7/2 or sin g —cosz = —7/2. 


But sin z + cosz = V2. sin(x + 7/4) and we get that 


—V2 < sin z + cosg < V2 


or, since —7/2 < —V2 and V2 < 1/2, we have, 


—n/2 < —V/2 < sing + cosz < V2 < 1/2 


a contradiction. Now, by continuity and the fact that cos(sin0) > sin(cos0), it follows that 
cos(sin x) > sin(cos x). 


2.8.73 Problem. Prove that, cos(sin ! x) < sin! (cosz),0 < x < 1. 


2.8.73.1 Solution. Let sina = cos z; then a = sin ! (cos x). But sina < a, i.e., 
cosg < sin ! (cosa). (1) 
Also x > sing and so sin ! x > sin! (sinz) = x and therefore 


cos(sin ! z) < cosg. (2) 


Now (1) and (2) imply cos(sin ! (z)) < sin7'(cos x). 


2.8.74 Problem. Prove that, | sinrz| < r| sin z|, for integer r > 2, sina Æ 0. 
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2.8.74.1 Solution. 
|sinra| = |sin((r — 1)z + x)| 
= |sin(r — 1)z cos x + cos(r — 1)x sin z| 


< |sin(r — 1)z| + | sin z|. 


and the result follows by induction. 


2.8.75 Problem. 
1. For all n € N we have 


E 1 
vVn+l-vyn< « yn — yn — 1. 
Jn 
2. If n € N and n » 1 then 
ze n 
2/n+1-2< — < 2yn- 1. 
i 2a 


2.8.75.1 Solution. 


1. We have 
vn--1- Vn : « : 4 
vn+l+yn 2 /n 
1 1 
v l= > 
Me " Vn-cvn—1 2yn 


2. Sum the inequalities in (1) for k = 2,3, ..n. 


2.8.76 Problem. Let a,b,c € R with ac and b € Q, such that the equation az? + bx +c = 0 has a 
solution r € Q. Prove that for any n € N,3 b, € Q for which r” is a solution of a?^z? -- bz +c” = 0. 


2.8.76.1 Solution. The conclusion is trivial for ac = 0, so we may assume that a 4 0 and c Æ 0. 
Then ar? + br + c = 0 implies that r Z 0 and that ar +c/r = —b is a rational number. Using the 
identity 


c” 1 c c end 
a”tipnti ae = (ar - -) [ ^r^ + — | 2 ac[| atr”! + 
1 T pn pn-1 


rer 


c" 
it follows by induction that for all positive integers n, a?r” + — is a rational number, say bp. Then 
r 


a" (r^)? + bnr” + c” = 0, and the problem is solved. 


2.9 Additional Exercises on Chapter 2. 


2.9.1 Exercise. Define an equivalence relation in the set Rt = (0,00) by taking x ~ y if z/y € Q. 
Prove that the intersection of each equivalence class with any (nonempty) open interval contained 
in R* is nonempty. 
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2.9.2 Exercise. If x and y are two real numbers, we define max(z, y) to be x if x > y and y if 
y > x. We often denote max(z, y] by x V y. Similarly, we define min([z, y) to be the smaller of x 
and y, and denote it by z ^ y. Show that 


1. (^y) ^z—m^(y^z). 
2. (^y) -(z Vy) 2 z *- y. 
3. (—a) A (~y) = -(x V y). 
4. (c V y) -z 2 (md z) ^(y- z). 


e 


z(z V y) = (zz V zy). 
2.9.3 Exercise. Prove that tan 1? is irrational. 
2.9.4 Exercise. If {a} denotes the fractional part of a € R, show that, 
1. {a+ (na) = ((n 4- lla} V n € N. 
2. {m{na}} = (mna) V m,n EN. 
2.9.5 Exercise. Answer the following questions. Explain your answer. 
1. Can the intersection of a sequence of nested intervals be empty? 
2. Can the intersection of a sequence of nested closed intervals be empty? 
3. Can the intersection of a sequence of nested closed intervals be a one point set? 
4. Can the intersection of a sequence of nested open intervals be nonempty? 
5. Can the intersection of a sequence of nested open intervals be a closed interval? 


2.9.6 Exercise. Using the Cantor axiom give a direct proof of the fact that the subset of irrational 
numbers is dense in the real line: every open interval contains an irrational number. 


2.9.7 Exercise. Which axioms of the reals are satisfied for the set of rational numbers (with the 
usual operations and ordering)? [Only the Cantor’s axiom is not satisfied.] 


2.9.8 Exercise. Prove that if an ordered field satisfies the completeness theorem, then the Archimedean 
axiom holds. Hint: What is the supremum of the set of positive integers? 


2.9.9 Exercise. In this problem, prove the existence and uniqueness of the number a such that 
o? =a for a > 0. Define a = sup{r;0 < r, r? < a}. 


1. Show that for any 0 < e < 1 we have that (1+e)? < 1+3e. Similarly, show that (1—€)? > 1— 2e. 
Use this to show that (a(1 + €))? < a? + 3ea? and (a(1 — €))? > a? — 2ea?. 


2. Show that if o? < a then there is some e > 0 with (a(1 + €))? < a. Use this to prove that 
2 
Q^ >a. 


3. Show that if o? > a then there is some e > 0 with (a(1 — €))? > a. Use this to prove that 
2 
Q^ <a. 
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4. Prove that there is at most one number r € R with r > 0 and r? =a. 


2.9.10 Exercise. Construct proofs for the following in the style demanded; in each case it is more 
the presentation and style of the proof. Correct mathematical ideas however are not discouraged. 
1. (Direct proof) For all real numbers z and y, if z < y then z? < y?. 
2. (Contrapositive) If x is irrational then x + r is irrational for all rational numbers r. 
3. (Indirect proof) The number 4/2 is irrational. 
( 


Counterexample) For any natural number n the equation 4x? + 2 — n = 0 has no rational 
root. 


5. (Induction) For every n = 1,2,3,.. Prove that 2” > n. 


2.9.11 Exercise. If a,b,c,d are rational and if x is irrational, prove that (ax -- 6)/(cx +d) is usually 
irrational. When do exceptions occur? 


2.9.12 Exercise. Given any real x > 0, prove that there is an irrational number between 0 and zx. 


2.9.13 Exercise. Determine for which values of the integer n > 1 the number yn + 1 + vn — 1 is 
rational and for which values it is irrational. 


2.9.14 Exercise. Let a and b be positive integers. Prove that v2 always lies between the two 
fractions a/b and (a + 2b)/(a +b). Which fraction is closer to v2? 


2.9.15 Exercise. If p, q,r, s are all rational numbers, and 


prove that either (i) p = r,q = s or else (ii) 1 — pg and 1 — rs are squares rational numbers or are 
Zero. 


2.9.16 Exercise. If all the solutions of the equations 
ax? + 2bry + cy? = 1, la? -2mzy - ny? =1 


are rational solutions, prove that both 


V(b — m)? — (a — D)(c — n) and y (an — cl)? + 4(am — b) (cm — bn) 
are rational, when a, b, c, |, m, n are rational numbers. 


2.9.17 Exercise. Let S be a non-empty subset of R that is bounded above and let u = sup S. 
Suppose that u € S. Prove that for each e > 0, the set {x € S;x > u — e} is infinite. 


2.9.18 Exercise. For each rational number x, write x = p/q, where p,q € Z, (p,q) = 1,q > 1, let 
d(x) = q. Note that d(n) = 1 V n € N. Let [a,b] be a closed interval and r be a positive real number. 
Prove that the set (x € [a,b] O Q; d(x) < r} is a finite set. 


2.9.19 Exercise. Prove that the union of two disjoint countably infinite sets is countably infinite 
by finding a one-to-one correspondence between the union of two sets and the set Z. 
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2.9.20 Exercise. Let A and B be two sets. 


1. Suppose that A and B are both countably infinite sets. Prove that there is a one-to-one 
correspondence between A and B. 


2. Suppose that A is countably infinite and that there is a one-to-one correspondence between A 
and B. Prove that B is countably infinite. 


2.9.21 Exercise. For a set E CR, 
1. E is denumerable = > card E = No; 
2. E is countable ==> card E < No; 
3. E is finite ==> card E < Wo; 
4. E is infinite <=> card E > No; 
5. E is uncountable ==> card E > No. 


2.9.22 Exercise. If u > 0 is any real number and x < y, show that there exists a rational number 
r such that x < ru < y. (Hence the set (ru;r € Q} is dense in R.) 


à dd 


5 
8^ 16 and a 


2.9.23 Exercise. Give the binary representations of 


2.9.24 Exercise. Give an example of a countable bounded subset A of R whose glb and lub are 
both in R \ A. 


2.9.25 Exercise. If A is a nonempty bounded subset of R, and B is the set of all upper bounds for 
A, prove that inf B = sup A. 


2.9.26 Exercise. If E is not empty, then inf E < sup E; there is strict inequality if E contains at 
least two points. If equality holds, what can you say about E? 


2.9.27 Exercise. Explore the consequences of introducing numbers +00 and —oo such that a/0 = 
-Foo if a > 0, and a/0 = —oo if a < 0. Can a reasonable meaning be given to (+00) + (—oo)? 
0.(+00)? 


2.9.28 Exercise. The set of all points inside a circle is called a disk. Let S be a set of nonoverlapping 
disks in the plane — that is, no disk in S has a nonempty intersection with any other disk in S. Show 
that S must be countable. 


Chapter 3 


Metric Structure on R and Point 
Set Topology 


In Mathematics the art of proposing a question 
must be held of higher value than solving it. 
— A thesis defended in Cantor’s doctoral examination. 


3.0.1 Definition. A metric “d” on a set X is a real valued function 
d:XxXoR 
which has the following properties: 
1. d(x,y) 20V x,y € X; d(x,y) = 0 iff x = y (non-negativity), 
2. d(x,y) = d(y,x) V x,y € X (symmetric property), 
3. d(x,y) € d(x,z) + d(z, y) V x, y and z € X (triangle inequality). 


If d is a metric on X, the number d(x,y) is called the distance between the elements x and y. In R, 
we define 
d:RxRoR 


by d(x,y) = y (x — y)?, which is equal to |x — yl. 
Now we define 


aq if x 0, 
d(0,z) = Vx? = |z| = 4 0, if x = 0, 
—z, ifx<0 


Some properties are described in the problems: 


3.1 Open Set, Derived set, Closed set: 


3.1.1 Definition. A metric space (X, d) is a non-empty set X and a metric d defined on X. 
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3.1.2 Example. (R,d) is a metric space with d(x, y) = |x — y| 
3.1.3 Definition. In (X,d), we define an open r-ball with center a and radius r by 
B(a;r)- {a € X;d(a,a) <r}. 


3.1.4 Note. In R, for every e > 0, «neighborhood or e-nbhd. of a point a € R or e-ball at a is 
the set 


B(a;e) = {x € R; |x — a| < e) 
={xeRa-e<u<ate} 


3.1.5 Definition (Neighborhood of a point). Let a € D CR, then D is said to be nbhd. of a 
iff J e > 0 such that B(a;c) C D. 


3.1.6 Definition (Interior point of a set). A point a € D is said to be an interior point of D 
iff D is a nbhd. of a. 


3.1.7 Definition (Interior of a set). The set of all interior points of D is called the interior of D 
and is denoted by int(D) or D°. 


3.1.8 Definition (Open set). A set S is said to be an open set in R iff each point of S is an 
interior point of S. 


3.1.9 Proposition. 
1. ACAVACR. 


2. If AC B then A? C B? for A, B C R. 
. ASU B? C (AU By? for A,BC R. 


A? n B° = (An By for A, B C R. 
(A°)° = ASV ACR. 
. Ais open iff A? AVACR. 


ND c B® w 


. A? is the largest open set contained in AV ACR. 


3.1.10 Definition (Neighborhood of co, —oo). Any set which contains a set of the form (a, co) 
is called a nbhd. of oo and which contains a set of the form (—oo, b) is called a nbhd. of —oo where 
a,b € R. Thus [5, 6) U [7, oo) or (—oo, 2) U [3, 4] are also the nbhds of oo and —oo respectively. 


3.1.11 Note. It is important to notice that nbhds of oo, —oo. are not nbhds in the sense used in 
topology, since a nbhd. of a point p in a topological space necessarily has the point as an element. 
However, this deviation from the standard topological usage concerning nbhds, should cause no 
confusion, since there are no elements oo, —oo in R. 


3.1.12 Definition. A point a € R is said to be a limit point of D iff every nbhd. of a contains at 
least one point of D other than a. 

In other words V € > 0, B(a;e) 1D £ Ø. The set B(a;c) = B(a;e) \ {a} is called a deleted nbhd. 
of a. The set of all limit points of D is denoted by D’ and is called the derived set of D. 
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3.1.13 Definition. A set A C R is said to be closed iff its complement is open. 


3.1.14 Note. The closed sets (“abgeschlossen” in German) were introduced by Cantor in 1884 
through his work on the Continuum Hypothesis. Namely, he proved that no closed set can have a 
cardinal number strictly between the cardinal numbers of N and R. 


3.1.15 Definition. The closure of a set A is denoted by A and is defined by A = AU A’. 


3.1.16 Definition. A point a € R is said to be a boundary point of S C R iff every nbhd. U of 
a intersects both S and R \ S. The set of all boundary points of S is denoted by 0S. 


3.1.17 Example. Boundary points of the set S = {1,2,3,4,5,} is the set itself, ie. OS = S. If 
S = (a,b), then O(a, b) = {a,b}, here 0S N S = (0 and OR = 0. 


3.2 Dense set, Perfect set 


3.2.1 Definition. 


1. Let E CR. The set E is said to be dense at a point “a” if a is a limit point of E. 
Example: The set A = {1,1/2,1/3,...} is dense at 0. 


2. A set E is said to be dense in a set F if E is dense at each point of F i.e. F C E' (the derived 
set of E.) Thus E is dense-in-itself if E C F”. 
Example: Q is dense in Q, Q7; Q€ is dense in Q, Q€ and R. 


3. A set E is said to be a perfect set if E' = E, in other words if E is closed and dense-in-itself. 
Example: [a, 0] 


4. A set E is said to be somewhere dense if (E)? Z (. That is, a set E is said to be nowhere 
dense if (E)? = Ó. 
Example: The sets N, Z and {1, 5, ves i, -— are nowhere dense and the set N U (1,2) is 
somewhere dense. 


5. A point “a” is said to be a condensation point of E if for every open set U containing a, 
EQU is uncounable. 


6. A point a € D is said to be an isolated point of D C R iff 3 a e-nbhd. B(a;«€) of a such that 
B(a;e) n D = (a), i.e. a d D'. 


7. A point a € R is said to be an exterior point of S C R iff a is an interior point of R \ S. The 
set of all exterior points of S is denoted by Ezt(S). 


3.3 Intervals 


Let a,b € R such that a < b. The set of real numbers {x € R;a < x < b} and {x € R;a < x € b} 
are called open and closed intervals in R with endpoints a,b and are denoted by (a,b) and [a,b] 
respectively. Similarly the sets (x € R;a « x € b) and (x € R;a € x « b] are called left-half-open 
and right-half-open intervals in R with endpoints a, b and are denoted by (a, b] and fa, b) respectively. 
If a = b, the four sets are called degenerate; in this case [a,b] is singleton and other three intervals 
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are empty. Now we assume that all intervals are non-empty. the four intervals defined above are 
bounded sets. We also require unbounded intervals with the end point a are 


la, oo) = (z € Riz > a}, (a,00) = (2 € Ria > a), 
(—oo, a] = {x e R;z < a}, (—o0, a) = {x E R;z < a}, 


We also define (—oo, co) = R. A simple consequence of the order completeness, we have to charac- 
terize an interval. 
3.4 Characterization of an interval 


3.4.1 Proposition. Let a € R and A C (a,oo) with the property that if y € A and a < x < y then 
x € A. Then A is either (a, oo) or (a,5] or (a,b) for some b € R and b > a. 


Proof. Case 1. Let A be unbounded above and z € (a, oo), then d y € A such that a < x < y, hence 
x € A. Thus (a, oc) € A. Since A C (a,oc). we have A = (a, oo). 

Case 2. Let A be bounded above, then A has a least upper bound b (say), and b > a. Let x € (a,b), 
since b is a least upper bound of A,H y € A such that x < y < b, then x € A and thus (a,b) C A. 
Further, if x > b, then x € A and by definition of lub, A C (a, b]. Hence A = (a, b) or (a, 6] according 
asb¢ Aorbe A. 


3.4.2 Proposition. Let a € R and A C (—co,b) with the property that if y € A and y < x < b 
then z € A. Then A is either (—oo, b) or [a, b) or (a,b) for some a € R and b > a. 


3.4.3 Proposition. (Characterization of an interval) A subset A of R is an interval (bounded or 
unbounded, possibly degenerate) iff it has the property that if x,y € A and z < z < y, then z € A, 
ie. (x,y) C A. 


Proof. It is trivial that an interval has this property. It remains to prove that a set A with this 
property is an interval. If A is empty, then A = (c, c) for any real c. We may therefore suppose that 
A has at least one element. Let a € A be a fixed element of A, and let 


Aj = An (a, oo), A» = An (—o0, a). 


If A, is non-empty, then A, is either (a,oo) or (a, 6] or (a,b) where b > a. Similarly, if Ag is non- 
empty, then A» is either (—oo, a) or one of [c, a), (c, a) where c < a, and since A = A; U {a} U As, 
the result follows. 


3.4.4 Definition. A subset A of R has the intermediate value property, if for any x,y € A and 
any t E R, 
s<t<y>tEA. 


Thus any interval has the intermediate value property. Conversely, any subset of R that has the 
intermediate value property is an interval: 


Let p € S, recall that S is a nbhd. of p iff d € > 0 such that B(p;e) C S where B(p; €) = 
{x; |x — p| < e. ie. (p^ e p4- €) € S. Hence the set Blip; e] = {z; |x — p| € e} is also a nbhd. of p. 


3.4.5 Theorem. Let p € R, and let U CR. Then the following are equivalent: 


1. U is a nbhd. of p. i.e. I n > 0 such that (p — n, p +n) CU. 
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2. Iy’ > 0 such that [p — r/, p +n] CU. 


3. d o, B satisfying a < p < B such that (a, 8) C U. 


4. 3 c, B' satisfying a’ < p < p’ such that [o/, 6’] C U. 


3.4.6 Remark. In some contexts it is natural to restrict our work to a particular subset of R, 
and ignore what is outside. For example, notions like “open,” “closed,” “neighborhood,” “dense,” 
etc., may be considered just in the ambience of, say, the interval [0,1], a natural thing to do in case 
we are dealing, e.g., with a function defined just there. In this circumstance, it will be not only 
inconvenient, but maybe even wrong, to consider points out of the given set. Our “universe” will be 
just this given set. To be precise, let us consider the following definition. 


3.4.7 Definition. Let X C R then a subset Y C R is open in X or open relative to X iff 
Y = UN X for some open set in R. 


Once we have this notion, all the other related notions are defined accordingly: for example, a 
subset F of S is closed relative to S if SA F is open relative to S; a subset U of S is a neighborhood 
of a point x € S relative to S if U contains a set O open relative to S and x € O; a subset D of 
S is dense in S relative to S if every nonempty open relative to S subset of S intersects D. As a 
particular instance, observe that the set D of rational points in [0,1] is dense in [0,1] relatively to 
[0,1]. Sometimes, if it would not cause any misunderstanding, we will just say that D is dense in 
[0,1]. The same for other notions. It is simple to show that, if S and T are subsets of R, and S C T, 
the set S is open (closed) relative to T, and T is open ( closed) in R, then S is open ( closed) in R. 
In general, a set can be open relative to a certain superset and not open in R. 


3.4.8 Example. Let X = (0,1]U {3}, considered as a subset of R, which is neither open nor closed 
in R. Then, X = (0, 1]U {3}, is open in X for X = (0,4) .X and X is closed in X for X = [0,4] X 
and (3) is both open and closed in X for {3} = (2,4) N X and {3} = [2,4] X. 


3.4.9 Example. The set [0,1] is open relative to [0,1], since [0,1] = (—1,2) N [0,1], and (—1,2) is 
open in R. Certainly, [0,1] is not open in R. Analogously, the set [0,1/2) is open relative to [0,1], 
since [0, 1/2) = (—1,1/2) ^ [0, 1]. 


3.5 Locally Finite Family 


3.5.1 Definition. A family A of subsets of R is said to be locally finite if, given any x € R, there 
exists ôs > 0 such that the open ball B(z,0,) has a nonempty intersection with (at most) a finite 
number of the sets A € A. 


3.5.2 Example. The family A = (A4; A, = (n, n +1),n € N} is locally finite. 


3.6 Problems and Solutions on Chapter 3 


Warning! Never Never Ever read this solution unless you tried problems quite long time and gave 
up. Doing so may impair your ability to think and solve problems. 


3.6.1 Problem. Let p € R, and let U C R. Then the following are equivalent: 


1. U is a nbhd. of p. i.e. I n > 0 such that (p — n, p +n) CU. 
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b? 
l 


3n > 0 such that [p — n’, p 4- y] C U. 


3. d o, B sayisfying a < p < B such that (o, 8) C U. 


4. Ja’, B' sayisfying a’ < p < f' such that [a’, 8'] C U. 


3.6.1.1 Solution. 


1. (2) 2 (1) with y = v. 

2. (1) > (2) for any y satisfying 0 < 7! < n, 

3. (4) > (3) with a =a’, 8 = 8' and 

4. (3) = (4) for any a’, 8' such that a <a! « p « f' <B. 


Next (1) implies 3 7 > 0 such that (p— n, p +n) C U. Now taking a = p — n, 8 = p +n, we get 
(o, B) € U. i.e. (1) implies (3). 

Again, if U D (oa, 8) where a < p < B then U contains the interval (p — 9, p + 9) with 
n =min{p — a, $ — p} 


(Since a = p — (p-a) <p- <p+n<p+(8-p)= B). 


Hence (1) and (3) are equivalent. 


3.6.2 Problem. Let a,b > 0, (a,b) be an interval and c < b— a, then d k € N such that a < kc < b. 


3.6.2.1 Solution. Suppose that, there exists no n € N satisfying the condition, then for all n € N 
either cn < a or cn > b. Let m = max(n € N; nc < a} then mc < a and hence (m + 1)c > b > 
mc > b-— c> a, a contradiction. Thus d k € N such that a < kc < b. 


3.6.3 Problem. 


1. If € is an irrational number and 0 < r < 1, then prove that, there are integers m € Z and 
n € Z \ {0} such that 0< m 4- n£ <r. 


2. If € is irrational and a < b, then 3 m,n € Z such that a < m 4- n£ < b. In other words, the set 
D = (m + n£, € irrational and m,n € Z} is dense in R. 


3.6.3.1 Solution. 


1. Hint: For k € N, consider z = kê — [ké]. Hence 0 < a, < 1. But from the irrationality 
of £, 0 < zk < 1 and also if i # k then x; Z £p, for z; — zr, = i£ — [i£] — kE + [kE] = 
(i—k)£ — ([i€] — [k£]) = mE +n for some m,n € Z\ {0}. Since 0 < r < 1, so [4] < 1 < |1] +1, 
let N = [+] + 1, divide (0,1) into N equal parts. Then among the numbers 21, 22,,...,UN+1 
there are at least two which differ by less than x <r. 


2. Hint: Choose r,s € Z such that 0 < r+ s < b — a. Then by the above problem (3.6.2) 
J3 N € N such that a < Nr + Ns€ < b. Thus any open interval contains a point of D. Hence 
D is dense in R. 


3.6.4 Problem. (Applications to Dirichlet’s Principle). Let F be the family of all triplets of integer 
numbers, not all zero, whose absolute values are less than 10°. 


1. Prove that there exists (a,b,c) € F such that |a + bV/2 + c/3| < 10- H. 
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2. Prove that |a + bV/2 + cV3| > 107?! for every (a,b,c) € F. 


3.6.4.1 Solution. 


1. Let S be the set of the 101? real numbers r + sV2 + tv3 with each of r,s,t € {0,1,..., 106 — 1} 
and let d = (1+ 2 + V3)10°. Then each z € S is in the interval 0 < x < d. This interval 
is partitioned into 1018 — 1 “small” intervals (k — 1)t € x < kt with t = d/(10!8 — 1) and k 
taking on the values 1,2,...., 1018 — 1. By the pigeonhole principle, two of the 1018 numbers 
of S must be in the same small interval and their difference a + 6/2 + c3 gives the desired 
a, b, c since c < 10-1. 


2. Let Fy = a+bV/2+cvV3 and P5, F3, F4 be the other numbers of the form a b/2- c3. Using 
the irrationality of v2 and V3 and the fact that a, b, c are not all zero, one easily shows that 
no F;, is zero. One also sees that the product P = F\ F2F3F is an integer. Hence |P| > 1. 
Then |F| > 1/|F3 F3 F4| > 107?! since |F1| < 107 and thus 1/|F;| > 1077 for each i. 


3.6.5 Problem. An infinite closed subset S C R is a closure of a countable set. 


3.6.5.1 Solution. Since every point of a closed set is either an accumulation point or an isolated 
point. So, we can write S = AUB where A is an isolated set which is countable and B = S". Consider 
the set C= B N Q, it is easy to show that C = B. Since AU C is countable, thus AU C = S. 


3.6.6 Problem. Let E be the set of all x € [0, 1] whose decimal expansion contains only the digits 
4 and 7. 


1. Is E countable? 

2. Is E dense in [0,1]? 
3. Is E compact? 

4. Is E perfect? 


3.6.6.1 Solution. 


1. Suppose that E is countable then we can list the elements as 


Qj = .011012013.... 
ag = .021022023.... 


where a;; = 4 or 7, then consider the element whose the decimal expansion 


X o—.2121223.... 


4, ifan = T 
where £n = . 

ty bar 4. 
Then no term of the sequence (an) can be equal to x, since x differs from aj, in the first 
decimal place, differs from a» in the second decimal place,....., from an in the n-th decimal 


place. Thus E is not countable. 
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2. E is not dense in [0,1], because E C [.4, .8]. 


3. We show that E is closed. Let x € [0, 1] \ E, i.e. the decimal expansion of x contains a digit 
different from 4 and 7. Let the first such digit occur in the n-th place zn. Let y € E, and let 
the first digit in which x and y differ be the m-th digit (m < n, £m 4 Ym). Then 


|x — y| 210" —eex 5 |k — yx]. 
k—m-4-1 
Since y, € {4,7} and a, € {0,1,2,3,4,5,6,7,8,9}. Hence e < $107", and it follows that 
lz-y| x Thus z is an interior pont of [0, 1] \ E/ and so E is closed and bounded. 


1 
910- — 930": 
Hence E is compact. 


4. Now, let x € E then for e > 0 we can find a point y € E by changing the n-th digit of x from 
4 to 7 or from 7 to 4 in the n-th place for any n > 1— log, €. Hence x € E' i.e., E C E’. Since 
E is closed, it follows that E — E'. 


3.6.7 Problem. A real number 57, where m € Z and n € N is known as dyadic rational number. 


Prove that there is a dyadic rational number between any two real numbers. In other words, the set 
D = (Z2;m € Z,n € N} is dense in R. 


3.6.7.1 Solution. Let (a,b) be any open interval. By Archimedean Principle d N € N such that 
0< x «b-—a.Since 2% > N, so 0< sy < y <b- a implies 2V(b — a) > 1 > 3 m € N such that 
2Na < m < 2b > a < & < b= (a,b) à D # 0. Thus any open interval contains a point of D. 
Hence D is dense in R. 


3.6.8 Problem. Let a,b € R such that b — a > 1. Prove that 3 n € Z such that a < n < b. 


3.6.8.1 Solution. Suppose that a,b > 0, then b — a > 1 = b > a and by Archimedean principle 
Jn € N such that n- 1 a. Let T= (n € N;n-1 >a} and m = min T. We claim that a < m < b. 
If possible, let m > b > a. Then m—a»b—a»1-m»ac-1-m-—l1»5a-mc-1c T,this 
contradicts the minimality of m. Hence a « m « b. 


3.6.9 Problem. Let x € R. Prove that, for each e > 0 dr € Q such that 0 < |z — r| < e. 


3.6.9.1 Solution. By density principle Jr € Q such that x < r «ze 0« |r—r| « e. 
3.6.10 Problem. If 0 « a « b, then d m,n € Z such that a < 273" < b. 


3.6.10.1 Solution. Suppose that 23 = E; (p,q) = lis rational. Then qln3 = phn 2 > 34 = 2?, 


ln 2 
which is impossible. Thus #“3 is irrational, and by the previous problem, choose m, n € Z such that 


In2 
Ina ina In b man 
Ino © M+R € qms a«2"3 « b. 


3.6.11 Problem. Lef G be a nonempty subset of IR, which is a group under addition. Show that, 
either G is dense in R or G is a cyclic group, i.e. there exists a € R such that G = (na;n = 
0, +1, +2,...}. 


3.6.11.1 Solution. Assume G # {0}. Let a = inf GN (0,00). We distinguish two cases. 


1. Case: a > 0. In this case, we shall show that G = {na;n = 0,+1,+2,...}. Note first that 
a € G. Indeed, if a € G, then for € = a/2 there exist x,y € G witha < xz < y < 32, Then, 
the element z = y — x € G satisfies 0 < z < 5 < a, contradicting the definition of a. Now, 
if x € G, and na < x < (n + 1)a for some integer n, then the element x — na € G satisfies 
0 < z — na < a, which is again a contradiction. 
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2. Case: a = 0. In this case, we claim that between any two distinct real numbers there is an 
element of G. To see this, we only need to consider 0 < x < y. Let d = min{z,y — x} > 0. 
Choose some element z € G with 0 « z « d. By the Archimedean property, the set A = (n € 
N;nz > yl is nonempty, and by the Well Ordering Principle the element k = min A exists. 
Now, note that the element b = (k — 1)z € G satisfies £ < b < y. 


3.6.12 Problem. Let a and 8 be real numbers such that the subgroup T of R generated by a and 
DB is closed. Prove that a and £ are linearly dependent over Q. 


3.6.12.1 Solution. If the origin were a limit point of I then I' would be dense in R, since I contains 
all integer multiples of its elements. But then I would equal R, since it is closed, which is impossible 
because T is countable as a set I = {ma + nf; m,n € Z}. Hence the origin is not a limit point of 
T. Therefore I contains a smallest positive number y. If x is in I and n is the largest integer such 
that ny € zx, then z — my is in I, and 0 € z — ny < y, implying that x — ny = 0. Therefore [ = yZ, 
from which the desired conclusion is immediate. 


3.6.13 Problem. Let o € Q? and define £n = no — [na], where [v] denotes the greatest integer in 
x. Determine the cluster points of (£n) by prodeeding as follows: 


1. Show that the terms of the sequence are distinct, that is, £m = £n implies m = n. 


2. Prove that for each e > 0 and NEN, dn > N such that 0 < zn < e. 


3. Let x € [0, 1). Prove that for each e > 0 and N € N, 3n > N such that |x, — z| < e. 


4. Obtain the cluster points of (£n). 
3.6.13.1 Solution. 
1. If possible, let m Æ n, then 
Tm — Xn 


—ma — [ma] = na — [na] 


=>ma — na = [ma] — [na] 
S>a= Imo] nel — ine € Q, 


which is impossible. Hence m — n. 


2. Since e > 0 d m € N such that + < e. For 1 € k € m, let = (5, £) and note 
that the J,’s are disjoint and their union is (0,1). Now we consider the set S = (xj;j = 
N+1,3N +1,.., (2m — 1)N 4 1, (2m + 1)N + 1) and observe that the set consists of m + 1 
points in (0,1). Thus by Pigeonhole principle 3 z,,2, € S such that they lie in one of the 


intervals, then 


|£p — zal < + «t€ 
= |(pN + 1)o — [(pN + 1)o] — ((aN + 1)o + [(aN + 1)a])| < € 
=|(p—q)Na— [(pN + 1)o] + [(aN + 1)o]| < € 
= |(p— q)Na - [(p — q)Na] + [(p — q) Na] — [(pN + 1)o] + [(aN + lal] < € 
—(p-q)Na - [(p-a)No] < € 
=>Z(p—q)N < € where (p — q)N > N. 
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3. Choose an m € N such that i < x +e. Apply part (2) to choose n > N such that 0 < £n < 
ice. Thus |z, — z| < €. 


4. Hence every point of [0,1] is a cluster point of (xn). 


3.6.14 Problem. Let G be an open subset of R. 
1. If 0 ¢ G, then show that H = {xy; x,y € G} is an open subset of R. 
2. If0 € G, andzc-yc€GVz,y € G, then show that G = R. 
3.6.14.1 Solution. 


1. Is is clear that 
H=GG= | J aG. 


acG 


We show that aG is open. Let r € aG, so x = ag for some g € G. As G is open, de > 0 
such that (g — €,g + €) € G, then a(g — €,g + €) € aG implies (ag — ae, ag + ae) C aG implies 
(a — ae, x + ae) C aG shows that aG is open. 


2. Let x € R, and e > 0. Since 0 € G 3 n € N such that = € B(0;e) and c = 2 + 2+.. + 
2 (n times) € G implies R C G. Hence G = R. 


3.6.15 Problem. Let F be a family of (nondegenerate) intervals; that is, each member of F is an 
interval (open, closed or neither) but is not a single point. Suppose that any two intervals J and 
J in the family have no point in common. Show that the family F can be arranged in a sequence 
Ty, Ig, «... 


3.6.15.1 Solution. Hint: Select a rational number from each member of the family and use that 
to place them in an order. 


3.6.16 Problem. Show that every uncountable set E of real numbers has a point of accumulation. 


3.6.16.1 Solution. This uncountable set E might be unbounded. We prove that an uncountable 
set would have to contain an infinite bounded subset. Consider 


E= U E, where E, = EN |-n,n]. 


n=1 


If each E, is countable, then E would be countable, so at least one of E, is uncountable. Hence by 
Bolzano-Weierstrass theorem En has an accumulation point. 


3.6.17 Problem. Is it true that a set, all of whose points are isolated, must be closed? 


3.6.17.1 Solution. Yes. Since no point of the set is an accumulation point, so the derived set is 
empty. Thus the set is closed. 


3.6.18 Problem. If a set has no isolated points must it be closed? Must it be open? 


3.6.18.1 Solution. No. The set [0,1) has no isolated points but the set is neither open nor 
closed. 


3.6.19 Problem. A careless student, when asked, incorrectly answers that a set is closed “ if all 
its points are points of accumulation." Must such a set be closed? 
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3.6.19.1 Solution. False. Note that interior points are accumulation points. Consider the set 
(2, 3), [2, 3) in which all its points are points of accumulation, but the sets are not closed. 


3.6.20 Problem. A careless student, when asked, incorrectly answers that a set is open “ if it 
contains all of its interior points." Is there an example of a set that fails to have this property? Is 
there an example of a non-open set that has this property? 


3.6.20.1 Solution. False. Note that for every set E C R, E is open iff E? = E. Consider the sets 
[1,2], and [2, 3), in these cases they contain all of its interior points, but E? 4 E. 


3.6.21 Problem. Give examples of closed sets that are countable and closed sets that are uncount- 
able. 


3.6.21.1 Solution. Z and [0, 1]. 


3.6.22 Problem. Is there a non-empty open subset of R that is countable? 


3.6.22.1 Solution. Since non-empty open set contains an interval and each interval is uncountable, 
so non-empty open set is not countable. 


3.6.23 Problem. If a set is countable, what can you say about its complement? 


3.6.23.1 Solution. For any set S, SU SC = R, so SC is uncountable. 
3.6.24 Problem. Is the intersection of two uncountable sets uncountable? 


3.6.24.1 Solution. Consider the set S = UZ [2i — 1,2i| and T = U;24(24,2i + 1], then Sn T = 
(UZ [2i — 1, 20] N (Uc. 2d, 2i + 1]) = {2, 3, 4, ....) which is countable. Again, (1,3) (2, 4) = (2,3) 
which is uncountable. 


3.6.25 Problem. Give (if possible) an example of a set with 
1. Countably many points of accumulation. 
2. Uncountably many points of accumulation. 


Countably many boundary points. 


Esc 


Uncountably many boundary points. 
5. Countably many interior points. 
6. Uncountably many interior points. 


3.6.25.1 Solution. 
1. Consider the set S = {+ + Lim,n €N}. 


2. Consider the set S = [1,2]. 
3. Consider the set N. 
4. Consider the set Q. 


5. Impossible. If a € E C R is an interior point, then it must contain an interval (a — r,a + r) 
for some r > 0. Since (a — r,a + r) is uncountable, so the result follows. 
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6. Consider the set R. 


3.6.26 Problem. A subset of R is said to be co-countable if it has a countable complement. Show 
that the intersection of finitely many co-countable sets is itself co-countable. 


3.6.26.1 Solution. Let A, A», ..., A, be co-countable sets. Then 


n C TL 
(Ma) = Uae 
el i=1 


is the union of countable sets which is countable. Thus the intersection of finitely many co-countable 
sets is itself co-countable. 


3.6.27 Problem. Show that there is no set with uncountably many isolated points. 


3.6.27.1 Solution. Since the set of isolated points is countable, so there cannot exist a set with 
uncountably many isolated points. 


3.6.28 Problem. Show that if a < z < f and a < y < B, then |x — y| < 8 — o and interpret this 
geometrically as a statement about the interval (a, 3). 


3.6.28.1 Solution. Here, 


a<r<ß 
anda < y< b => -p < -y< -—a 
by addition, o — 8 <x—-y<ß-a 
—-y«B-a 


The intervals (x,y) or (y, x) is contained in the interval (a, 8). 
3.6.29 Problem. Prove that every subset of IR can be written as the intersection of open sets. 


3.6.29.1 Solution. Let A C R, then 


A? = (J (a) 
z€AC 

-A- N t} 
z€AC 


Since {x} is closed, so {x} is open. 


3.6.30 Problem (A sequential criterion for open sets). A set E C R is open iff V (xn) in R 
that converges to x € E, the set (n; £n d E} is finite. 


3.6.30.1 Solution. Let E C R be open and (zn) be a sequence in R that converges to x € E. So, 
jm € N such that n > m => zr, € E implies that at most m members lie outside the set E. Hence 
he set {n; £n ¢ E} is finite. 

f E is not open, then there is an x € E such that B(x; e)N EF Æ () V e > 0. In particular, for each n 
there is some x, € B (z; +) N EC. But then {zn} C EF and x, — x. Thus, the condition fails. 


ot 


lam] 


3.6.31 Problem. For a subset A C R, the following conditions are equivalent: 


3.6. PROBLEMS AND SOLUTIONS ON CHAPTER 3 121 


1. A is open; 
2. if x4, — x and x € A, then x, € A ultimately, 


3. if zr, > x and x € A, then £n € A frequently. 


3.6.31.1 Solution. Use the above solution. 


3.6.32 Problem. For a subset A C R, the following conditions are equivalent: 
1. A is closed; 
2. if x, > x and £n € A frequently, then x € A; 


3. if zr, > x and x, € A ultimately, then x € A. 


3.6.32.1 Solution. Left to the reader. 


3.6.33 Problem. The following are equivalent: 
1. A' C A. 


2. RV A= AC is open. 


3.6.33.1 Solution. 


1. (1) > (2): Let A’ C A and p € AC. Then p ¢ A= p is not a limit point of A. Hence Je > 0 
such that B(p;ce) N A = 0 => B(p;e) CR\ A= pis an interior point of AC. Thus every point 
of A® is an interior point of it. So AC is open. 


2. (2) = (1) : Let A? be open. Suppose p € A’ but p ¢ A. Then p € AC. Now, AC is open 
implies p is an interior point of AC > 3 e > 0 such that B(p;e) C AT > B(p;e)N A=0 > p 
is not a limit point of A, a contradiction. Thus p € A. 


3.6.34 Problem. Any finite subset of R is closed. 


3.6.34.1 Solution. 1. Suppose that S = (21,22, ....., £n } be any finite subset of R. Let x € R, with 
cA#a,Vi=1,2,..,n, then taking e < mini<i<n |£ — z;|, we get B(z;e) NS = 0. For, if xy € B(z;c) 
then |£ — z| < €, a contradiction. If x = x; for some i, then take e < mini<j<n{l£i — xjl; j Æ i}, 
then again B(a;;e) N S = Ø. Thus no member of R can be a limit point of S and hence S’ = ( C S 
shows that S is closed. 


3.6.34.2 Solution. 2. Since S = (z1,225,....., 24] is finite, without loss of generality, we assume 
that rz; < x3 « ..... < Zn. Then S© = (—00, £1) U (z1, £2) U (z2, £3) U .. U (£n, 00) is the union of 
open intervals is an open set. Thus S$ is closed. 


3.6.35 Problem. If A is a finite subset of R, prove that any point in A is an accumulation point 
of R^ A. 


3.6.35.1 Solution. Suppose that A = (z1,25,....., 24]. Then, for every € > 0, the ball B(z;;€) A 
(R\ A) Z0, Vi=1,2,..,n. 


Let A CR. For the following problems, we denote the interior of A by A? or int(A), Derived set 
of A by A’ or d(A), and closure of A by A or cl(A), boundary of A by OA or by bd(A). Exterior of 
a set A by Eat(A). 
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3.6.36 Problem. For every subset A C R, define a(A) = (A) and (A) = (4°). 
1. aa(A) C a(A), BB(A) 2 B(A). 
2. Show that if A is open, then A C a(A) and that if A is closed, then 8(A) C A. 
3. Using (1), show that we always have a(a(A)) = a(A) and 8(8(A)) = 8(A). 
4. Give an example A C R such that A, A°, A, o( A4), 8(A), a(A4?), and 6(A), are all distinct. 


3.6.36.1 Solution. 


I; 


Again, 


intA C intA = P(A) 
—intA C intB(A) 


—intA C intß(A) 
= B(A) € BB(A). 


2. Let A be open, then A? = A, so 


3. By definition, a(A) is open, so a(A) C a(a(A)) by (2). Using (1), we get a(A) = aa(A). 
Similarly the other follows. 
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4. Let A= {4;n e N} U [2,3) U (3,4) U ([5,6] 0 QC) . Then 
A° = (2,3) U (3,4) C A, 
A = {0} U [2,4] U [5,6] D A, 
a(A) = (A)' = (2,4) U (5,6) # A, 


3.6.37 Problem. A point a € A is called isolated whenever a € A \ A’. A set is called perfect if 
it is closed and has no isolated points. Prove: 


1. If A has no isolated points, then A is perfect. 
2. Every open set and every dense set in R also have no isolated points. 


3.6.37.1 Solution. 
1. If A has no isolated points, so A \ A’ = Ø = A C A’ then A is closed and (A) S(AUAYy = 
A'U A" = A! = AU A’ = A implies A ontains no isolated points and hence perfect. 
2. Every point in an open set A is a limit point of A, thus an open set cannot contain isolated 


points. 
Since every point in a dense set in R is a limit point of R, so dense set has no isolated points. 


3.6.38 Problem. A subset S C R is said to be a discrete set if S" = (). A subset S C R is said to 
be an isolated set if SNS’ = Ô. 


1. Every discrete set is an isolated set, but not conversely. 
2. Give an example of an infinite discrete subset of IR. 
3. Give an example of a bounded discrete subset of R. 
4. Can there be an infinite bounded discrete subset of IR? 


3.6.38.1 Solution. 
1. Let S be a discrete set > S’ = O > SNS’ = () => S is isolated. 


2. Consider S = N. 
3. Consider any finite subset of R. 


4. No. Because Bolzano-Weierstrass theorem “every bounded infinite subset of R has a limit 
point” implies S" Æ (). 


3.6.39 Problem. 


1. Give an example of a family A = {I,, C R, In is a closed interval; n € N} such that I; 2 Ip 2 
I5 2 e} and [3 54 I = 0. 
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2. 
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Give an example of a family A = {An C R;n € N} where A, is a bounded open interval such 
that I) 2 Ip 2 B... and NZ] In = 0. 


3.6.39.1 Solution. 


1. 
2: 


Consider A, = [n, oc) 


Consider An = (0, +) 


In 


3.6.40 Problem. Prove the following and give examples of each where equality does not occur. 


1. 
2. 


0 Nn o c 


For any set A, A? C A. 


ACB3A° CB. 


. (AU B)? 2 A? U B®. 


(An By? = 4? n B°. 


. Ais open iff A? = A. 


(A°)° = A9. 


. A? is the largest open set contained in A. 


. (A\ B)? C AP B°. 


3.6.40.1 Solution. 


1. 
2. 
3. 


x € A > Jr>Osuch that B(z;ir) CAS x€A. 


xz € A° => Jr >0 such that B(z;ir) CAC B xe B*. 


AC AUB and BC AUB 2 A*U B? C (AU B}. 
Let A = [1,2], B = [2,3]. Then A° U B° C (AU By*. 


. An BC Aand ANBC B 2 (An BP C ANB.. 


On the other hand, x € A°N B? => Jri,r2 > 0 such that B(a;r1) C A and B(a;r2) C B then 
B(z;r) C ANB where r = min(ri, r2}, which shows that x € (ANB)°. Thus (ANB)? = ANB”. 


. Now, A is open if and only if every point of A is an interior point of A if and only if A = 


UscAUNS; Nz is a nbhd. of x with N, C A} = A*. 


. Since A? is open, so (A?)? = A®. 


. Let B be any open subset in A, then B = B? C A?. Thus A? is the largest open set contained 


in A. 


. Let x € (AV BY > 3r» 0 such that B(z;r) C AV B, so B(z;r) C A and B(z;r) C BC 


implies z € A? and z ¢ B° > x € A° \ B°. 


3.6.41 Problem. Prove the following and give examples of each where equality does not occur. 


T, 
2. 


AC B — A CB’. Give an example that A’ C B' does not imply A C B. 


(AUB)! = A^ U B'. 


3.6. 


3. 


4. 
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(An By € ANB’. 
(Ay CA. 


5. A'\ B' C (AV BY. 


6. If AC B and BV A is finite, then A’ = B’. 


3.6.41.1 Solution. 


1. 


6. 


Let A C B and z € A’, then V r > 0 B(a;r)' A Æ 0 implie 


s B(zx;r)n B z 0. So x € B'. Hence 
A’ C B'. Note that, for the sets A = (1,3) U {4} and B = (1,2) 


B 
2) U (2,3); A’ C B' but AZ B. 


? 


. AC AU B and BC AU B > A'UB' C (AU By.. 


Again, let x € (AU BY. Then V r > 0 B(z;r) N (AU B) Z 0 implies B(z;r) N A £ 0 or 


B(a;r) 1B #0. So x € A’ or x € B'. Hence (AU BY C A'U B'. Thus (AU BY = A'U P. 


.AnBCAand AGRBC B— (An B) € A'n B'. 


Let A = (1,2), B = (2,3). Then (ANB) c A n B'. 


. Let x € (A. Then Vr > 0 B(a;r) A £ 0. So3y € B(z;r) and y € A'. As y is an interior 


point of B(z;r) and y is a limit point of A, so d rı > 0 such that B(y;r1) C B(a;r) and 
B(y;rı) NA A # 0. Hence Vr > 0 B(z;r) n Az 0— x € A’. Thus (A'Y C A. 


. For the sets A, B C R two cases can arise 


(i) An B-0 E 
(ii) An B z 0. Now, case (i) implies AV B = A. So, if x € A’\ B’, then Y € > 0, B(z;e)nA AO 
implies B(x; €) N (AN B) z 0. Thus A’ \ B' C (AN BY. 
Case (ii): Let 
r€A'NB' 
=> €1,€2 > 0 such that B(a; 1) N A z and B(a; e)NB=0 
—D(a;c) N A £ and (z; €) N B = 0 where e = min(e, €2} 
—B(z;c) N (AV B) Z 0 — A'NB' C (AN BY. 


B\ A is finite implies (BV A)! = 0. Thus B = AU(B\ A) > B' = A'U(BVA) = B! =A’. 


3.6.42 Problem. Give an example of each of the following or explain why you think such a set 
could not exist. 


1. 


2. 


A nonempty set E such that E’ = E. 


A nonempty set E such that E' = (). 


. A nonempty set E such that E' 4 but E" = (). 
. A nonempty set E such that E', E" 4 () but E” = (). 
. A nonempty set E such that E', E", E"' are all different. 


. A nonempty set E such that (EU E') 4 EUF. 


126 CHAPTER 3. METRIC STRUCTURE ON R AND POINT SET TOPOLOGY 


7. Is it possible for a non-empty perfect set to be nowhere dense? 


3.6.42.1 Solution. 
1. E = [a,b] > E' = E. 


2. E-(,2,3,4] 2 E' 20 


3. E= ties T -} => E' = {0} £0 but implies E" = (j. 


4,4,- 


4. E= {t+ +;m,n € N} then E' = {0,1 i.) so, E" = {0} z 0 but E” = (). 


, bd 


5. E- {h+4+14l:m.n,peN} then £ = {0,1 Kol s SIUE m,n N} and E” = 


215193393 = 
(01,5, 555 5+} s0, E" = {0}. 


6. (a) Let E = {1} U (2,3) then E' = [2,3], Thus EU E' = {1} U [2,3] and (EU E") = [2,3] 4 
EU E. 
(b) E = {4;n € N} Then E' = (0). So EU E' = {0} UE, and (EU E" = (0). Hence 
(EUE') Z EU E. 
T. The answer is affirmative. Cantor set is a perfect nowhere dense set.(see Cantor set in the 
special topics.) 


3.6.43 Problem. Consider the set A = {1,4,4,5+4,4,5+4,4,5+4,....}. Find E', E", E". 


3.6.43.1 Solution. For the subset B = (1,1, Fed Bove }, the set B’ = {0} and for the subset 
CH= {554+ 594+ 94 Bf}, Co = {4}. Then A’ = (BUC) = BUC’ = {0,5}. 


Again, for the set 
A= id auos +r, r’, + r,r? +r’, at, +l, r? +a4,2° + z^, ax? seus } 
where x = 4, then A’ = (1,2, 22,22, x4, 25...) , A” = (0) and A” — (jJ. 


3.6.1 Note. If a finite number of derived sets exist, then A is said to be of the first species. A 
set may have an infinite number of derived sets, and in this case it is said to be set of the second 
species. 

The set of all rational numbers in the interval (0,1) is an illustration of a set of the second species. In 
this case, the first derived set contains all the real numbers in the given interval and each succeeding 
derived set is identical with the first. 


3.6.44 Problem. Give an example of a set that has the set N as its set of accumulation points. 


3.6.44.1 Solution. Let E — (m + i. m,n E€ N} then E’ =N. 


3.6.45 Problem. 


1. Show that there is no set which has the interval (0,1) as its set of accumulation points. 
2. Show that there is no set which has the set Q as its set of accumulation points. 


3.6.45.1 Solution. Since the set of accumulation points of a set is a closed set but the sets (0, 1) 
and Q are not closed, hence they cannot be the set of accumulation points. 
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3.6.46 Problem. Show that every accumulation point of a set that does not itself belong to the 
set must be a boundary point of that set. 


3.6.46.1 Solution. Let a € A’ but a ¢ A C R implies a € AC thus every nbhd. of a intersects both 


A and A®. Hence a is a boundary point. 


3.6.47 Problem. Prove the following and give examples of each where equality does not occur. 


me geo dbx dem 


UB 
^ B. Give examples of open sets A and B in the real line such that the four sets 
B, AQ B, An B are all different. 


. A is closed iff A — A. 
T. 


A = (LB; B is closed and B 2 A}. In other words, A is the smallest closed set containing A. 


3.6.47.1 Solution. 


1. 


2. 


3. 


4. 


5. 


Since A C B > A’ C B', so AU A' C BU B' ^ AC B. Again, for the sets A = [1,2, B = 
(1,2) 2 AC B but A £ B. 


Let x € AN B, then z € A and z ¢ B, so for all r > 0, B(z;r) \ B is an open set containing 
a, since z € A, so (B(z;r) V B) à A z 0 and since B(z;r) VB € B(a;r) \ B, it follows that 


B(z;r) A (AV B) = (B(z;r)VB)n Az 0. 


Hence z € AV B. Thus ANB C AN B. For the example: Take A = [-1,1] and B = {0}. 
Now, 

)JU (AU B) 

)U (ATU B’) 

U A)U (BU B!) 

— AU B. 


AUB=(AUB 
=(AUB 


We get, ANBCAandANBCBSANBCANB. 
Hint: A = (1,3) U (3,5) and B = (0,1) U (4,6) 


Here 
A= Au (Ay 
— AU A' U (AU A'Y 
—AuUA'UA'U (AP) 
CAUA =A, as(A"/ CA’. 
Again, ACA-AC A. 


Thus,, A = A. 
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6. A is closed & A’ CAS A=AUA — A. 


7. Let B = (B; A C B, and B is closed}. Since A is closed and A C A, and AC B> AC B — B, 
so A € B. Thus AC BV B € B > AC {B € B} and A € B implies {B € B} C A. Thus 
A — (WB € B}. Hence the result follows and we can conclude that A is the smallest closed 
set containing A. 


3.6.48 Problem. Show that A is open if and only if the following holds for every set B CR: 


ANBCANB. 
3.6.48.1 Solution. Suppose that A is open. Let 


re ANBandr>0 
=J s > 0 such that 0 < s < r, with 
B(a;s) C Aand B(z;ir) BAO 
2Vr»0,B(rrnAnBz( 
>r € ANB. 


For the converse, the realation holds also, in particular, for B = AC. Then 
ANAS c An AC 
=>AN AS CO 
AC C A€ 2. A9 = AC 


Thus AC is closed, hence A is open. 


3.6.49 Problem. Prove: A is open in R if and only if 


ANB=ANB 
for every BCR. 


3.6.49.1 Solution. By the previous problem, A is open implies 


ANBCANB 
=ANBCANB 3.1 
and for the other inclusion, AN BC An B An B € An B. (3.2) 


Thus (3.1) and (3.2) yield the result. 


3.6.50 Problem. Show that A is open if and only if the following holds for every set B C R, 


AnDB-0-2 AnBc- M. 
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3.6.50.1 Solution. A is open implies AC is closed. Thus 


AnBz-( 
—BCcAC 
—B Cc AC 
>ANBCANA =b 
>ANB =Í. 


For the converse, the relation holds also, in particular, for B = AC. Then 


An Af =ANAL =O 
AC C A? Ss AT = AC, 


Thus A€ is closed, hence A is open. 


3.6.51 Problem. Find two intervals A, B C R such that An B C ANB. 


3.6.51.1 Solution. Take A = (1,3), B = (2,4). Then An B = (2,3) and AN B = [2,3]. 
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3.6.52 Problem. Let D C R be a dense subset. Show that, for any open set G C R; we have 


GCDNG. 


3.6.52.1 Solution. If possible, let 3 g € G such that g € GND, which implies 3 


r > 0 such that 


B(g;r) AGN D = 0. Again, since B(g;r) à G is open and D is dense, so B(g;r) AGO D #4, a 


contradiction. 


3.6.53 Problem. Prove that for every closed set F in R and every A C R, we have (F U A?)? = 


(FU AJ.. 
3.6.53.1 Solution. For every closed set F and every A C R we get, 


AS CA 
=>FUA°CFUA 
S(PU Ay CAPUA" CFUA 
=>(FUA°) C(FUA). 
Again, let x € (FU A)? 
=> de> 0 such that B(r;e) C FUA 
=> B(x; \ FCA. 


Then, either x € F or x € A. If x € F then choose e; < inf(|x — a|;a € A} and eg = minf{e, €1}. 
Thus B(z;e9) C F implies x € F°. If x € A then B(z;e) VF C A implies x € A*, as F is closed and 
B(x; €) \ F is open containing x. Thus (FU A)? C F° U A* C FU A? Hence (FU A)? C (FU A9)? 


and using (1), we get the required result. 


3.6.54 Problem. Prove that [a,b]? = (a,b) =U, [a+ 1,0 — 1]. 
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3.6.54.1 Solution. 


Again, let 


x € (a,b) 
—z—a»0,b—-rz»0 


by Archimedian principle 3 n1, n2 € N such that ni(z — a) »1 
and n3(b — z) > 1 


1 1 1 1 
—z»a-c-—-andz«b -—w («. N^ ) 
"n n2 


Let ng = max{n1, n2}. Hence 


1 1 1 1 
a+—<a+—<a2<b-—-— <b- — 
n3 Tn n2 n3 
1 1 a 1 1 
>T E ,b he U jer 20-2], 
n3 n3 TL TL 


Thus [a,b]? = (a,b) = Usi [a+ $b- z]- 


3.6.55 Problem. Prove that (a,b) = [a,b] = NZ: (a — 1.0 + 1). 


3.6.55.1 Solution. Left to the reader. 


o 


n=1 


3.6.56 Problem. Prove that 


3.6.56.1 Solution. For each n € N, denote U,,.4 B (x; +) by B (A; +) = Cn (say), then Cn 2 Cui 
is a decreasing sequence and each Cn contains A. We show that 


A=(\ Cn 
n=1 
Let y € A, then Vn € Nd y, € B(y; 1) A z 0 and y € B(yn;4) 


AC (Y 4 (Usea B (#5 5) - 
Again, let x € (| B (A; +) and e > 0, so dn € N such that E < €, then x € B (z; +) C B(a,€). 
Now 


C B(A;+) = C, Thus 


P TL 


2 


1 E 1 
se B( Ait) = 3 ym € A such that y, € B (2i) 
n n 


+m €AnB (a=) C An B(z,c) > x € A and s (4:2) C A. 
" n=l "E 


Hence the result follows. 
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3.6.57 Problem. Prove the following and give examples of each where equality does not occur. 


1. If A is open, then AC (A). 
2. If A is closed, then (4?) C A. 
3. UA € (U Aa)” 
4. [145 2 (F3 Ae)”; 


5. Ua Aa € Ua Aa, equality holds if the family A = (A4;o € A} is locally finite. 
N 


8. A*C ACÀ; 
9. A^ C (AP C 


3.6.57.1 Solution. 


1. A is open implies A = A°. Since A C A, so Ac AA. 
Example: Let A = (1,2) U (2,3). Then ACA. 


2. A is closed implies A = A. Since A? C A, so A? C A = A. 
Example: Let A = {1} U [2,3], then (4?) C A. 


3. left to the reader. 
Example: A, = [n,n + 1). 


4. left to the reader. 
Example: A, — [-+ 1| . 


5. We have 


To prove the reverse inclusion, suppose that x € Usea Aa. We can choose ô > 0 such that 
B(x;6) has non-empty intersection with a finite number of the A € A, say A1, ..., Am. and we 
have B(x; ô) N A = 0; unless A € (A1, ..., Am}. In particular, note that the family (A; A € A} 


of all closures of the elements of A is also locally finite. It now follows that 
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3.6.2 Note. Note that, if (ri,T2,....] be the enumeration Q, then if A, = {rn}, we get 
An = An, hence 


Q= tes [J] 4, =O=R 


n=1 n=1 


Thus V An C V An. 
n=1 n=1 


left to the reader. An = (0 i) nm 1:274 


left to the reader. A — [1,2). 


6. 
T. 
8. left to the reader. A = {0} U [1, 2). 
9. 


3.6.58 Problem. Let A C R. Show that 
1. (4) = (A95, i.e. complement of the closure is the interior of the complement. 


2. (A°)° = AC, i.e. complement of the interior is the closure of the complement. 
= wie = KO 
In other words, show that A = ((49) ) and A? = (4°) ; 


3.6.58.1 Solution. 
1. We show that (a)° — (A2)? . Let 


ze (AF)? 
e3r > 0 such that B(z;r) 
e3r > 0 such that B(z;r) 
erg¢A 


ecc (4)* 


AC 
A-( 


c 
N 


2. Again, let 
a € (49) 
ex ¢ A? 
evVr»0 B(a;r)N AS AO 


Sr E AC, 


Hence the result follows. 


3.6.59 Problem. For any subsets A, B C R, then prove the following and give examples of each 
where equality does not occur. 


1. 9A- AMA? = ANAS. 


3.6. 


6. 


7. 


8. 
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. 0A — 0AC. 
. (AUB) C OAU OB. 
. IFAC BC Athen 0A C OB. 


. OAC OA and 0A? C OA. 


OA is a closed set. 
A is closed iff A contains ðA. 


A is open iff AN ðA = Í, and ðA = AV A. 


3.6.59.1 Solution. 


1. 


2. 


3. 


4. 


Let 


r€80A 
eV e» 0 B(z;e) A AF 0 and B(z;e) N AT #0 
ex € A and a ¢ A° 
exe A\ A. 
Again, x € OA 
eV e» 0 B(z;e) A A # O and B(z;e) NAC #0 
ez € Å and z € AC 
ere ANAS. 


By (1), 84€ = AC n(A9)€ = A6 n À = 0A. 


O(AU B) = (AU B)n (AU B)C 
= (AUB)n (Aon BC) 
c (AU B)n APN BC 
C (An Aen Bo) U (Bn Aen Be) 
c (An A?) u (Bn BC) = aves. 


Let A = [2,3) and B = [3,4). Then 0(AU B) C OAUOB. 


Let x € 0A, so V e > 0 B(x; e)NA #0 and B(x; eA z 0. Since AT € B9 so B(x; e)NBo #0 
and x € B implies B(z;c)'B z 0 thus x € OB. Example: Let A = [1,09),04 = {1}, B = [1,3] 
then 0A = {1} C OB = {1,3}. 
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5. Suppose that 


x € O(A) 
2Vr»0B(z;r) Az ý and B(z;r) N (A)° #0 
—Vr»0B(zr)1AZz0andB(z;r)n AT AO 
=a € OA. 

Hence OA C OA. 


We show that (A°)° = AC. Let 


x € (A9)* 

ex dA? 

evr»0B(zr)£A 

eVr>0 B(a;r)N AT #0 

ea € AC, 

Now, 04? = A? n (A9)€ 

= A? n (A9) , as (A?) is closed 
= Aen AF C An AC = 0A. 


Let A = {2} U (3,4) U (4,5). Then 0A C OA and 8A? C OA. 
6. 0A = An AC = OA is closed. (As it is the intersection of two closed sets.) 


7. Suppose that A is closed, then A = A, hence 9A = AV 4? = AV A? C A. 

Again, suppose that 0A C A and A is not closed, then 4 a point p € A’ such that p ¢ A, hence 
jr »0 such that B(x;r) A = 0, which shows that p ¢ 0(A), a contradiction. Hence A is 
closed. 


8. Suppose that A is open, then A© is closed and 0A = AN AC = An AY. Hence AN OA = 
ANAN AC =f. 
Again, suppose that AN ðA = @ and A is not open, then d a point p € A and V r > 0 such 
that B(p;r) AF ¥ 0, which shows that p € 0AN A, a contradiction. Hence A is open. Other 
part follows from (1). 


3.6.60 Problem. 


1. Prove that, (OA)? = 0, if A is open or if A is closed in R. 


2. Give an example in which (0A)? — R. 


3.6.60.1 Solution. 
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1. Suppose that A is open and (84)? Æ Ø, so let 
z € (ðA)? 
sxe (AN AC) f 
>z e (An AS)” 
>z e (A) n(49).. 


So Je1,€2 > 0 such that B(x;e,) C A= AU A' and B(z;e;) C AC. Now, let e = min{€1, €2} 
then B(z;€) C (AU A") n A€ = A'N AC. Thus 


B(z;c) € A! > B(x;c) A Z 0 and 
B(z;c) C AT > B(z;e)' A= 0, 
a contradiction. Hence (0A)? = 0. 


Suppose that A is closed, then we have A€ is open. By the above, we have (0A°)° = (). Since 
0A = 04€, hence again (0A)? = 0. 


2. Let A = Q, then 9A = R > (0A)? = R. 


3.6.61 Problem. 
1. If int A = intB = ( and if A is closed in R, then int(A U B) = 0. 


2. Give an example in which intA = intB = ( but int(A U B) =R. 


3.6.61.1 Solution. 

1. Assume that int(A U B) # 0. Then x € int(A U B) implies there exists r > 0 such that 
B(a;r) C AU B, since intA = ( so B(x;r) A. Hence B(x;r) Y (BN A) z 0 implies 
B(a;r) N (RN A) #0. Now, 

y € B(zir) N (R\ A) 
—B(y;ri) € B(a;r), where 0 < r1 < r and 
y€R\AS dra > Osuch that B(y;r3) C RN A. 


Let e = min[ri1, r2}, then we have, 


w 


€ B(v;r) N (RV A) 
C (AU B) AC 
C 


That is, intB 4 0, which is absurd. Hence, we have int(A U B) = 0. 
2. Let A = Q and B = Q7. 
3.6.62 Problem. Show that R = S° U0(S) U Ext(S). 


3.6.62.1 Solution. Now x € R — either x € S or z € S€. Suppose x € S. Then either dr > 0 
such that B(x;r) C S or V s > 0 B(z;s) N S° Æ Ø. Hence z € S? or x € OS. Similarly, if x € SC 
then either 3 p > 0 such that B(z;r) C S€ or V s > 0 B(z;s)N S z 0. Hence x € (S) or x € 08€. 
Since 0S = 95€, the desired result follows. 
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3.6.63 Problem. 
1. If A and B are open subsets in R, show that 
(AnaB)U(Bn8aA) Co(An B) C (AN OB) U (BN OA) U(OAN OB) 
and give an example (in the real line) in which these three sets are distinct. 
2. Let A and B be subsets of R. Show that 
(a) (AN B) € [AN AB] u [GAn B]. 
(b AU ƏB = O(AU B)UO(An B)U[OAn OB]. 
3. Verify that if the sets A and B satisfy the condition ANB = () = ANB, then 0(AUB) = OAUOB. 
4. Let A and B be subsets of R, if AM B = 0 then show that 
(a) 0(AU B) = OAU OB. 
(b) (AN B) = [AN OB] u [GAn B]. 
(c) (AUB)? = A° U B°. 
3.6.63.1 Solution. 
1. Suppose that 


x € (ANB) U (BN 3A) 
>x € (AN ðB) or x € (BNA) 
>V e > 0, B(x;€)N A Z Ü and B(z;e)N B Z 0 and B(z;e) N B^ z 0 
or Ve > 0, B(z;e) B Z 0 and B(a;e) NAF 0 and B(a;c) n AF FO 
—B(a;e) n (An B) 40 and B(a;e) n (AT U BC) 40 


>x € O(AN B). 
Thus (An B) U (Bn 8A) C (A ), and 
O(AN B) = B) N (AN B)? 


B 

AN 

An B)n (AF u B?) 
AnBnA?)n(AnBn B?) 
8AnB)n(8BnA) 
8An(BU8B))n (0Bn (AUOA)) 
An8B)U(Bn8A)U (3AN OB). 


Hence 
(ANBU (BNA) C (AN B) C (AN OB) U(BNOA)U(OAN OB). 

Example: Let A = (1,2)0(2,4)U (4, 5)U(5, 6) U(6,8); B = (2,3)0(3,4)U (4, 6)U (6, 7) U(7, 8) 
then 

OA = {1,2,4,5,6,8}, ƏB = {2,3, 4,6, 7, 8} 

AN OB = {3,7}, BN OA = {5} 

An B = (2,3) U (3, 4) U (4, 5) U (5, 6) U (6, 7) 

and 0(AN B) = {2,3,4,5,6, 7} and OAN OB = {2,4,6,8}. 
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Thus, (AN ðB) U (BN 8A) = {2,5,6}, 0(An B) = {2,3,4,5,6, 7} and (AN AB) U(BNOA)U 
(OAN OB) = {2,3,4,5,6,7,8} are all distinct. 


2. Left to the reader. 
3. Left to the reader. 


4. (a) ANB=0=> An B and OAN OB are both empty and apply (2). 
Alternative way: 
Let x € O(AU B), then for all r > 0, 


B(a;r) (AUB) # 0 = B(r;r) AA z or B(z;r) n B £ 0 and 
B(x;r) n(AU B)9] 40 Bla;r) n A? # 0 and B(a;r)n B #0, 


which shows that x € OA or x € OB and thus x € OAUOB. Therefore O( AUB) C OAUOB. 
Again, let x € OAU OB. Suppose that x € OA, then V r > 0, we have 


B(a;r)N A £ 0 and B(z;r) n AC FO. 


Since B(z;r)n A z 0, we have 


We claim that B(z;r)n([(AU B)€] = B(z;r) n A€ n BS £z Ø. Suppose that B(x; r) N 
A€ n B€ = (). Then we have, 


B(z;r)C A > B(z;r) C A and B(z;r) C B > B(z;r) C B. 


It implies that by hypothesis, B(r;r) C AM B = Ø which is absurd. Hence, we have 
proved the claim. Thus 


B(a;r) (AU B) Z 0 and B(z;r) n ((AU B)?] z 0. 


Hence 0(A) U 0(B) C O(AU B). Thus 0(A) UO(B) = O(AU D). 
(b) Left to the reader. 


(c) We can prove the result A°UB° C (AUB)? easily. To prove the other side, let x € (AUB)? 
then d r > 0 such that B(x,r) C AU B. If B(x,r) C A or B(x,r) C B, then we are 
done. Otherwise, Vr > 0 B(x,r) & A and B(x,r) É B, ie. B(x,r)n AC # 0 and 
B(a,r) 1 BS z 0. Again, B(z,r) 1 A z 0 and B(z,r) n B z 0. For, if I r > 0 with 
B(a;r)N A = we get B(x;r) C B, a contradiction. Thus we get x € QA and x € OB 
ie. x € OA n1 OB contradicts QA N OB = 0. Hence B(x,r) € A or B(z,r) € B, i.e. 
(AU B)? C A° UB? and the result follows. 


3.6.64 Problem. Show that the boundary of a closed or open set in IR is nowhere dense. Is this 
statement true for an arbitrary subset? 
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3.6.64.1 Solution. Let A be closed. Since 0A = 04€ = AN AC, so 
(04^ = (ANAC) = (ANAC) = 4n (4°) 
c APN AS = A^ n(49€ =O. 


This shows that 0A is nowhere dense. mu 
Let A be open. So A? = A => A® is closed and AC = AC. So, 


(A) = (An Ae) = (An av)? - v. 


The boundary of an arbitrary set need not be nowhere dense. An example: Let A = Q then 


oQ =R. 


3.6.65 Problem. 


1. Show that Ext(A) = Ext(A) and Ext(AU B) = Ext(A) n Ext(B). 


2. Show that Ext(A) = (A)° . Also, show that AC = (A°)°; and deduce that 0A = A \ °. 
3. Show that, if A is open, then AU Ezt(A) is dense in R. 


4. Let A C R. Show that A is nowhere dense = A is nowhere dense & Ezt(A) is dense in R. 


3.6.65.1 Solution. 


1. By definition, we get 


Jr > 0 such that B(x;r) C (a)* 
z;rnA-(0 
z;r)a(AU A) —0 
z;r)(AuUuA)-0 
z;r)|1A-0 or B(z;r) n A! 20 
z;r)C AC e x € Ext(A). 
Jr > 0 such that B(z;r) C (AU B)C 
B(z;r)C ACN BS 

B(z;r)C A? and B(z;r) C BS 

x € Ext(A) and x € Ext(B) 

x € Ext(A) n Eat(B) 


S wu 


Again, x € Ext(AU B) 


$02$2$2242 $120$10212$211 


Thus Ext(AU B) = Ext(A) n Eat(B). 
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2. We get, 


a € Ext(A) & 3r > 0such that B(z;r) C AC 
«€ B(z;r)n A — 0 and B(z;r)nA' — 0. 
& B(rz;r)n(AU A) — 0. 
e B(z;r)C a| e «x € (A. 
Let z € (A°)° 

ex d A? 

evr»0B(zr)£éA 

eVvVr»0B(z;r)nAC 720 

ez € AC. 

Hence AC = (4?) 
=>An Ae = An (A)? 
=>0A=A\A°. 


3. Let x € R and 


a ¢ AU Ext(A) 
=x € (AU Ext(A))° = AF n (Ext(A))° 
>x € ACN A = ðA as A is open. 


Thus V € > 0 B(x; e) A (AU Ezxt(A)) # 0 which implies x € AU Ezt(A) i.e. R = AU Ezt(A). 
Hence AU Ext(A) is dense in R. 


4. By definition, we get 


A is nowhere dense © (A) - 
c (4) - 
« A is nowhere dense 
e a°) = 
AC 
e (@°) =R 
e Ext(A)=R 


«€ Ext(A) is dense in R. 


3.6.66 Problem. Show that, for each x € R, we have 


N B(a;€) = {x}. 


e€Rt 
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3.6.66.1 Solution. Suppose that y > x and y € ().cg. B(x;€). Choose 0 <e<y-asy¢ 
(x— €, z-6)- y € (eg B(x; €), a contradiction. 

Again, if y < x and y € (lcg. B(a;€). Then choose 0 < e < x — y => y ¢ (x— ex +e) > y ¢ 
[Mecr+ B(x; €), a contradiction. Hence no member other than x can belong to the intersection. 


3.6.67 Problem. Let F be a collection of sets in R, and let S = UJ jep A and T = fher 4. For 
each of the following statements, either give a proof or exhibit a counterexample. 


1. If x is an accumulation point of T, then x is an accumulation point of each set A in F. 
2. If x is an accumulation point of S, then x is an accumulation point of at least one set A in F. 


3.6.67.1 Solution. 
1. Let x be an accumulation point of T, then B(a;r) NT Z 0, for any r > 0. Note that for any 
A € F, we have T C A. Hence B(z;r) N A Æ 0, for any r > 0. That is, x is an accumulation 
point of A for any A € F. 


2. No. Let F be the collection of sets consisting of a single point x € IR. Then it is trivially seen 
that S = Uses{a}. And if x is an accumulation point of S, then x is not an accumulation 


point of each set (x) in F. 


3.6.68 Problem. Let S be a set and let P be an equivalence relation on S. That is, V x,y,z € 
S,zPr;rPy = yPx and «Py and yPz = «Pz. For each subset A C S, define A = {x € $S5dy€ 
A such that yPz]. 


1. AC S and B C S implies 


2. Let S be the set of points in the Cartesian plane. Define 
R: (21, y1)R(x2, yo) iff yı — yo = 3(x1 — 22) 


Granted that R is an equivalence relation on S, describe or sketch A, where A is the unit circle 
with center at (0,0). That is A = ((z, y) € Sx? +y? = 1). 


3.6.68.1 Solution. 
1. (a) xe A> zE S> rRe (with z € A) 2 zx € A, hence AC A. 


(b) By (1), AC A. Now, z € A > Jy € A such that zPy. y € A > dz€ A such that yPz. 
Now, zPy ^yPz => xPz (with z € A), so x € A. It follows that A C A, hence A = A. 
(c) xz € AUB — dy € AUB such that «Py. If y € A, then x € A and if y € B, then x € B. 


Therefore AU B C AU B. Also, x € AU B > (x € A) V (x € B). So one of A or B 
contains a y such that z Py. It follows that 2 € AU B and hence AU B = AU B. 


2. 2nd part: Left to the reader. 
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3.6.69 Problem. Give an example of a subspace E of the plane R?, such that there is an open ball 
in E which is a closed set but not a closed ball, and a closed ball which is an open set but not an 
open ball. 


3.6.69.1 Solution. Take E consisting of the two points (0,1) and (0, — 1) and of a suitable subset 
of the x-axis. 


3.6.70 Problem. Show that a nonempty perfect subset P of R is uncountable. This gives yet 
another proof that the Cantor set is uncountable. 


3.6.70.1 Solution. Hint: First show that P is infinite, and assume that P is countable, say P — 
(21,22, ...). Construct a decreasing sequence of nested closed intervals [an, bn] such that (an, bn )AP A 
Ø but zn € [an, bn]. Use the nested interval theorem to get a contradiction. 


3.6.71 Problem. Every isolated set of real numbers is countable. 


3.6.71.1 Solution. Let A be an isolated set, then for each a € A, d a real number 6, > 0 such that 
(a — 64,a4-6,) N A = {a}. Suppose the enumeration of Q be (q1, 42, 43, ...4. Since (a — 05,a + 04) 
contains many rationals, choose the smallest index m(a) and a — m(a) € N is an injection. Hence 
A is countable. 


3.6.72 Problem. Give an example of: 
1. A set with no accumulation points. 
2. A set with infinitely many accumulation points, none of which belong to the set. 
3. A set that contains some, but not all, of its accumulation points. 


3.6.72.1 Solution. 
1. Consider the set N. 


2. S={5+4;m,neN}\ {1,5,5,-- 1 Jaya 


In? 


3. Consider the set (2,3). 


3.6.73 Problem. Give an example of a nonempty set with the following properties or explain why 
no such set can exist: 


1. A set with no accumulation points and no isolated points. 
2. A set with no interior points and no isolated points. 
3. A set with no boundary points and no isolated points. 


3.6.73.1 Solution. 
1. Such a set cannot exist. 
2. Q. 
3. R. 


3.6.74 Problem. Let S C R, a ¢ S. Then a is limit point of S iff a is a boundary point of S. 
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3.6.74.1 Solution. Suppose that a is limit point of S then for every e > 0 > (a-—eat+tenNS4O 
and a € S€ => (a— e,a-4- e) N SC FO. Hence a is a boundary point of S. Again, a is a boundary 
point of S > for every e > 0,(a—€,a-- e) AS Æ () and (a —e,a-- e) NSS Z (). Hence a is limit point 
of S. 


3.6.75 Problem. Give an example of a function f : R 2 R such that the set 
{x € R; f(x) = 0} is neither open nor closed. 


3.6.75.1 Solution. Let f : R — R defined by 


w= if0<2<1 


x otherwise. 


Thus f-1(0) = 0 < æ € 1, which neither open nor closed. 


3.6.76 Problem. Define a function f : R > R by 


iaei ifs <0 


if x > 0. 
Find an open set G and a closed set E such that the set {x € R; f(x) € G} is not open and the set 
{x € R; f(x) € E} is not closed. 


3.6.76.1 Solution. G = (0,2) then f~!(G) = [0,00) which is not open and E = (—o0, 1/2] then 
f (E) = (0,00) which is not closed. 


3.6.77 Problem. 
1. Find a sequence (Gn) of open sets such that Z = NZ; Gn. 
2. Find a sequence (Kn) of closed sets such that (0,1) U (2,3) = UU. , Kn. 


n-l 
3.6.7.1 Solution. 
1. For each k € Z, we let Gn = Unez (k — 1, k + 1) 


2L Jm Ld | 
n 


n n n 


3.6.78 Problem. Show that the intersection of two dense sets may not be a dense set. 


3.6.78.1 Solution. Q, Q€ are dense subsets in R, but Q N QF = O is not dense. 


Sierpinski’s lemma: There is a family F formed by infinite subsets of N such that cardF = c 
and, if Fı and F> are two different elements of F, then card(F1 F2) < co. 


3.6.79 Problem. Prove Sierpiński’s lemma. In other words, show that N contains uncountably 
many infinite subsets (Na)aer, where Na C N, such that Na N Ng is finite if a Z f. 


3.6.79.1 Solution. Let S = {71,1r2,...,17n,-..} be the fixed enumeration of rationals in [0, 1] and let 
t € [0,1]. Now consider a fixed sequence of rationals converging to t. Again define 


Ni = {i € N; ri > t}. 


It is clear that N; is infinite. Again, if tı Z t» then N,, N Ne, is a finite set, since the corresponding 
sequences converge to distinct real numbers. 
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3.6.80 Problem. Using Schróder-Bernstein theorem, prove that |R| = |P(N)]. 


3.6.80.1 Solution. Let Q = {r1,1r2,...,7n,..-} be the fixed enumeration of rationals in R and let 
t € R. Now consider a fixed sequence! of rationals converging to t. Again define 


N; = {i € Nir; > t}. 


We see that N, € P(N). Define a function u : R — P(N) by u : tH Ni. Again, if tı Æ t9 then 
Ni, NO Na, is a finite set, since the corresponding sequences converge to distinct real numbers. Thus 
p(t) Z u(t2) showing that u is injective. Hence |R| < |P(N)|. 

Now, we use continued fractions? to show the other part. The set P(N), can be mapped one-to-one 
and onto the set of all real numbers in [0,1]. This can be proved by using the concept of continued 
fractions; the required map ¢ is given by 


—— if A = {n, ne, ...} € P(N). 
b(A) =) mnn 
0 if A — 0. 


Thus |P(N)| € |R| implies |R| = |P(N)]. 
3.6.81 Problem. Let f be a function on R such that 
1. f(x) > 0 for all x, and 


2. There exists M « oo such that for all finite F C R, 


f(x) < M. 
F 


Prove that the set (x; f(a) > 0} is countable. 


3.6.81.1 Solution. Define Sn = {x; f(x) > +}. Fix n and suppose for the sake of contradiction 
that |S,,| > Mn. Then there exists a subset F of S, of cardinality Mn + 1. By property (ii), 


X Jæ) <M. 
F 
However, X f(a) > y»- = nil > M. 
F F 


a contradiction. Thus $, is finite for each n. We have 


t> =U fari} -Us 


ncN ncN 


which is a countable union of finite sets, and thus countable. 


lLet Cr be the class of all rational sequences converging to r. Thus C = {C;;r € R} is a disjoint family of sets, 
and by Axiom of Choice there exists a set C such that CMC, is singleton. This assures that such a fixed choice for 
each real is possible. Here N; € C. 

?See Higher Algebra by Bernard and Child. 
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3.6.82 Problem. Prove that the set of real numbers can be written as the union of uncountably 
many pairwise disjoint subsets, each of which is uncountable. 


3.6.82.1 Solution. Define the map f : (0,1) x (0,1) — (0,1) so that 


f(a, y) = 0.z0yot191.- 


where x = 0.z92,... and y = 0-yoy1... Here we replace any infinite chain of 9's in x or y by incre- 
menting the digit preceding the chain and replacing the chain of 9’s by a chain of 0’s, then evaluate 
f. Then this map is well-defined and actually an injection. Consider the set S of all vertical lines 
in (0,1) x (0, 1). There are uncountably many, and their union is (0, 1) x (0, 1). Also, each vertical 
line is an uncountable set of points. Now consider f(S). Note the only decimals that f misses form 
a countable set. Since f is an injection, for each line L € S, f(S) is uncountable. Also, the images 
of distinct lines of $ under f are disjoint. Thus 


(0,1) = f(S) = U f(L)U | J(countable collection of points) 
Les 


can be written as a union of uncountably many pairwise disjoint subsets, each of which is uncount- 
able. 

Let g be a bijection between (0,1) and R (tan(a(a—1/2)), for instance). Composing g with f above, 
we can write the set of real numbers as the desired union. 


3.6.83 Problem. Prove that R? is not a (countable) union of sets S;, i = 1,2,... with each S; being 
a subset of some straight line L; € R?. 


3.6.83.1 Solution. Suppose that IR? is a countable union of sets $;,i = 1,2,... with each S; being 
a subset of some straight line L; € R?. Since R is uncountable, there exists some x € R such that 
the line Ly = ((z, y); y € R} is not equal to any S;. (Otherwise ((z,0); x € R} would be countable, 
implying that IR was countable.) Now each line L, intersects S; at either zero or one point. Thus 
the set 


LJ fe §; 


ieN 
is countable. Since R? is a countable union of the S; however, 


U La NS; = Ly 
icN 


so L, is countable. But this implies that IR is countable, a contradiction. 


3.6.84 Problem. Can a countably infinite set have an uncountable collection of nonempty subsets 
such that the intersection of any two of them is finite? 


3.6.84.1 Solution. The set Q of rational numbers is countably infinite. For each real number a, 
choose a sequence of distinct rational numbers tending to o, and let S4 be the set of terms. If 
a, B are distinct real numbers, then Sa N Sg is finite, since otherwise a sequence obtained by listing 
its elements would converge to both S, and Sg. In particular, Sy # Sg. Thus (S4;o € R} is an 
uncountable collection of nonempty subsets of Q with the desired property. 
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3.6.85 Problem. There exists an uncountable collection of distinct subsets of N that are totally 
ordered by the inclusion relation. 


3.6.85.1 Solution. This example is from Golomb and Gilmer [1974]. Let f : N — Q be one-to-one 
and, for each t € R, let N; = (n € R; f(n) < t). Note that the collection (.N;; t € R} contains 
uncountably many distinct sets, since if t # s, then Ni Z Ns. Further, if s < t, then Ns C Ni. That 
is, the elements in (N;; t € R} are totally ordered by the inclusion relation. 


3.6.86 Problem. ? There exists a subset B of real numbers such that B and B€ each have at ieast 
one point in common with every uncountable closed subset of IR. 


3.6.86.1 Solution. Note that there are at most c open subsets of R, since any open set may be 
expressed as a countable union of open intervals with rational endpoints and hence that there are 
at most c closed subsets of IR. Also, there are at least c closed uncountable sets, since there are 
c closed uncountable intervals. Thus, there are exactly c uncountable closed subsets of R. Let 
& = {Fu;a < c] denote a well ordering of the family of closed uncountable intervals. Note from the 
result* that each element of ¥ has cardinality c since each closed subset of R is a Gs subset of R. 
Consider a well ordering of R and let p; and qı denote the first two elements of F, with respect to 
that ordering. Let pọ and q2 denote the first two elements of P5 that are different from pı and qı. 
In general, if 1 < a < c and if pg and qa have been defined in this way for all 8 < a, then let pa and 
da be the first two elements from Ha, where Ha = Fa \ UscotPs: da}. Note that Ha has cardinality 
c for each a < c, since Fy has cardinality c. In this way, pa and qa are defined for all a < c. Let 
B = {pa;a < c} and the desired result follows. Such a set B is called a Bernstein set. 


3.6.87 Problem. It is impossible to express [0,1] as a countable union of disjoint closed sets. 


3.6.87.1 Solution. Suppose [0,1] = UX; Fn with the F,,’s are closed and pairwise disjoint. Since 
Fı Fy = 0, we can find a closed interval J, such that HN Fi — 0, LAR z 0, HN Fh z 0. We 
repeat the same procedure inside J; with I, N F5 playing the role of F1 and I, N Fy playing the role 
of F5, where Fp is the first set in the sequence {Fp}; intersecting Jı. We thereby construct a 
decreasing sequence of closed intervals (I, € ,, such that I„ N Fa = 0, a contradiction. 


3.6.88 Problem. Prove that the set of irrational numbers in R is not a countable union of closed 
sets. 


3.6.88.1 Solution. Suppose that the set of irrational numbers J,, can be represented as Unen Fn 
where the Fp are closed. Then 


R= (U r.) u | Uir} 


ncN reQ 


Since IR has non-empty interior, the Baire Category Theorem implies that one of the sets in the 
union on the right hand side has non-empty interior. Clearly it is not (r) for some rational r, so 
some F;, must have non-empty interior. Thus there exists x € F„ such that B(z;e) C Fa C I,,. But 
the rationals are dense in R, so some rational number is an element of B(z;c) and thus an element 
of L,,., a contradiction. 


?'This example is from Oxtoby [1980] 
^Any uncountable G subset of R contains a nowhere dense ciosed subset of Lebesgue measure zero that can be 
mapped continuously onto [0,1]. [Oxtoby, 1980] 
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3.6.89 Problem. Show that the set Q of rational numbers in R is not expressible as the intersection 
of a countable collection of open subsets of R. 


3.6.89.1 Solution. Suppose that Q = (^, c Un, where Un is open for each n. Clearly Q C Un for 
each n, and since the rational numbers are dense in IR, each U» is dense in R. For each rational 
number r, RN {r} is open and dense in R. Thus 


0-21.nQ- IRFAN Un 
rEQ ncN 


is a countable intersection of dense open sets. Applying the Baire Category Theorem, we get that Ø 
is dense in R, a contradiction. 


3.6.90 Problem. Find a subset S of the real numbers R such that both (1) and (2) hold for S: 
1. S is not the countable union of closed sets. 
2. S is not the countable intersection of open sets. 


3.6.90.1 Solution. Let A be a subset of [0,1] that is not a countable union of closed sets, and let 
B be a subset of [2,3] that is not a countable intersection of open sets. (Irrationals and rationals 
for instance, respectively.) We show that S = AU B satisfies (1) and (2). Suppose that S is the 
countable union of closed sets (£5). Then 


A-Snj[0,1] = (U n) ne- LU (Fa A [0,1]) 


ncN ncN 


Note that F, N [0, 1] is closed for each n, so A is a countable union of closed sets, a contradiction. 
Likewise, if A is the countable intersection of open sets, it follows that B is the countable intersection 
of open sets, a contradiction. Hence S satisfies (1) and (2). 


3.6.91 Problem. Let S be a set. Prove that S is infinite if and only if |A| = |S| for some proper 
subset A of S. 


3.6.91.1 Solution. Assume |A| = |S| where A is a proper subset of S. If S is finite, say |S| = 
(1,2, ..,nH| then |A| = |{1,2,..,n — k)| < |(1,2, .., n3], where k is the number of elements in S' A, 
contradiction. So S is infinite as desired. Conversely assume S is infinite. Choose xı € S, then 
£2 € SV {x1}, then z3 € SN (21, 22] in this way we have (by induction) distinct points £n € S for 
all n € N. Let T = (r,;n € N} and define f : T > T by f(£n) = xan. Since the x,,’s are distinct 
f is injective, so f : T — f(T) is bijective. Now define g : S > S by g(x) = f(x) if x € T, and 
g(x)-— rif zr € SXT. Since f is injective so is g, so g : S + g(S) is bijective. Now A = g(S) has 
the same cardinality as S, yet since f(T) is a proper subset of T, A = (SN T)U f(T) is a proper 
subset of S, as desired. 


3.6.92 Problem. Let G be an open set in R and S C R such that GN S = Ø. Prove that GA S’ = Q. 
(where S’ denote the derived set of S) 


3.6.92.1 Solution. Assume that GN S = Ø and Gn S' £z 0 — 3z e Gn S' —dr » 0 such 
that N(a;r) C G as x is an interior point of G and N(z;r) N S 490 as x is a limit point of S. Thus 
0z N(xonsScGnsS-Gns-Zz(,acontradiction. Hence GN S’ = 0. 
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3.6.93 Problem. Find the derived set A’ of the following sets: 


2m "3"  5r' 
1 

LB-ineiomaeN] 
m 


1 1 1 
3. c= {rails LII 


m m p 
3.6.93.1 Solution. 
1. We claim that the derived set is 


OU s ne nU [si nen} Usg nen) 
Ul ant gm NbUd gat gai mn NbU cat gai mn JE 


We prove only three of them, and other parts are similar. 
Claim 1: 0 is the limit point of A. 


1 € 1 e 1 € 
Let 0. Then 4 N such that ; ; : 
ete en TUE a Qu S g 3 ^g Bw * 3 : : 
€ € € 
N b that H | — e. Which sh hat —+—+— : 
ow observe atO < 7; 3: ey urbs c. Which shows t at oa + gu t gu € (059 
Thus 0 is the limit point of A. 
1 
Claim 2: od is the limit point of A. 
1 1 
Again, there exists v, w € N such that zv Ro Bw ae 
1 1 1 1 € € 1 1 1 1 
. Which shows that 
80, 0 < 5; Bp Ua figa 901 ga e e BIO shows at m t gu T gu 


1 1 
(o 2n + e) Yn € N. Thus zn is the limit point of A. 
Claim 3: a + ae is the limit point of A. 

1 
Again, there exists w € N such that 5u « e. 
d Vee pa Renae PAY ee F a 
H He. 
, Qu 3m Oe De BE gor aom. BP 

: 1 1 1 1 1 1 1, Ee 

Which shows that an | | 0, + He] Y m,n €N. Thus 5 + 3: is the limit 


3n 5w 
point of A. Hence the result. 


2. B = (oyu © nen}. 


1 1 1 
| ce — s —t* 
3 œ= {ufi neni [ti mnenh. 
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3.6.94 Problem. As the statement (A’)’ C A’ is true, using the notation A?) = (A'Y, A™) = 
(A(-DY, n = 3,4,... Give an example, for every positive integer n, of a set A for which A" is a 
proper subset of A("-U, 


3.6.94.1 Solution. Let P = {2,3,5,....,Dn,....} be the sequence of primes, then consider the set 


1 1 1 1 
A= us + gna + Ens +... pe Fans Tk EN,k= oe 


3.6.95 Problem. Let E C R, then E' is countable implies that E is countable. 


3.6.95.1 Solution. The set EM E' C E' is countable, so A = E \ (EN E) is the set of isolated 
points and hence is countable. The set E = AU (EN E^) is the union of two countable sets and is 
therefore countable. 


3.6.96 Problem. For each of the following statements, determine whether it is true or false and 
justify your answer. 


1. Every sequence in the interval (0,1) has a convergent subsequence. 

2. Every sequence in the interval (0,1) has a subsequence that converges to a point in (0,1). 
3. Every sequence of rational numbers in Q has a convergent subsequence in Q. 

4. If a sequence of non-negative numbers converges, its limit also is non-negative. 

5. Every sequence of non-negative numbers has a convergent subsequence. 


3.6.96.1 Solution. 
1. False. Consider the subsequence (1/2n) of the sequence (1/n) in (0,1). 


2. Same as (1). 
3. False. Consider the sequence (1+ 1/1)" in Q, that converges to an irrational number e € Q°. 


4. True. If possible, let (£n);£n > 0 be a sequence of non-negative numbers converging to a 


number x with x < 0. Then the nbhd. (z — Bl y + 


|x| 


i) of x contains infinitely many 2,,’s 


which are not non-negative, a contradiction. 


5. Same as (1). 


3.6.97 Problem. A condensation point x of a subset A C R is a point z € R such that in every 
neighborhood of x, there is a nondenumerable set of points of A. Assume that S C R and assume 
that S is not countable. Let T' denote the set of condensation points of S. Prove that: 


1. SX T is countable, 
2. SMT is not countable, 
3. T' is a closed set, 


4. T contains no isolated points. 
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3.6.97.1 Solution. 


1. If SV T is uncountable, then there exists a point x € S\T such that x is a condensation point 
of S. So x € T. Thus we have x € S N T which is absurd as z € S VT. 


2. Suppose SNT is countable, then $ = ($71 T)U (SNT) is countable by (a) which is impossible. 
Hence SMT is not countable. 


3. Let x be an accumulation point of T, then B(a:r) QT z 0 Vr > 0. We show that x € T. 
ie. x is a condensation point of S. Suppose not, then there exists s > 0 such that B(x;s) NT 
is a countable set. Let y € B(x;s) MT then there exists a t > 0 such that B(y;t) C B(x; s) 
and B(y;t) S is countable, which shows that an uncountable is a subset of a countable set, 
a contradiction. Hence x € T. Thus T is closed. 


4. Suppose that x € T is an isolated point of T, then there exists s > 0 such that B(x; s)YT = {x}. 
Again z € T > B(a;r) NS is uncountable.ie. y € B(x;r) MS is a condensation point of S. 
ie. y € T, which is impossible. Hence x is not an isolated point of T. 


3.6.98 Problem. Show that if A has no condensation point, then it is denumerable. 


3.6.98.1 Solution. Left to the reader. 


3.6.99 Problem (Cantor-Bendixon theorem). A set S C R is called perfect if S = S’, that 
is, if S is a closed set which contains no isolated points. Prove that every uncountable closed set 
S CR can be expressed in the form S = AU B, where A is perfect and B is countable. 


3.6.99.1 Solution. Let S be an uncountable closed set. Then S = (SMT)U(S\T) where T denote 
the set of condensation points of S. Note that condensation points of S are accumulation points of 
S. Thus T C $ => S is closed. Define A= S AT and B = F \T, then $ = AU B. 


3.6.100 Problem (Lindelöf). Let (A3; À € A} bea collection of open subsets of R. Then there is 
a countable subset (A1, A2,...} C A such that 


U 4.=U 4a: 
k=1 


acA 


3.6.100.1 Solution. Let A = [J c4 Ax. Then, V x € A; we have x € A), for some Às € A and, since 
A), is open, we can find e, > 0 with z € B(£; €s) C Ax,. Using the fact that the set Q of rational 
numbers is dense in R; we can find a rational number ry > 0 such that x € B(a;r,) C B(x; ez). 
Now the set (r;;z € A} C Q is countable and hence can be written as (r;;z € A} = (ri, r2; ....) 
where rj = rz, for some xz € A. If for each k € N we pick A; € A such that B(xy;ry) C Aap; then 
we have a countable subcollection {A),;k € N} C (Ax; A € A} which satisfies A = UP, Ax. 


3.6.101 Problem. A set O C R is open if and only if it is a countable union of pairwise disjoint 
open intervals. 


3.6.101.1 Solution. If O C R is a disjoint union of open intervals, then it is obviously open. To 
prove the converse, define an equivalence relation on O as follows. For any a,b € O; let us say that 
a is equivalent to b, and write a ~ b; if the (possibly empty) open interval with endpoints a and b is 
contained in O: Now, this is obviously reflexive and symmetric. (Why?) To prove the transitivity 
property, let a,b,c be the three (distinct) elements of O such that a ~ b and b ~ c: Then, assuming 
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(without loss of generality) that a < b; we have the three possible cases a < c < b;c < a < b; and 
a « b « c; and it follows at once from a ~ b and b ~ c that we have (a,c) C O in all these cases. 
Now, for each x € O; let [x] denote its equivalence class. Since x € [xr] and since two equivalence 
classes are either identical or disjoint, ([r|;z € O} is a partition of O; so we need only show that each 
[x] is an open interval; because then, by the density of Q; each |x] contains a (necessarily different) 
rational number and hence {[x]; x € O} must be countable. First, to prove that [x] is an interval, let 
y,z € [x] be any pair of distinct elements with, say, y < z. Then, if y < u < z; we have y » uc z 
(why?) and hence (y, z) C [x]. Finally, to show that [x] is open, note that, if y € [z]; then (since O 
is open) there exists € > 0 such that (y — €, y + €) € O. But then (y — €, y +e) € [y] = [x] and the 
proof is complete. 


3.6.102 Problem. Show that the set S of rational numbers in the interval (0,1) cannot be expressed 
as the intersection of a countable collection of open sets. 


3.6.102.1 Solution. Write S = {21,22,..,%n,..$. Assume S = NZ; Sk, where each S, is open, 
construct a sequence (Qn) of closed intervals such that Qn+1 C Qn C S, and such that zx, € Qn, 
then obtain a contradiction. 


3.6.103 Problem. Show that for each e > 0 there exists a sequence of intervals (74) with the 
properties 


oo oo 
Qc U In and X ee 
n=1 n=1 
3.6.103.1 Solution. Enumerate the rationals with the sequence (rn). Define 
In = [Tate 4-e/2* *!]. 


Then Q C UŞ]; In and 


Y \I,| = 3 C SEE E DD 
n=l n=1 


as desired. 


3.6.104 Problem. Is it possible to express [0,1] as the union of nondegenerate disjoint closed 
intervals each of them of length less than 1? 


3.6.104.1 Solution. No. If yes, consider the set S of all endpoints of such intervals. Show that $ 
is perfect and thus uncountable, but any such interval contains rational points. 


3.6.105 Problem. Prove (1) > (2) 


1. (Baire Category Theorem) Let F be a nonempty closed subset of R. Let (Gn) be a sequence 
of open dense subsets of F. Then (| , Gn is dense in F. 


2. (Baire) Let F be a nonempty closed subset of R. Then, every nonempty open subset O of F 
is of second category in F. 
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3.6.105.1 Solution. Let O be a nonempty open subset of F. Assume that O is of first category in 
F, i.e., O = UZ] An, where each A, is nowhere dense in F. It follows easily that G» = (An)? is 


open and dense in F. By Baire Category Theorem, (| , Gn (- (Ur. An)” ) is dense. However, 


Uat 


(UZ, 4 » NO = Í, a contradiction. 


n=17°n 


3.6.106 Problem. Let K be a nonempty finite set in the real line R and let (an) be a sequence in 
K that converges to a € R. Show that a € K. 


3.6.106.1 Solution. Hint. If a ¢ K find 6 > 0 such that (a — 6,a+6)N K = 0. Then, eventually 
an € (a — 6,a + ô), a contradiction. Observe that this exercise shows that every finite subset of R is 
closed. 


3.6.107 Problem. Let f be a real valued function defined on [0,1]. Suppose that there is a 
positive number M having the following condition: for every choice of a finite number of points 
21,23..., £4 € [0, 1], we have 


If (x1) + f(@2) +. + f(an)| < M 
Prove that S = {x; x € [0,1], f(x) 4 0} is countable. 


3.6.107.1 Solution. Hint: Let Sn = (x € [0, 1]; |f (x)| 2 1/n}, then S, is a finite set by hypothesis. 
In addition, S = UJ; Sn. So, S is countable. 


3.6.108 Problem. Prove that a nonempty, bounded closed set S in R is either a closed interval, 
or that S can be obtained from a closed interval by removing a countable disjoint collection of open 
intervals whose endpoints belong to S. 


3.6.108.1 Solution. If S is an interval, then it is clear that S is a closed interval. Suppose that 
S is not an interval. Since S(# Ø) is bounded and closed, both sup S and inf S are in S. So, 
R \ S = [inf S,supS] \ S. Denote [inf S,sup S] by I. So R\ S is open, then by Representation 
'Theorem for Open Sets on The Real Line, we have 


RVS- (JI — 15 


j=l 


which implies that 
S=1I\ (m 
i=1 


That is, S can be obtained from a closed interval by removing a countable collection of disjoint open 
intervals whose endpoints belong to S. 


3.6.109 Problem. Prove the uncountability of J = [0,1] by arguing as follows: Assume that 
I = {x1,22,23,....} is denumerable and choose a closed interval I, C I such that xı ¢ I; and a 
closed interval Iz C I; such that z2 € I5 and so on. Now apply Nested Intervals Theorem to obtain 
a contradiction. 


3.6.109.1 Solution. Left as an exercise. 


3.6.110 Problem. Suppose that —oo < a < b < oo and (a,b) C U2, Ej. Prove that the closure of 
at least one of the sets En has an interior point. 


3.6.110.1 Solution. Let E, be the closure of En. Arguing by contradiction, construct a sequence 
of nested closed intervals A,, C (a,b) such that An N En Z Ó for any n EN. 
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3.7 Additional Exercises on Chapter 3. 


3.7.1 Exercise. Let x € R and let M, be the family of all neighborhoods of x. Then show that 
1. If U € Nz, then x € U. 
2. If U,V € Nz, then UNV e Mz. 
3. If U € Nz and V CU, then V € Mz. 
4. If U € Nz, then 3 V € My such that V CU and V € N, V y € V. 


3.7.2 Exercise. Let D be dense in R. Prove: DNG = G for every open set G C R. 


3.7.3 Exercise. Let E and G be dense in R. Prove: If E and G are open, then EMG is also dense 
in R. 


3.7.4 Exercise. Let A C R. Prove the following statements: 
1. A is open, iff ðA C RV A iff 9A = AV A. 
2. A is closed, iff OA C A iff OA = A\ A*. 
3. A is clopen (both open and closed) iff 0A = 0. 
3.7.5 Exercise. Prove the following for subsets A, B of IR: 
1. ð (3A) COA. 
2. ð (Ə (ƏA)) = 0(0A). 
3. Q(AU B) C OAUOB CO(AUB)JUAUB 
4. ANBNO(AN B) - An Bh (OAUOB) 
where OA denotes the boundary of A C R. Give examples where the equality does not hold. 


3.7.6 Exercise. Let E C R and e > 0. For x € E, define E(r,c) = EN (x — e x- e). If for 
some € > 0, E(x, c), is an infinite set, but countable, then x is said to be a sparse point of E. By 
considering intervals with rational end points, prove that the set of isolated points of E and the set 
of sparse points of E are both countable. 


3.7.7 Exercise. Prove or disprove: 
1. Every point of an open set is an accumulation point. 
2. Every point of a closed interval is an accumulation point. 


3.7.8 Exercise. Show that the union of a finite number of nowhere dense subsets of R is itself 
nowhere dense. 


3.7.9 Exercise. Show that, for any closed or open set S in IR, its boundary OS is nowhere dense. 
Is this still true if S is neither closed nor open? 


3.7.10 Exercise. Let S — E + ei ne N}. Show that S = (). 
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3.7.11 Exercise. A perfect set is uncountable. 
3.7.12 Exercise. Prove that every countably infinite closed set has an isolated point. 


3.7.13 Exercise. Determine which of the following statements are true? 


1. (4) =A° 
2. ANA=A. 
3. AS = A. 

4. ð (A) = 0A. 


3.7.14 Exercise. Consider an uncountable subset A of R. Prove that A contains points x (called 
condensation points) such that every neighborhood of x contains uncountably many points of A. 


3.7.15 Exercise. Show that every point of a closed set is either an accumulation point or an isolated 
point. 


3.7.16 Exercise. Every uncountable set E is the union of a countable set C and a set B which is 
a set of all condensation points of B. 


3.7.17 Exercise. Answer the following questions. 


1. Let A = [0,1], describe, if possible, sets that are open relative to A but not open as subsets of 
R. 


2. Let A = [0, 1], describe, if possible, sets that are closed relative to A but not closed as subsets 
of R. 

3. Let A = (0,1), describe, if possible, sets that are open relative to A but not open as subsets 
of R. 


4. Let A = (0,1), describe, if possible, sets that are closed relative to A but not closed as subsets 
of R. 


3.7.18 Exercise. Under what conditions is it true that 
1. |x+y| = |z| + (yl? 
2. jx — yl + ly — z| = |x — z|, x,y,z € R? 


3.7.19 Exercise. Use this definition of “dense in a set” to answer the following questions: A set E 
of real numbers is said to be dense in a set A if every interval (a, b) that contains a point of A also 
contains a point of E. 


1. Show that dense in the set of all reals is the same as dense. 
2. Give an example of a set E dense in N but with ENN = b. 


3. Show that the irrationals are dense in the rationals. (A real number is irrational if it is not 
rational, that is if it belongs to R but not to Q.) 


4. Show that the rationals are dense in the irrationals. 
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5. What property does a set E have that is equivalent to the assertion that R \ E is dense in E? 
3.7.20 Exercise. Prove that A is dense in B iff A D B. 
3.7.21 Exercise. Prove that every set A is dense in its closure A.. 
3.7.22 Exercise. Prove that if A is dense in B and C C B, then A is dense in C. 


3.7.23 Exercise. Prove that if A C B, and A is dense in B, then A = B. Is the statement correct 
without the assumption that A C B? 


3.7.24 Exercise. Give an example of a sequence of nowhere dense sets whose union is not nowhere 
dense. 


3.7.25 Exercise. Which of the following statements are true? 
1. Every subset of a nowhere dense set is nowhere dense. 
2. If A is nowhere dense, then so too is A + c = {t + c;t € A} for every number c. 
3. If A is nowhere dense, then so too is cA = {ct;t € A} for every positive number c. 
4. If A is nowhere dense, then so too is A', the set of derived points of A. 
A nowhere dense set can have no interior points. 
A set that has no interior points must be nowhere dense. 


Every point in a nowhere dense set must be isolated. 


OOF xpi. Oe OT 


If every point in a set is isolated, then that set must be nowhere dense. 


3.7.26 Exercise. If A is nowhere dense, what can you say about R \ A? If A is dense, what can 
you say about R \ A? 


3.7.27 Exercise. Prove that a set A C R is nowhere dense iff A contains no intervals; equivalently, 
the interior of A is empty. 


3.7.28 Exercise. What should the statement “A is nowhere dense in the interval J” mean? Give 
an example of a set that is nowhere dense in [0,1] but is not nowhere dense in R. 


3.7.29 Exercise. Let A and B be subsets of R. What should the statement A is nowhere dense in 
the B” mean? Is N nowhere dense in [0,10]? Is N nowhere dense in Z? Is {4} nowhere dense in N? 


3.7.30 Exercise. Prove that the complement of a dense open subset of R is nowhere dense in R. 


3.7.31 Exercise. Let f : R — R be a strictly increasing continuous function. Show that f maps 
nowhere dense sets to nowhere dense sets; that is, 


F(E) -i(f(zyzeE) 
is nowhere dense if E is nowhere dense. 


3.7.32 Exercise. Show that the union of any number of sets each of which is dense-in-itself is 
dense-in-itself. 


3.7. ADDITIONAL EXERCISES ON CHAPTER 3. 155 
3.7.33 Exercise. Is the intersection of a finite or denumerable number of sets each of which is 
dense-in-itself always dense-in-itself? 

3.7.34 Exercise. Give an example of a set which is neither nowhere dense nor everywhere dense. 


3.7.35 Exercise. Let F be a closed nonempty subset of R. Assume that F = UX} Fn, where each 
F» is a closed set. Then there exists n € N such that F, has a nonempty interior relatively to F. 


3.7.36 Exercise. 


1. Every interval is the union of an increasing sequence of closed intervals. 
2. The union of an increasing sequence of intervals is an interval. 
3.7.37 Exercise. How would you extend the operation x — —z from R > RU {00,00}? Why? 


3.7.38 Exercise. Let f : R — R be increasing, i.e., z < y > f(x) € f(y). Fix a real number a. Let 
A= (x € R;a € f(x)}. Suppose A is nonempty. Prove A is an interval. (Hint: f need not be onto.) 


3.7.39 Exercise. Show that N contains infinitely many pairwise disjoint infinite subsets. 


3.7.40 Exercise. The boundary of a subset S$ of R is the set § N SC. Show that the boundary of 
a closed set is nowhere dense. 


3.7.41 Exercise. A subset of R is called clairsemé if it has no nonempty dense-in-itself subset. 
Show that every set is the union of a dense-in-itself set and a set which is clairsemé. 


3.7.42 Exercise. Prove that any infinite set can be written as the countably infinite union of 
pairwise disjoint infinite subsets. 


3.7.43 Exercise. Give an example of an infinite closed set in IR containing only irrationals. Is there 
an open set consisting entirely of irrationals? 


3.7.44 Exercise. Give an example of a function f : [0,1] — R for which f([0,1]) is a countably 
infinite union of disjoint intervals. 


3.7.45 Exercise. 
1. Prove that, if E(C) is the set of all condensation points of E, then EX E(C) is countable. 


2. Prove that E(C) is a closed set, and a perfect set. 
3. Every uncountable set has a condensation point. 
4. Every closed set can be written as the union of a perfect set and a countable set. 


3.7.46 Exercise. (Lord Rayleigh). Let a and 8 be two positive irrational numbers such that 
1/a+1/6 = 1. Consider the sets 


A = {[na];n € N} and B = ([nB] : n € N}. 
Prove that AN B = {0} and AU B =N. 


3.7.47 Exercise. Show that the set A = (m + no; m,n € Z and o is irrational} is dense in R. 
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3.7.48 Exercise. Call a set A C R residual if its complement is dense, and call it nowhere 
dense if its closure has empty interior. Example: every finite subset {£1, £2, ..., &n } is residual, and 
nowhere dense. 


1. A nowhere dense set is a residual set. 

2. A is nowhere dense if and only if A C [mi 

3. The union of a residual and a nowhere dense set is a residual set. 
4. The boundary of a closed (or open) set is nowhere dense. 

5. For any set A, both AN AC and AN AC are residual. 

6. The boundary of any set is the union of two residual sets. 


3.7.49 Exercise. An open set U C R is called regular open set if U = (U)°; a closed set A C R is 
called regular closed if A = (A)°. Example: any open interval and any closed interval is regular. 
But (a, b) U (b, c) is not regular open and [1, 2] U {3} is not regular closed. Prove that: 


1. If A is closed, then A? is a regular open set. 

2. If A is open, then A is a regular closed set. 

3. The complement of a regular open (closed) set is a regular closed (open) set. 
4. If U,V are regular open sets, then U C V iff U C V. 

5. If A, B are regular closed sets, then A C B iff A? C B°. 

6. If A, B are regular closed sets, so also is AU B. 

7. If A, B are regular open sets, so also is AN B. 


3.7.50 Exercise. Let A be a nonempty subset of the real line, B the set of points x € A such that 
there is an interval (x,y) with y > x which has an empty intersection with A. Show that B is at 
most denumerable (prove that B is equipotent with a set of open intervals, no two of which have 
common points). 


3.7.51 Exercise. Show that each of the following is equivalent to the statement that A is nowhere 
dense in R: 


1. A contains no nonempty open set. 


2. Each nonempty open set in R contains a nonempty open subset that is disjoint from A. 


3. Each nonempty open set in IR contains an open ball that is disjoint from A. 


3.7.52 Exercise. If A is nowhere dense in R, and if G is a nonempty open set in R, prove that A 
is nowhere dense in G. 


3.7.53 Exercise. Is there a dense, open set in IR with uncountable complement? Explain. 
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3.7.54 Exercise. If E and F are subsets of R, define the distance ô from E to F by 6(E,F) = 
inf{d(x, F);z € E). Show that 6(£, F) = 6(F, E). 
(For A C R, define ó(z, A) = inf{|x — a; z € A}.) 


3.7.55 Exercise. Show that diam(EU F) € diamE + diamF + 6(E, F). Give an example in which 
strict inequality holds. 
(For A C R, define diam(A) = sup(|a — b|; a,b € A}.) 


3.7.56 Exercise. Prove or disprove: 

1. Every bounded infinite set of real numbers has an accumulation point. 

2. Every infinite, countable set of real numbers has an accumulation point. 

3. Every uncountable set of real numbers has an accumulation point. 

4. Every nonempty open set of real numbers has an accumulation point. 

5. Every nonempty closed set of real numbers has an accumulation point. 
3.7.57 Exercise. Give an example of a nested sequence of bounded sets with empty intersection. 
3.7.58 Exercise. Give an example of a nested sequence of closed sets with empty intersection. 


3.7.59 Exercise. Let E be an uncountable set (bounded or not). Show that E has a point of 
accumulation. 


3.7.60 Exercise. Let E be a closed set. Show that E is compact if and only if every infinite subset 
of E has at least one point of accumulation. 


3.7.61 Exercise. Define what is meant by an interior point of a set and by an open set. Give 
examples of each of the following or else prove that such a set cannot exist. 


1. A nonempty bounded, open set that is denumerable. 
2. A nonempty bounded, closed set that is denumerable. 


A nonempty bounded, open set with no accumulation points. 


ed 


A nonempty bounded, closed set with no accumulation points. 
5. Two sets A and B that are not open and yet AU B is open. 
6. Two sets A and B that are not open and yet AN B is open. 


3.7.62 Exercise. Let E be a bounded, nonempty open set. Show that sup E and inf E are points 
of accumulation of E neither of which belongs to E. 


3.7.63 Exercise. For any set S we let S" denote the set of its accumulation points. Give an example 
that illustrates how each of the following can occur: 


1. S' — (jJ. 


2. S' contains just one point. 
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3. S’ contains exactly two points. 

4. S' is countably infinite. 

5. S' is uncountable. 

6. S' is nonempty but S” = @. 

7. S’ is nonempty but S" = S. 

8. S' is nonempty but S = S’= S" =... = S(, 


3.7.64 Exercise. A set E is said to be dense in R if E — R. 
1. Find a set so that E and R \ E are both dense. 
2. Find a countable dense set. 


. Find an uncountable dense set. 


AeA CS 


. Show that E is dense if and only if EN I 49 ; for every open interval I. 


on 


. Show that the intersection of two dense sets need not be dense. 
6. Show that the intersection of two dense open sets is dense. 
7. Show that the union of two dense sets is dense. 


3.7.65 Exercise. Represent [0,1] as the sum of c perfect sets which are pairwise disjoint. Hint: Let 
C be the Cantor set. Then [0,1] = U;c(o,1xC. 


3.7.66 Exercise. Give an example of a set E (other than 0; and R) that has the following property 
or else show that such a set cannot exist: 


1. E has infinitely many points but no interior points. 

2. E has infinitely many points but no points of accumulation. 

3. E is open and unbounded. 

4. E is closed and unbounded. 

E has infinitely many points of accumulation but no interior points. 
. E is open but has no points of accumulation. 

. E is closed but has no points of accumulation. 


. E is compact and has no interior points. 


. E, E' and E" are different. 

10. E is countable and E’ = {0,1}. 
11. E is countable and E’ = [0, 1]. 

12. E is countable and E' — (0, 1). 
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3.7.67 Exercise. Can a perfect set be enumerable? isolated? consist of boundary points only? 
Give your reason in each case and illustrate your answer. 


3.7.68 Exercise. If the derived set E’ is enumerable, could one exhaust E by the continued seper- 
ation of isolated subsets? Illustrate your conclusion. 


3.7.69 Exercise. In case a set E is dense in itself but not closed, show that E' cannot be enumerable 
but must have the cardinal number of the continuum. 


3.7.70 Exercise. Could a closed set be enumerable? have a complementary set having the cardinal 
the cardinal number of the continuum. Illustrate your conclusion. 


3.7.71 Exercise. Can a set of first species be everywhere dense in a given interval? 


3.7.72 Exercise. Do the irrational points form a closed set? an open set? What points are the 
boundary points of the set? Does it have a closed subset? Does it contain points of condensation? 
Justify. 


3.7.73 Exercise. Is the union of finite number of discrete sets necessarily discrete? Can such a 
union be everywhere dense in a given interval? Illustrate. 


3.7.74 Exercise. If S C R is a nonempty bounded set, and I, = [inf S, sup S], show that S C Is. 
Moreover, if J is any closed bounded interval containing S, show that Is C J. 


3.7.75 Exercise. A point a in a set E C R is said to be semi-isolated if there exists a number 
€ > 0 such that at least one of the intervals (a — e, a) and (a, a + €) does not contain points of E. 
Prove that the set of semi-isolated points of any set E C IR is at most countable. 


3.7.76 Exercise. Let G be an open subset of R that is unbounded above. Does there exist a 
positive number zo such that the set G contains infinitely many points of the form mao(n € N)? 


3.7.77 Exercise. Let {Gn} be a sequence of open subset of IR that are unbounded above. Prove 
that there is a number zo > 0 such that each of the sets G, contains infinitely many points of the 
form mao (m € N). 


3.7.78 Exercise. Prove that a nonempty open interval cannot be represented as the union of a 
sequence of disjoint closed sets. 


3.7.79 Exercise. Prove that the set of irrational numbers is not the union of a sequence of closed 
sets. 


3.7.80 Exercise. Prove that there exists a closed set containing only irrational numbers. Hint: Enu- 
merate the rationals in [0,1] by (r1, r2, r3, ..., ri, ....) and consider the intervals E; = (ri — is ri + i) 
then E = UJ, Ej is an open set and F = [0, 1] V E is a closed set containing no rational numbers. 
'The sum of the lengths of all intervals in E is 


AD- 
2 FTS 


Since the interval [0,1] has length 1, there must be quite few points in F containing no intervals. 


3.7.81 Exercise. Define an equivalence relation on the circle S! = {z € C; |z| = 1} by taking z ~ w 
if z/w = e?"®, where 0 € Q. Prove that the set of limit points of any equivalence class coincides 
with $1. 
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Chapter 4 


Real-valued Functions on Subsets 
of R 


The essential quality of a proof is to compel belief. 
- Pierre de Fermat 


4.1 Real-valued functions 


4.1.1 Definition. A real-valued function is a function whose domain is a subset of R and whose 
co-domain is R. 


4.1.2 Definition. (Monotone functions) Let X C R. A function f : X > R is called 
1. increasing if x > y > f(x) > f(y), 
2. strictly increasing if x > y > f(x) > f(y), 
3. decreasing if x > y > f(x) € f(y), 
4. strictly decreasing if x > y > f(x) < f(y), for all z,y € X. 


f is called monotone if f is either increasing or decreasing and f is called strictly monotone if 
f is either strictly increasing or strictly decreasing. 


4.1.3 Note. 


1. The sum of two monotonic functions need not be a monotonic function. Let f(x) = x, g(x) = 
—x?,x > 0. Then f +g is neither increasing nor decreasing on [0, oo). So, the set of monotonic 
functions does not form a vector space. 


2. The product of two monotonic functions need not be a monotonic function. Indeed, consider 


f.g: R — R defined by f(t) = t, g(t) = signt. Then (fg)(t) = |t|, which is not monotonic on 
R. 
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4.2 Periodic functions 


4.2.1 Definition. Symmetric: The set X C R is said to be symmetric (to the origin) if for every 
point x € X > —z € X. (Notice that for « Z 0 the points x and —x are symmetric to the origin.) 
Suppose that A, B C R and f : A — B and A is symmetric. Then f is an even function if for 
every x € A > f(—z) = f(x) and f is an odd function if for every x € A > f(—-x) = — f(x). 
Geometrically, the graph of an even function is symmetric to the y-axis, while the graph of an odd 
function is symmetric to the origin. 

A function f : R —> R is said to be periodic on R if there exists a number p > 0 such that 
f(x--p)- f(x) V x € R. In other words, a number p Æ 0 is called the period of the function 
f : A 5 B the points x + p and x — p are also in A and f(x + p) = f(x). The smallest positive 
period, if it exists, is called the basic period or fundamental period of the function f. Clearly, 
if we know the basic period p of a function, then it is enough to draw its graph on any set X C A 
of the length p. 


Every real-valued function f defined on a bounded interval [a, b] can be extended to a periodic 
function f defined on R provided that f(a) = f(b). Indeed, its extension by periodicity is given by 


the formula 
7=4(2- E 6-2). ER. 
b—a 


1, ifr»0 
Signum function sign : R > R is defined by sign(r) 2 40, | ifr-0 
—], ifx <0. 


4.3 Convex functions 


4.3.1 Definition. A function f : I — R is called convex on 7, if V x,y € I, 

fO + (1— Ay) € Af(z) + (1 — AVF) (4.1) 
whenever 0 < A < 1. A function f : I > R is called strictly convex on J, if V x, y € I, 

fO + (0 — Ay) € AF(@) + (0 — ANF) 
whenever 0 « A < 1. 


4.3.2 Theorem. (Jensen's Inequality). If f : I — R is convex on J; then it satisfies Jensen's 
inequality: 


f D a] < 5 Ax f (zx); 
k=l k=l 


for any 21,...,2& € I and Ai, ...., Àn € [0, 1], with 355; 42s = 1. 


4.3.3 Theorem. (Three Chords Lemma). Let f : I — R. Then, f is convex on J if and only if, for 
any points a,b,c € I with a « b « c, we have 


f(b) — Fla) — f(c) - Fla) . f(c) — f(b) 


b—a z c—a = c—b 
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which is equivalent to saying that for any fixed zo € I the function 


f(x) — f(o) 


X — XO 


p(z) = Va E I\ {xo} 


is increasing. It follows from the identity a(b — c) + b(c — a) + c(a — b) =0 


4.4 Locally Bounded functions 


4.4.1 Definition. We say that a function f : I > R is locally bounded at z € J, if there exists 
a neighbourhood U = B(z,0,) I of x, in which f is bounded, and f is locally bounded on a set 
I, if f is locally bounded at each x € I. 


Can we conclude that f is bounded on the whole of the set 7? 


4.4.2 Example. The function f : (0,1] — R defined by f(x) = 1/2 is locally bounded at every 
0 « c € 1, but it is not bounded on (0,1). Since the statement 


<MVYte (0,1) 


cannot be true for any M. But this function is locally bounded at each point x here. Let x € (0, 1). 


Take 6, = 5 and M, = 2, 'Then 


if 5 =£ — ôs < t< £+ ôr. What is wrong here? What is there about this set E = (0,1) that does 
not allow the conclusion? The point 0 is a point of accumulation of (0,1) that does not belong to 
(0,1), and so there is no assumption that f is bounded at that point. We avoid this difficulty if we 
assume that E is closed. 


4.4.3 Example. The function f(x) = x is locally bounded at each point x in the set [0, oc) but is 
not bounded on the set [0, oo). It is clear that f cannot be bounded on [0, oo) since the statement 


f(t) =t< MVt€ (0,00) 


cannot be true for any M. But this function is locally bounded at each point x here. Let x € [0, oc). 
Take 6, = 1 and M, = x + 1. Then 


fi) =t<2+1=M, 


ifa—1<t<a+1. What is wrong here? What is there about this set E = [0,00) that does 
not allow the conclusion? This set is closed and so contains all of its accumulation points so that 
the difficulty we saw in the preceding example does not arise. The difficulty is that the set is too 
big, allowing larger and larger bounds as we move to the right. We could avoid this difficulty if we 
assume that E is bounded. 


Thus a function f is locally bounded at each point of a closed and bounded set E. Then f is 
bounded on the whole of the set E. 
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4.5 Locally Open, Closed, and Locally Increasing functions 


4.5.1 Definition. We say that a function f : I — R is locally open at x € J, if there exists a 
neighbourhood U = B(xz,0,) NJ of x, such that f|u is open, and f is locally open on a set J, if f 
is locally open at each x € I. 


4.5.2 Definition. We say that a function f : I — R is locally closed at x € J, if there exists a 
neighborhood U = B(x, 6,) MI of x, such that fly is closed, and f is locally closed on a set J, if 
f is locally closed at each x € I. 


4.5.3 Definition. A function f : R — R is said to be locally increasing or increasing at a point 
Xo, if there is a ô > 0 so that 


f(x) < f(xo) < f(y) 


whenever 
39—Ó0 «mz < to «y «€ To +ð. 


4.6 Problems and Solutions on Chapter 4 


Warning! Never Never Ever read this solution unless you tried problems quite long time and gave 
up. Doing so may impair your ability to think and solve problems. 


4.6.1 Problem. Let f be a real-valued function defined for every x € [0,1]. Suppose there is a 
positive number M having the following property: for every choice of a finite number of points 
21,22, ..., 24 € [0,1] in the interval, the sum 


fé) + -+ f(@n)| X M. 
Let S be the set of those x in 0 € x € 1 for which f(x) Z 0. Prove that S$ is countable. 


4.6.1.1 Solution. It is clear that |f(x)| € M, for all x € [0,1]. We have to show that the set 
(2;0 < |f(z)| € M) 2 S is countable. Now 


Sz] {we [0, 1; -M < f(x) < -Thufee (0, 1j; o < f(a) <m} 


n=2 


and the set St = {a € [0,1]; “4 < f(x) < M} contains at most n — 1 elements. For, if it contains n 
elements 21,22, ..,0n € [0,1], then >, f(ai) > M which contradicts our assumption. Hence S% is 
a finite set, similarly S; is also a finite set. Thus S = ZL, [S U S7] is a countable union of finite 
sets and hence S is countable. 


4.6.2 Problem. Suppose that f and g are real-valued functions with common domain D C R, and 
assume that f and g are bounded. 


1. lf f(x) € g(x) V x € D, then 


sup f = sup f(D) < sup g(D) = sup g. 
rcD zcD 


2. lf f(x) € g(x) V x € D, then there may have no relation between sup,c p f(D) and infzep g(D). 
Give example. 
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3. If f(x) € g(y) V z, y € D, then 


S D) < inf g(D). 
stp fl Sant ot ) 


4.6.2.1 Solution. 
1. Since f(x) € g(x) € sup,epg(D), ie. supzepg(D) is an upper bound for f(D), hence 
supzep f(D) € supzep g(D). 


2. Let f(x) = x? and g(x) = x with D = {2;0 € x € 1}, then f(z) € g(x) V x € D. However, we 
see that sup(D) = 1 and inf g(D) = 0. Since sup g(D) = 1, the conclusion of (1) holds. 


3. If possible, let p = supzep f(D) > infjepg(D) = q and 0 < € < (p — q), then 3 x1,y1 € D 
such that f(x1) > p—e and f(yi) < q+e, but f(zi) —f(y1) > p—q—2e > e > 0 implies f (z1) > 
f(yı), a contradiction. (Note that the functions in (2) do not satisfy this hypothesis.) 


4.6.3 Problem. The non-empty functions f, g have same domain D. 


1. Prove that if f, g are bounded above, then f + g is bounded above and 
sup( f 4- g) € sup f 4- sup g. 

2. Prove also that if f is bounded below and g, f + g are bounded above, then 
inf f +supg € sup(f + 9). 

3. And we get a chain 


inf f +supg 


inf f +infg € inf(f +g) € ey 


\ Ssw + g) < sup f + supo: 


4.6.3.1 Solution. 
1. f and g are bounded above implies sup f and sup g exists, then 
sup f > f(x) V x € D and 
supg 2 g(y)Vy € D 
in particular, sup f + supg > f(x) + g(a) Vre D 
= sup f --supg > (f  g)(x) Y x € D. 


Thus, sup f + supg is an upper bound of {(f + g)(x); x € D). Hence 
sup f + supg > sup(f + g). 


2. Since f is bounded below and g, f +g are bounded above, so, inf f, sup g and sup( f +g) exists. 


'Thus 
sup(f +9) 2 (f - g)(zx) V x € D. 
> f(x) + g(z) 2 inf f + g(z) 
Thus, sup(f +g) — inf f > g(a) V x € D. 
=> sup( f + g) — inf f is an upper bound of {g(a); x € D] 
— sup(f + g) — inf f > supg 
— sup( f +g) > inf f + sup g. 
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3. Proof is similar to the above. 


4.6.4 Problem. Prove that if f : R— R is bounded, then 
sup f(x) — inf f(x) = sup{| f(x) — f(y); v.v € R} 
zcR zcmR 


4.6.4.1 Solution. Let S = {|f(x) — f(y);zx,y € R} and M = supper f(z) and m = infzer f(x), 
then f(z) < M, Vx € R and m € f(y), Vy € R. Thus |f(z) — f(y)| < M — m Y z,y € R, and so 
M — m is an upper bound for the set S. That is, 


supS<M—m (4.2) 


Let e > 0, then 4 21, y1 € R such that 


f(t1) > M - 5 and f(y) «m^ 7 
> f(z1)- f(y) » M-m-e 
—f(zi)-f(u)»M-m-.. 


Hence M — m — sup S. 


4.6.5 Problem. Prove that if f : R — R is bounded, then 


sup |f| — inf |f| € sup f — inf f. 
Give an example where equality does not hold. 


4.6.5.1 Solution. Use the inequality ||f(z)| — |f(y)|| € 
Example: Let f : R — R defined by 


f(x) — f(y)| and proceed as above. 


T, if0<a<1 
2—z, ifl<a<4 
f(z) = 
r—6, if4<a2<6 
0, otherwise. 
So, 
c, ifücrczl1 
2—z, ifl<a<2 
|f(z)-4z-2, if2<a<4 
6—z, if4<ar<6 
0, otherwise. 
Here M = supper f(z) = 1 and m = infser f(z) = —2. P = sup,eg|f(z) = 2 and p = 


inf;ieg |f (x)| 20. Thus P- p=2<3= M — m. 


4.6.6 Problem. Let us recall that a real-valued function f defined on an open interval I is in- 
creasing at a point a € I if there is 6 > 0 such that (a — ôa + ô) C I and f(x) < f(a) < f(y) 
whenever a —ó «xz «a«y « a- 6. Let f be increasing at each point of an open interval J C R. 
Show that f is increasing on J. 
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4.6.6.1 Solution. Let a,b € I such that a « b. We need to show that f(a) < f(b). To this 
end let M = {x € I;a < x € b, f(a) < f(x)}. This set is nonempty since f is increasing at 
a. We want to show that b € M. First, we show that sup M = b. If supM < b, then, as f is 
increasing in sup M, there is 6 > 0 such that (sup M —ó,sup M + ô) C (a,b) and f(x) < f(sup M) < 
f(y) V supM —ó < x < supM < y < sup M +ô. From the definition of sup M, there is x € M 
such that sup M — ô < x < sup M. Since x € M, we have f(a) < f(x), hence f(a) < f(y) for all 
y € (sup M,sup M + ô). This is a contradiction with the definition of sup M, so sup M = b. 

We will now show that b € M. Since f is increasing at b, there is a ó' > 0 such that (b—0',b4-0) C T 
and f(x) < f(b) < f(y) whenever b — ó' « x « b « y « b+. From the definition of sup M(— b), 
we get that there is x € (b — 0’, b] such that f(a) < f(x), hence x € M. If x = b, then we are done. 
If x Æ b, then f(x) « f(b) and f(x) > f(a), giving together f(a) < f(b). Thus b € M. 


4.6.7 Problem. (Schur inequality for increasing functions) Consider I C [0,00) an interval, 
a,b,c € I, and f a positive and increasing function defined on J. Show that 


f(a)(a — b)(a — c) + f(b)(b — a)(b — c) + f(c)(e — a)(c — b) 2 0. 
4.6.7.1 Solution. Without loss of generality, we assume that a < b € c. Then 
fla) € f(b) € fl) 
andb—a < c— a > (b— a)(c — b) € (c — a)(c— b). 
= f(b)(b-— a)(c— b) € f(e)(c— a)(c — b). 
>0< f(b)(b— a)(b— c) + f(c)(c — a)(c — b). 


Again, we get f(a)(a — b)(a — c) 2 0. Hence, by addition the result follows. 


4.6.8 Problem. Suppose that f : A —> R and c is an accumulation point of A. If lim, ,. f(z) exists, 
then f is locally bounded at c. 


4.6.8.1 Solution. Let lim, ,. f(x) = L. Taking e = 1 in the definition of the limit, we get that there 
exists a ô > 0 such that 0 < |r — c| < 6 and x € A implies that |f(x) — L| < 1. Let U = (c — ô, c + 6). 
If x € ANU and z Æ c, then |f(z)] € |f(z) — L| + |L| < 14 |L|, so f is bounded on ANU. (If 
c € A, then |f| € max(1 + |L|,|f(c)|]g on ANU.) As for sequences, boundedness is a necessary but 
not sufficient condition for the existence of a limit. 


4.6.1 Example. 
1. The limit lim; ,o +, doesn't exist because the function f : R \ (0) + R given by f(x) = 4 is 
not locally bounded at 0. 


2. The function f : RV (0) —> R defined by f(x) = sin (4) is bounded, but lim, ,o f(x) doesn't 


T 
exist. 


4.6.9 Problem. Let f : [a,b] > R, be such that for every x € [a,b] d 0; > 0 such that f is bounded 
on N (z,0,). Prove that f is bounded on |a, b]. 


4.6.9.1 Solution. Let 


A = (N(r,6,); x € [a,b] such thatf is bounded on N(z,9,)]. 
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We see that A is an open cover of [a, b]. Since [a, b] is compact, so by Heine-Borel theorem Ẹ 21, £2, .., En 
such that 


[a,b] € U N (25,05, ). 


Now, let |f(a)| € M; for all x € N(a;,6,,) and let maxj<j<n{Mi} = M, then |f(x)| € M for all 
x € [a,b]. Thus f is bounded. 


4.6.9.2 Solution. Suppose that f is not bounded in [a,b]. So, for each n € N d zn € [a,b 
such that f(a) > n, thus (£n) is a bounded sequence in [a,b], hence there exists a convergent 
subsequence (r4,) of (£n). Suppose, (£n,) converges to c € [a,b], then 3 e > 0 such that f is 
bounded in N(c;e) C [a,b]. Suppose that for some M > 0, |f(z)| € M for all x € N(c;e). Since 
(nx) is increasing 3 nj > M. And N(c;e) contains a tail Eng, 24, 2n,,5,.-. Of (Enp) > Tn, € 
(c—e,c +€) V k > r = max{p,q} ie. £n, € N(c;e) > f(z4,) > nr 2 n, > M, a contradiction. 


4.6.10 Problem. Suppose that a function f is locally bounded at each point of a closed and 
bounded set E. Then f is bounded on the whole of the set E. 


4.6.10.1 Solution. 1. If f is not bounded on E there must be a sequence of points (xn) chosen 
from E so that |f (£n)| > n V n. If such a sequence could not be chosen, then at some stage, N say, 
there are no more points with |f(xw)| > N and N is an upper bound. By compactness there is a 
convergent subsequence (r,,) converging to a point z € E. By the local boundedness assumption 
there is an open interval (z — 6,z + ô) and a number M; so that |f(t)| < M, whenever t € E and 
inside that interval. But for all sufficiently large values of k, the point £n, must belong to the 
interval (z — ô, z + ô). The two statements 


f(an,) > ni and f(an,) € M; 
cannot both be true for all large k and so we have reached a contradiction, proving the statement. 


4.6.10.2 Solution. 2. Suppose that f is not bounded on E. Since E is bounded we may assume 
that E is contained in some interval [a,b]. Divide that interval in half, forming two subintervals of 
the same length, namely (b — a)/2. At least one of these intervals contains points of E and f is 
unbounded on that interval. Call it [a1,01]. Now do the same to the interval [a1, 01]. Divide that 
interval in half, forming two subintervals of the same length, namely (b — a)/4. At least one of these 
intervals contains points of E and f is unbounded on that interval. Call it [a2, be]. Continue this 
process inductively, producing a descending sequence of intervals ([@n, bn]) so that the n-th interval 
lan, bn] has length (b — a)/2", contains points of E, and f is unbounded on E n [ay,b,]. By the 
Cantor intersection property there is a single point z € E contained in all of these intervals. But 
by our local boundedness assumption there is an interval (z — c, z + c) so that f is bounded on the 
points of E in that interval. For any large enough value of n, though, the interval [an, bn] would 
be contained inside the interval (z — c, z +c). This would be impossible and so we have reached a 
contradiction, proving the statement. 


4.6.11 Problem. Prove that a function f is locally bounded on a compact interval [a, b]. 


4.6.11.1 Solution. Let S = {a < x € b; f is bounded on [a, x]) . Using these following steps, con- 
struct a proof of the result on local boundedness: 


1. Show that S 4 @. 
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2. Show that if z = sup S, then a < z < b. 
3. Show that z € S. 
4. Show that z — b by showing that z « b is impossible. 


4.6.12 Problem. Prove that, no periodic function (unless it is a constant) can be a rational function. 


4.6.12.1 Solution. Let f(x) = pl, (q(0) Z 0), where p and q are polynomials, and that f(x) = 
f(x +w) for all values of x. Let f(0) = a, then the equation of the n-th degree p(x) — aq(x) = 0 is 
satisfied by the n + 1 values of z, viz 0, w, 2w, ..,nw. Hence by the fundamental theorem of algebra, 


f(x) must be identically equal to a for all values of x. 


4.6.13 Problem. Consider the function f(x) = (ax +b)/(cx + d); where ad — bc 4 0: Show directly 
that f is strictly increasing (resp., strictly decreasing) if ad — bc > 0 (resp., ad — bc < 0) and find 
sup( f) and inf(f) in each case. 


4.6.13.1 Solution. Hint: First look at the case where c = 0 : Next, assume that c z 0 and reduce 
to the case where f(x) = o + 8/(cx + d) for some a and £. 


4.6.14 Problem. Give an example of a one-to-one function f : (0,00) > R that is not monotone. 


4.6.14.1 Solution. Consider the function f : (0,00) — R defined by 


a if0<a<1 
f(t) =<38-a, ifl<a<2 
x ifr > 2. 


4.6.15 Problem. For any real-valued function f, the following relation holds: 
E 1 
(este) > 8 - faser- i, 
n 


4.6.15.1 Solution. Suppose z is such that f(x) > k. Then, for every positive n, f(x) > k— +. On 
the other hand, if f(x) > k — 4 for every n, then f(x) > k. 


4.6.16 Problem. Let I be a nondegenerate interval and let f : J — R be an injective function with 
intermediate value property. Then, f is strictly monotone. 


4.6.16.1 Solution. Suppose that f is not strictly monotone. Then, there exist a,b,c € I such that 
a « b « c and f(b) is not between f(a) and f(c). In other words, one of the following cases may 
occur: 


1. f(b) < fla) < fle) 
2. f(a) < f(c) < f(b) 
3. f(b) < f(c) < fla) 
4. f(c) < f(a) < f(b). 


170 CHAPTER 4. REAL-VALUED FUNCTIONS ON SUBSETS OF R 


Suppose the case (1) and let A = f(a). Since f has the intermediate value property, there exists 
a € (b,c) such that A = f(a). Since a Z a, this fact contradicts the injectivity of f. The other cases 
treat similarly. 


4.6.17 Problem. 
1. Give an example of two functions f,g : R — R such that f Z g, but such that fog=gof. 
2. Give an example of three functions f,g, h : IR — R such that f o(g 4- h) Z f og-- f oh. 


4.6.17.1 Solution. 
1. Let f(x) = 2z, g(x) = 3x. 


2. Let f(x) = x°, glx) ew; haya 


4.6.18 Problem. Give an example of a function f : [0,1] — [0,1] such that f is bijective but not 
monotone. Can you find a monotone and injective function that is not surjective? Or monotone and 
surjective but not injective? 


4.6.18.1 Solution. 


1, ifx=0 
e Consider f(r) 24 z, if0<r<1. 
0, ifr-l 


e Consider f(x) = (x +3), for0 € x € 1. 


x, ifücrzi 
e Consider f(x) = ¢ 4, ifl«zr«cl. 
Ba+l pl 
2 ww dg 


4.6.19 Problem. Check whether the following functions are periodic; if yes, find their basic periods 


T, if any. 
1. f(z) 2 sin?P;z Vx € R 
2. f(z) 2sina2Vz cR 
3. f(x) =sin|z| Vr € R 
4. f(x) 2|sinz| Yz ER 
5. f(z) 2x—|x| Vx €R 


4.6.19.1 Solution. 


1. sin? x = $(1—cos2z), V x € R. So, the function g(x) = cos2z, is periodic with the basic 
period 27/2 = m. Hence, the function f is also periodic with the basic period r. 
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c om A C 


. The zeros of the function f are of the form +Vka V k € N. Let us show that the distance 


between the zeros of f tends to zero as k — oo, 


lim 4/(k 4 Da — Vm = 1i 7 =0 
ee 7 7 pce VE D) + v ER 


'This implies that the function f is not periodic. 


. not periodic. 
. periodic with basic priod 7. 
. periodic with basic period 1. 


. Let us prove first that every rational number r is a period of the function D. Namely, since 


the sum of two rational numbers is again rational, it follows that D(x +r) = 1 = D(x) for 
every rational number x, while the sum of a rational and an irrational number is an irrational 
number. Hence D(x +r) = 0 = D(x) for every irrational number x. Thus we proved that 
every rational number r is the period of 9. However, since there does not exist a smallest 
positive rational number, it follows that the Dirichlet function has no basic period. (Let us 
add that no irrational number is the period of ®—check that!) 


4.6.20 Problem. Consider the function f : R — R, defined by 


o 4 C N 


0 
f(r)241, ifr= 
i 
q 


. Find f(n) each integer n. 

. Find the three solutions to the equation f(x) — 1/3. 

. Find the solutions to the equation f(x) = 1/7 that lie in (3, 4). 

. Prove that the set of all solutions to the equation f(x) — 1/5 is countably infinite. 
. Let (a,b) C R, and e > 0. Prove that E = (x € (a,b): f(x) > e} is a finite set. 


4.6.20.1 Solution. 


1. 


a oR w y 


f(n) =1VneZ. 


. {1/5, 2/5, 3/5, 4/5} + Z which is countably infinite. 
. Let e > 0. Then 3 N € N such that 1/N < e. Let M = min{n € N;ne > 1}, then 1/N < 


1/M « e, so the set 


Ur aa NO 


Thus the set of rationals whose denominator is less than 1/(M — 1),1/(M —2),1/(M — 3), ... 
are all greater than e, and they are finite in number. 
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4.6.2 Note. For the above function ran(f) = {0, 1, i. i ya i m and for a fixed prime p € N, we 
have 


pu G) =2+ {3,2 2, 
P pp p 


4.6.21 Problem. Decide whether the following statements are true or false (justify). Suppose that 
hg:RoR. 


1. If f is odd, then |f| is odd. 

2. For any function f, the function «+ ${f(x) + f(—«)} is even. 

3. If f is monotone, it is not even. 

4. If f is periodic, it is not monotone. 

5. If f is one-to-one, it is not even. 

6. If f is one-to-one, it is not periodic. 

7. If g is periodic, then for any function f, the function f o g is periodic. 

8. If f and f o g are periodic, then g is either periodic or is a polynomial of degree 1. 
9. If f is periodic and g is a polynomial of degree 1, then f o g is periodic. 


4.6.21.1 Solution. 
1. False. Consider f(a) = x, then |f|(a) = |z| is not odd. 


2. Suppose g(—x) = ${f(—2x) + f(z)) = g(x) which is even. 


3. False. Now f is even implies f(x) = f(—x) Va € R= f is not monotone. 


4. False. f is periodic implies d p € R such that f(a +p) = f(r)V x € R= f is not monotone. 


5. False. Let f be one-one, so f(x) = f(—x) V x € R > x = —z > x = 0, which is impossible. 


6. False. Let f be periodic, so f(x +p) = f(x) V x € R= f is not one-one. 


7. Now, let g be periodic then 3 p € R such that g(x + p) = g(x) V x € R, and for any function 
f, (fo g)(z + p) = f(g(x + p)) = f(g(z)) = (f o g)(x) implies f o g is periodic. 


8. Suppose that f has a period p and f og has a period q. 
(f o g)(x +4) = (f o g)(z) 


—f(g(x + a)) = f(g(x)) 
—g(x +q) — g(x) = kp, k € Z. 


Now, k = 0 implies g(x + q) = g(x) i.e. g is periodic or g(x + q) — g(x) is a non-zero constant 
which shows that g is linear. 
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9. Suppose that f has a period p and g(x) = ax + b. Then 
(f og)(z p) = f(a(x +p) +b) 
= f(ap + (ax + b)) 
flap + g(x)) = f(g(a)) ifa € Z 


4.6.22 Problem. If f,g : R — R are odd and even respectively, then decide whether the following 
functions are odd, even or neither (justify). 


f+g9, fo, fog, fg, f ogof. 
4.6.22.1 Solution. 
1. Neither; (f + g)(-z) = f(—z) + g(-z) = — f(x) + g(x) = (-f + 9)() 
2. Odd; (fg)(—2) = f(-2)g(—-2) = -(fg)(z). 
3. Even; (fo g)(—2) = f(g(—2)) = f(g(x)) = (f o g)(z) 
4. Odd; (f/g)(-2) = f(-2)/g(-x) = —f(x)/g(z) = -(f/9)(2). 


5. Odd; (f ego f)(-x) = f o (g(f(-x)) = f(s(-f(x)) = f(-90()) = f(-90()) = 

-(fogo f)(x). 

4.6.23 Problem. If f is odd and g is a function with dom(g) =ran(f) such that go f is odd. Prove 
that g is odd. 


4.6.23.1 Solution. Let r € dom(g). then d y € dom(f) such that f(y) = x. Hence —y € dom(f) 
and f(—y) = —f(y), so that —x = —f(y) = f(—y) € ran(f) = dom(g). Further, 


g(—x) = g(f(-v)) = (go f)(-v) = -(90 f)(v)) = —a(f(v)) = —g(x). 


4.6.24 Problem. Give an example of 1-1 function and odd which is not monotone. 


4.6.24.1 Solution. Consider the function f : [—a,a] — R defined by 


a, ifr —-—a 
f(r)—-4z, ifx € (-a,a), 


—a, ifv=a 


shows that a > —a > f(a) < f(—a). 


4.6.25 Problem. Let f : R — R and a € R* Prove that if f and g, where g(x) = f(x +a) are 
both even, then 2a is a period of f. 


4.6.25.1 Solution. Now, g(—z) = g(x) => f(—z +a) = f(x +a), now replacing x by x 4- a we get 
f(-x) = f(x 20) => f(x) = f(x + 2a). 


4.6.26 Problem. Prove that if f is periodic with period A, then |f| is periodic with a period A. 


4.6.26.1 Solution. Here |f|(x + A) = |f(z 4- A)| = |f(z)| = |f|(z). 
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4.6.27 Problem. (IMO,1968) Let a > 0 be a real number and f(x) a real valued function satisfying 


fle +a)=5+Vi@)—~ PG). 


1. Prove that the function f is periodic. 


2. Give an example of such a non-constant function for a = 1. 


4.6.27.1 Solution. 


1. From the relation, 


we obtain 
(f(x) - PE) + (Fe +) - P(e +a) = 1. 
Subtracting the above relation for x + a in place of x we get 
f(x) — f^(z) = f(x + 2a) — f?(x + 2a), 
which implies 7 
(He+0)-3) - f - fo. 
Since f(x) > 1/2 holds for all x by the condition of the problem, we conclude that f(x +2a) = 
f (x). We see that the period of f is 2a. 
4.6.27.2 Solution. 


1. We expect the period to be related to a. Iterating the relation from the statement gives 


f(x -42a)- t y f(a +a) — f?(z +a) 


[b+ VIG PO) -1- VIR PG - UG) - fo) 


2 
1 1 1 
G-r) -3*[ro- 3] 
= f(x) or1- f(x). 
The defining relation shows that f(x) > $ for all x. Hence the above computation implies 


f(a + 2a) = f(x) for all x, which proves that f is periodic. 
or 


An alternative solution due to R. Stong that avoids the use of square roots. Rewrite and 
square to obtain f(x) — f?(x) + f(x +a) — f?(x +a) = 1/4. Replacing x by x + a in this 
formula gives f(x +a) — f?(x +a) + f(x + 2a) — f?(x + 2a) = 1/4. Subtracting gives 


O= f(x) — f? (£) — f(a + 2a) + f7 (a + 2a) 
= [f(x + 2a) — f(x)][1 — f(x) — f(x + 2a)]. 


Since the original defining equation gives f(x) > 1/2, the second factor is non-zero unless 
f(a+2a) = f(x) = 1/2. Either because both are 1/2 or by cancelling, we get f(a+2a) = f(z). 


Nl NMI Nie 
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2. An example of such a function is 


f(a) i if2n<a<2n+1 
quim 
1 if2n4+1l<a2<2n+2 


where n € Z. Another example is the constant function f(x) — 4 + ae 


4.6.28 Problem. Let f : R — R be a bounded function wsuch that 
1 1 13 


4.6.28.1 Solution. Define g : R > R, by g(x) = f(x + 1/6) — f(x). The condition gives that 
g(x + 1/7) = g(a). Therefore g(a + 1) = g(x). Now let h : R > R,h(z) = f(x 41) — f(x) = 
(x) + g(a + 1/6) +... + g(a + 5/6), then we also have that h(a + 1) = h(x). Thus we obtain 
( 
( 


Show that f is periodic. 


zx 4 k) = h(x) Vk €N. Since f(x +k) — f(x) = h(x) + h(x +1) +...+ h(x +k — 1), we obtain 
x+k)—f(x) = kh(x). And because f is bounded, kh(x) is bounded as well for all positive integers 
k, which is possible only if h is identically equal to zero. It follows that f(x +1) = f(x) for all x, so 
f is periodic with period 1. 


4.6.29 Problem. Let f : R— R be a function that satisfies 


1. f(z t y) + fæ- y) - 2f(z)f(y), Vay € R; 
2. there exists zo with f(xg)-— —1. 
Prove that f is periodic. 


4.6.29.1 Solution. (M. Martin) Substituting x = y = 0, we obtain f?(0) = f(0), so f(0) is equal 
to 0 or 1. If f(0) = 0, then let x = zo and y = 0, then we obtain 2f (xo) = 2/(xo)/(0) and f(0) 20 
implies —1 = f(zo)f(0) = f(xo).0 = 0, which cannot happen. Thus f(0) = 1. 

For x = y = zo, we obtain f(2xo) = 1. This suggests that 279 might be a period for f. Let us show 
that this is indeed the case. 

Replace x by x + 29 and y by x — 2x9 to obtain 


f (2x) + f(4zo) = 2f (x + 2x0) f(x — 2x0). 


Since f(2r) = 2/f?(x) — 1 and f(Avxo) = 2f2(2r%9) — 1 = 1, the above relation becomes f(x + 
2x9) f(a — 229) = f? (x). Similarly, for x arbitrary and y = 2x9, we obtain f(x --2x9) 4- f(x — 219) = 
2f (x).f(x — 2x9) = f(x + 229) = f(x), so f has period 2zo. 


4.6.30 Problem. (French Mathematical Olympiad, 1996) Let a,b be positive integers with a odd. 
Define the sequence (un) as follows: 


lu. if u, is even 


2 
uo = b Un+1 = , 
i Un +a otherwise. 


1. Show that u, € a for some n € N. 
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2. Show that the sequence (un) is periodic from some point onwards. 


4.6.30.1 Solution. 


1. Suppose un > a. If u, is even, then Un+1 = Un/2 < Un. If uy is odd, Unse = (Un + a)/2 < Un. 
Hence for each term greater than a, there is a smaller subsequent term. These form a decreasing 
subsequence, which must eventually terminate, and this happens only if un < a. 


2. We will show that infinitely many terms of the sequence are less than 2a. Suppose this is not 
true, and let um be the largest with this property. If um is even, then Um+1 = Um/2 < 2a. 
If um is odd, then u,,41 = Um +a is even; hence Um+2 = (Um + a)/2 < 3a/2 < 2a, which is 
again impossible. This shows that there are infinitely many terms less than 2a. An application 
of the pigeonhole principle with infinitely many pigeons shows that some term (un) repeats, 
leading to a periodic sequence. 


4.6.31 Problem. Let f : J — R be a function and c € I. If f is continuous at c, then f is locally 
bounded at c. 


4.6.31.1 Solution. Suppose f is continuous at c, then V € > 046 > 0 such that x € B(c;ó) > 
f(x) € B(f(c); e) which shows that f is locally bounded at c. 


4.6.32 Problem. Prove that, f is bounded implies f is locally bounded. The converse is false. 
Give an example. 


4.6.32.1 Solution. f(x) = x is locally bounded on R but not bounded. 


4.6.33 Problem. Let X,Y be non-empty sets and h : X x Y — R have bounded range in R. Let 
f:X Rand g:Y — R be defined by f(x) = sup[Ah(z, y); y € Y) and gly) = inffh(zx,y);z € X). 
Prove that 

supi(g(y); y € Y} € inf{ f(x); x € X}. 


4.6.33.1 Solution. Let sup, inf, h(z,y) = a and inf, sup, h(x, y) = 8. We prove that 6 > a. If 
possible, let a > 8 and a— =e > 0. Hence d zo € X such that sup, h(zo, y) < 6+ 5 and d yo € Y 
such that inf, h(x, yo) > o — §. In particular, 


€ 
h(xo, yo) < sup h(zo, y) < B nz 2 
y 


and e 
h(x, yo) > inf h(x, yo) >a- 2 
i.e., 
Qa — S < h(xo,yo) < B+ S = a — f < « (a contradiction). 
Hence a < f. 


4.6.34 Problem. Let X,Y be non-empty sets and let h : X x Y — R have a bounded range in R. 
Let f: X 2 R, g : Y — R be defined by 


f(x) = sup(h(z, y); y EY}; gly) = inf{h(a, y); x € X]. 


Prove that 
sup(g(y); y € Y) € inf(f(z);z € X} 
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sup,inf,h(z, y) € inf,sup,h(2, y); 
and 
sup,sup, (rz, y) = sup, supyh(z, y) = sup, h(x, y). 


4.6.34.1 Solution. Let sup,inf,h(r,y) = a and inf,sup,h(x,y) = 8 We prove that a < B. If 
possible, let a > 8. Suppose e = a — B > 0. 
Hence d zo € X and yo € Y such that 


supyh(zo, y) < B+ 2i and inf,h(x, yo) > & — S 


in particular, 


h(xo, yo) < supyh(xo, y) < B+ j and h(xo, yo) > infrh(x, yo) > a — 

ie a— $ < h(xo,yo) < 8+ 5 — a — B < e (a contradiction). 

Hence a < f. 

Another part: 

Let a = sup, ,h(z, y), 8 = sup,sup,h(z,y);7 = supysup, h(x, y). If possible, let a > 8. Suppose 
ce=a-— p > 0. Nowa > h(z,y V x € Xy € Y 2 a 2 h(z,y; V y € Y ^ o > sup,h(z,y). So 
d yo € Y,such that — € < sup,h(x, yo) < a = B — a < e, a contradiction.In a similar way a > f 
give rise to a contradiction. Hence a = p and also a = y implies a= 6 = y. 


4.6.35 Problem. Give an example of a function f : R — R such that the set {x € R; f(x) = 0} is 
neither open nor closed. 


4.6.35.1 Solution. Consider the function f : IR — R defined by 


0 ifzis rational 
f(x) = a bak as 
1 if x is irrational. 


4.6.36 Problem. Let f : [a,b] — R, be a function and suppose that V € > 0, the function g defined 
by g(x) = f(x) + ex is increasing on [a,b]. Prove that f is increasing on [a, b]. 


4.6.36.1 Solution. If possible, let f be decreasing, then 4 21,22 € [a,b] such that zı > x» > 
f(zi) € f(x). Let 0 < e < £&2-/G0. then 


e(z1 — 22) < f(a1) — f(za) 
=> €x4-— ex < f(z1) — f (2) 
— ex f(z1) < f(x2) + exo 
= g(z1) < g(x2), 


shows that g is decreasing, a contradiction. Hence f is increasing on [a,b]. 


4.6.37 Problem. Let f(x) = limno ies when this limit exists. 
1. For what values of x this limit exists? 


2. For what values of x the function is continuous? 
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3. Compute f(x) for all x in the domain of f. 
4.6.37.1 Solution. 
1. f(x) = lim, oo q= exists, if x > 0. Domain of f is [0, oc). f is given by 
2. f is continuous on [0, 1) U (1, oo). 
3. 


0, ifüczc«l 
f(r)—41/2, if 21 
1 —dfízol 


4.6.38 Problem. Prove that the function f : IR — R defined by 


1 
quie 
n 


f) =int { 


vnen} 


is continuous on R. 
4.6.38.1 Solution. Let A = E ne N} in the previous problem, then proceed. 


4.6.39 Problem. Find an injective function f : (0,1) — 2" by using binary expansions. Then define 
a surjective function g : 2" — (0,1) using similar idea.Though g is not one-one, it is "two-one" in 
certain sense; why? 


4.6.39.1 Solution. Every x € (0,1) has a binary expansion that 4 a sequence (an) such that 


oo 
r= ) ana” 
n=0 


where a, € {0,1} V n € N. (The expansion is typically written 0.a1đ2....) It may be assumed that 
ais do not have an “infinite trail” of l's, i.e. (an) does not converge to 1; this ensures that the 
binary expansions are unique. Now define f : (0,1) — 2" by 


f(z) ={n E€ Na, = 1} 


where (a4) is the binary expansion of x (unique in the above sense). It easy to see that f is injective. 
Now define g : 2* — (0,1) as follows. 
If S CN, define g(S) = x, if S Z (0 and S £ N,define 


g(S) = v 
where x has the binary expansion (an) given by 


1, ifneS 
an = 
0, ifnéS. 


Also define g(0) = $ and g(N) = $. It is easy to thst g is surjective. Furthermore g is two-to-one in 
the sense that 
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I(5:g(8) = j| < 2. 


'The latter follows from the fact: every real number has at most two distinct binary expansions, and 
if a real number has two binary expansions then it has a terminated binary expansion. (This is the 
reason for taking 1/3 and 2/3 above; they have no terminating binary expansion.) 


4.6.40 Problem. Assume that f : [a,b] — R is increasing, and define g : (a,b) > R by g(a) = 
sup{f(y);y < x]. Prove that g(c) € f(c). Also prove that if g(c) Æ f(c), then f does not have a 
limit at c. 


4.6.40.1 Solution. Let c € (a,b), then Vy < c => f(y) < f(c). So the set S = {f(y):y < cj 
is bounded above by f(c), hence supS < f(c). ie. g(c) € f(c). Again if g(c) Z f(c) then 
g(c) « f(c). We show that f does not have a limit at c. Now for each n € N, we get sequences 
Uy, and v, such that c — 1/n < Un < c€ < v, < c+ 1/n, then f(un) € glc) < f(c) € f(v,) and so 
f(un) — flun) > f(c) — g(c) > 0. From the above we see that un is increasing and vn is decreasing, 
and both converging to c, but f(v4) — f(un) does not converge to 0. Hence f does not have a limit 
at c. 


4.6.41 Problem. Determine the largest interval Z where the map f defined by 


f(x) = v |æ - 2| - |z| +2 


is invertible. Write the expression of the inverse function of f restricted to I. 


4.6.41.1 Solution. Since 


2 ifz <0 
f(x) = 4—2r if0<a<2 
0 ifr > 2, 


the required interval I is [0,2]. In addition f([0,2]) = [0,2], so f^! : [0,2] — [0,2]. By putting 


y = V4— 2x we obtain x = E which implies f^!(z) = 2 — $2. 


4.6.42 Problem. Suppose that f : I — R satisfies the condition 


(E) ssa e rmv ester (4.3) 


1. Show that f(As + (1 — A)t € Af(s) + (1 — A) f(t) holds V s,t € I and all A € [0,1] of the form 
A = m/2* with integers m > 0 and n> 1. 
2. Show that if f satisfies (4.3) and is continuous, then f is convex. 


4.6.42.1 Solution. 
1. Hint: Use induction and the identity 


m 


m +(1 jz ape e mete] 
E = S 
9n 9n 2 9n—1 9n—1 


2. Hint: Show that (m/2"; m/2* < 1,m € No,n € N} is dense in [0,1] and use part (1). 
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4.6.43 Problem. Let f : [0,1] — [0,1] be a function defined as follows f(x) = .bıb2...bn... when 
T = .0402...05..., and b; = 9 — a; (i = 1,2,..,n, ...). Show that f(x) + f(1— x) — 1. 


4.6.43.1 Solution. Here f(x) +2 = rn n... + .102...Q5... = .9999... = 1. Hence f(x) = 1-— x. 
So f(z) + fí(1—2)21—z-4 x — 1. 


4.6.44 Problem. For any non-constant function defined on R there exists an interval where the 
function admits of inverse. 


4.6.44.1 Solution. False. Dirichlet's function D : IR — R defined by 


1, ifrceQ 
D(z) = c 
0, ifr eQ“, 
but it has repeated values in any interval. 


4.6.45 Problem. Is it true that if f : [0,1] > [0,1] is 


1. monotone increasing 


2. monotone decreasing 
then there exists an z € [0,1] for which f(x) = x? 
4.6.45.1 Solution. 
1. Yes. Let A = (x € [0,1]; f(x) > x}. If f(0) = 0 we are done, if not then A is non-empty (0 is 
in A) bounded, so it has supremum, say a. Let b = f(a). 
e a < b: Then, using that f is monotone and a was the sup, we get b = f(a) € f((a+b)/2) < 
(a + b)/2, which contradicts a < b. 


e a >b: Then we get b = f(a) > f((a +b) = 2) > (a + b)/2 contradiction. Therefore we 
must have a — b. 


2. No. Let, for example, 


ifa< 
if x > 


NIF tol 


z 
2 

z 
2 


4.6.46 Problem. Let y1,y2, ...., yz € R. Then show that J yj, y; among seven numbers such that 
Yi— Yj < 1 


< 
1+ yyy v3 
4.6.46.1 Solution. Consider the function f : I = (-&, z) — R defined by f(x) = tan x, since f 
is surjective, so there exists x; € I such that y; = f(r;) = tanz;;1l € i € 7. Now divide I into six 
equal intervals. So, by Pigeon Hole Principle, we get at least two zx;, xj (say) lie in the interval of 
length §, Le. 0 < x; — zj < 5. Hence, as f is increasing, we get 


T 
tan0 < tan(x; — vj) < tan 6 
>0< tan z; — tan zj P 1 


T l-ctanz,;tanz; ~ 3 
1 
Yi — Yj < 


0< 
1+ yiyi 9 
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4.7 Additional Exercises on Chapter 4. 


4.7.1 Exercise. Decide whether the following statements are true or false (justify). Suppose that 
fig: ROR. 


1. Show that the product of two increasing functions may not be increasing. Find a condition 
that guarantees that the product of two increasing functions is an increasing function. 


2. If the functions f,g are strictly increasing, so are f +g, fg, fog. 


3. Give an example to show that the difference of two monotone functions may not be a monotone 
function. 


4. If f, g are monotone, then f o g is monotone. 


5. Let J be an interval and f be a positive increasing function and g be a positive decreasing 
function defined on I, Give an example to show that fg may be strictly increasing on I and 
show thatfg may be strictly decreasing on I. 


6. Give an example of a function f : [a,b] — R such that f is increasing on (a,b) but not an 
increasing on |a, b]. 


4.7.2 Exercise. For every real number x and every integer m, 
[x +n] 2 [a] +n. 

4.7.3 Exercise. Suppose that f : [a,b] > R is monotone on [a,b]. Prove that f is bounded on [a, b]. 
4.7.4 Exercise. Let I = (a,b) and p(x) be the polynomial of degree 2. 

1. Find a specific polynomial q(x) so that q(I) is an open interval. 

2. Find a specific polynomial q(x) so that q(T) is a half-open interval. 

3. Is there a polynomial q(x) so that q(I) is a closed interval. 
4.7.5 Exercise. Show that f : IR — R is increasing iff f is increasing at every p € R. 


4.7.6 Exercise. Suppose that f : (a, b) — IR is monotone on (a,b). Give an example that f may 
not be bounded on (a,b). 


4.7.7 Exercise. In general, the monotone functions on a subset .X of IR do not form a vector space. 
(The sum of two monotone functions need not be monotone.) Let .@ denote the linear space of 
functions generated by the monotone functions. Prove that f € @ if and only iff @ is the difference 
of two increasing functions. 


4.7.8 Exercise. Let F be a set of increasing functions on [0, 1]. If g(x) = sup{ f(x); f € M} is 
finite for all x € [0, 1], then the function g is increasing. If h(x) = inf{ f(x); f € M} is finite for all 
x € [0, 1], then the function h is increasing. (a similar result for decreasing functions.) 


4.7.9 Exercise. Give an example of a function f : [0,1] — R for which f([0,1]) is a countably 
infinite union of disjoint intervals. 


4.7.10 Exercise. If f is 1-1 and odd. Prove that f^! is odd. 
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4.7.11 Exercise. The period of the function " sin” is 27, while the period of |sin| is m. Is it true 
that for every periodic function with period p is greater than or equal to 4 mu 


4.7.12 Exercise. If a function f : R —> R is not injective and there exists a function g : Rx R > R 
such that f(x + y) = g(f(z),y) V x, y € R, show that f is periodic. 


4.7.13 Exercise. Show that f : R — R is increasing iff f is locally increasing at every p € R. 


4.7.14 Exercise. Prove that the sum and the product of two bounded functions is a bounded 
function. 


4.7.15 Exercise. Find general conditions on a bounded function f that guarantee the function j 


is also a bounded function. 


4.7.16 Exercise. Prove directly that (2) > (3), (2) > (4) and (3) & (4) the following four condi- 
tions on a set A C IR are equivalent: 


1. A is closed and bounded. 

2. Every infinite subset of A has a limit point in A. 

3. Every sequence of points from A has a subsequence converging to a point in A. 
4. Every open cover of A has a finite subcover. 


4.7.17 Exercise. Show that a function that is locally increasing at every point in R must be 
increasing; that is, that f(a) < f(y) for all x < y. 


4.7.18 Exercise. Give an example of a function f : R — R that is not locally bounded at any 
point. 


4.7.19 Exercise. Let (an) be a sequence of real numbers such that limp. ân = oo. For any real 
number x define integer-valued function f(x) as the smallest positive integer n for which a, > z. 
Then show that, for any integer n > 1 and any real number z, f(an) > n and aj(5; > x. 


4.7.20 Exercise. Let f : R — R be defined by f(x) = 1 — |1 — 2a]. The n-th iterate of f is 
f™ = fof o..o f (n-times). The orbit of a point x is 


Te) fes 
1. If x is rational prove that the orbit of x is a finite set. 
2. If x is irrational what is the orbit? 
4.7.21 Exercise. Let f : [0,1] — R be defined by 


jaN ae 


1 1 
(—1)^, i a, <T< n: 


At which points a € [0,1] does lim;.,4 f(x) exists? What about the function g : [0,1] —^ R be 


defined by 
0, ifr-—0 
g(x) = 


(-1)"/n, if zh <r<ż, 
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4.7.22 Exercise. Prove that the sum and the product of two bounded functions is a bounded 
function. 


4.7.23 Exercise. Find general conditions on a bounded function f that guarantee the function F 


is also a bounded function. 


4.7.24 Exercise. Suppose that f : [a,b] — R is monotone on [a,b]. Prove that f is bounded on 
fa, b]. 


4.7.25 Exercise. Suppose that f : (a,b) — IR is monotone on (a,b). Give an example that f may 
not be bounded on (a, b). 


4.7.26 Exercise. Give an example of a function f : (0,2) > R such that f has relative maximum 
value at 1, but not bounded above on (0, 2). 


4.7.27 Exercise. Let J be an interval and f : J — R, suppose a € I. Consider the following 
statement: the function f has a relative maximum value at a if there exists an interval J C I such 
that a € J and f : J —> R has maximum value at a. Show that this statement is false. Then 
determine how to modify the staement so that it is true. 


4.7.28 Exercise. Give an example of a function f : IR — R which is unbounded in every open 
interval. 


4.7.29 Exercise. Give an example of a function f : [0,1] —^ R such that S = (a € [0,1] and 
limy-+a f(x) does not exist} is countably infinite. 


4.7.30 Exercise. Let f : [a,b] ^ R be monotone, then show that f can be uniformly approximated 
on [a,b] by step-functions. 


4.7.31 Exercise. Let f : [a,b] — R be continuous, show that f can be uniformly approximated on 
[a,b] by polygonal functions. 


4.7.32 Exercise. Let f : R — R be continuous. 


1. If f(0) > 0, show that Ja € R such that f(x) > 0, Vz € (—a, a). 


2. If f(x) > 0 for all rational x, show that f(x) > 0, Vr € R. Is it true when “> 0" replaced by 
(s 0 » . 


4.7.33 Exercise. Let f : [a,b] — R be continuous at c € [a,b] and suppose that f(c) > 0. Prove 
that 3 m > 0 and an interval [u,v] € [a,b] such that c € [u,v] and f(x) > m,Vz € [u,v]. 


4.7.34 Exercise. Let (r„) be the enumeration of Q and (v4) be a sequence of non-zero real numbers 
that converges to 0. Define a function 


0, if x is irratioal, 
q)-— 
F(x) ie YneNn 


Show that f is continuous everywhere except for the set Q. 
4.7.35 Exercise. Let I = (a,b) and p(x) be the polynomial of degree 2. 


1. Find a specific polynomial q(x) so that q(T) is an open interval. 
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2. Find a specific polynomial q(x) so that q(I) is a half-open interval. 
3. Is there a polynomial q(x) so that q(I) is a closed interval. 


4.7.36 Exercise. Let J be an interval and f : J > R be a function. Suppose c € J, then f is said 
to be locally bounded at c if there exists M > 0 and ô > 0 such that |f(x)| € M,Vzx € B(c; ô). 
Let f : I — R be a function and c € I. If f is continuous at c, then f is locally bounded at c. 


4.7.37 Exercise. For each positive integer k, let 


—fi/ü- kz), if0£ x « 1/k 
filz) = n if 2 > 1/k; 


and let f be a function defined by f(x) = $554 f(x), V x € [0,1]. Note that, for each value of x 
there are only a finite number of terms in this sum that are non-zero. Find the set of points at which 
f is not locally bounded. 


4.7.38 Exercise. Let f : R — R be a function defined by 
i 0, if x is irrational, 
qj = 
(-1)"n, Vr — m[n;m,n € Z,n »0,(m,n) 21 
Prove that f is not locally bounded at any point of (0, 1). 


4.7.39 Exercise. Let J be an interval and f : J — R be a function. Suppose c € I, if f has 
one-sided limits at c, then show that f is locally bounded at c. 


4.7.40 Exercise. Let f : [a,b] — R be a function. Suppose that f is locally bounded at each point 
of [a, b]. Prove that f is bounded in of the following ways: 


1. Use B-W theorem 
2. Let S = (x € [a,b]; f is bounded on fa, x]]. Prove that S is non-empty supS € S, and supS' = b. 


3. Suppose that f is not bounded on [a,b]. Using bisection method, show that there exists a 
nested sequence (|an, bn]) of intervals such that f is not bounded on |an, bn] for each n € N. 
'Then use Nested Intervals theorem to obtain a contradiction. 


4.7.41 Exercise. Evaluate the following limit, lim; ,4, xo(x) V zo € R 


sin? a 
a 


sin x 
d$ 


4.7.42 Exercise. Using lim; ,9 = 1; show that lim;.,0 — 0; where we have used the 


“n-th iterate”, sin; defined by sin? = sinosino.. o sin, with n iterations. 


4.7.43 Exercise. Show that, if lim, ,9 ^? = | € R and a # 0; then lim,.,o /*? = al. What if 
a — 0? 


4.7.44 Exercise. Show that, if lim, ,4.. f(x) < lim, 444 f(x); then there is a 6 > 0 such that 
|z —a| < ô, |y — a| < 6; and x «a < y; imply f(x) < f(y). Is the converse also true? 


4.7.45 Exercise. Let f : IR — IR be one-to-one. Show that there exists a c € R such that 
f(c) — (OY < 1/4. 
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4.7.46 Exercise. Let E be a closed nowhere dense set and define f : IR — R by 


1, ifwek 
fa) = n ifz d E. 
Prove that the set of points at which f is not continuous is E. 


4.7.47 Exercise. Let E be a set that can be expressed as J7- , En, where each E, is closed and 
nowhere dense.(Note that E may not be nowhere dense.) Define f : R — R by 


E ifzdE 


D if x € E, where p = min{n; z € En}. 
1. Prove that the set of points at which f is continuous is RA E. 
2. Prove that the set (x € R; f(x) > r} is closed for every real number r. 
4.7.48 Exercise. For each positive integer k, let 


—fi/ü- kx), if0<a<1/k 
filz) = n if x > 1/k; 


and let f be a function defined by f(x) = 77°, fx(z), V x € [0,1]. Note that, for each value of x 
there are only a finite number of terms in this sum that are non-zero. Find the set of points at which 
f is not locally bounded. 


4.7.49 Exercise. Let f : R — R be a function defined by 
fla) 0, if x is irratioal, 
TTi = 
(-1)"n, V x — m/n;m,n € Zn » 0,(m,n) 21 
Prove that f is not locally bounded at any point of (0, 1). 


4.7.50 Exercise. Let J be an interval and f : J — R be a function. Suppose c € I, if f has 
one-sided limits at c, then show that f is locally bounded at c. 


4.7.51 Exercise. Let f : [a,b] — R be a function. Suppose that f is locally bounded at each point 
of [a, b]. Prove that f is bounded in of the following ways: 


1. Use B-W theorem. 
2. Let S = (x € [a,b]; f is bounded on [a, z]}. Prove that S is non-empty supS € S, and supS = b. 


3. Suppose that f is not bounded on [a,b]. Using bisection method, show that there exists a 
nested sequence (fan, bn]) of intervals such that f is not bounded on |an, bn] for each n € N. 
'Then use Nested Intervals theorem to obtain a contradiction. 


4.7.52 Exercise. Give an example of a one-to-one function f : (0,00) — R that is not monotone. 


4.7.53 Exercise. Show that the following four conditions on a set A C IR are equivalent: 
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1. A is closed and bounded. 

2. Every infinite subset of A has a limit point in A. 

3. Every sequence of points from A has a subsequence converging to a point in A. 
4. Every open cover of A has a finite subcover. 


4.7.54 Exercise. A function f : IR — R is said to have an isolated zero at a point zo if f(xo) = 0 
but rg is an isolated point in the set {x : f(x) = 0]. Show that a function can have at most 
countably many isolated zeros. 


4.7.55 Exercise. Let f be defined as follows: 


ha) x ifO0<a<land2<2<3 
d) = 
—r ifl<a<2and3<a<4 


and in general, if n € N, 
f(a) = (-1)""12, if n—-1zmmzn. 

Answer the following: 

1. What is the dom(f)? Call it H. 

2. What is the ran(f)? Call it K. 

3. Is f strictly monotone? 

4. Is f one-one? 

5. Does f-! exist? If not, why not? If so, 


(a) State the domain and range of f^. 


(b) Try to formulate the definition of f^! and verify that f~t o f is the identity mapping on 
H and f o f^! is the identity mapping on K. 


Chapter 5 


Sequence of Real Numbers 


The heart of Mathematics is its problems. 
- Paul Halmos. 


5.1 Sequences, Subsequences 


5.1.1 Definition. A sequence in a set S is any function f : N > S so, a sequence in R is any 
function X : N — R. Thus a sequence is often understood to refer to a countably indexed set. 


The functional value X(n) is denoted by x, V n € N, in the sense that X is the selection 
procedure of indexing some members of R by N. 


5.1.2 Remark. A sequence in R can also be determined by any function f on IR and may be thought 
of as a composition function of an inclusion function , : N —^ R and f : R > R i.e. by restricting 
its domain on N and thus (f o i)(n) = f|u(n) = an, as for example, if f(x) = (—1)*1;z > 1, then 
f (n) = (—1)". We denote the set of all sequences in R by RP. As RN is the cartesian product of N 
copies of R, and X € RN > X = (21, £2, ..24,..) so we shall denote a sequence X by (21,22, ..25, ..) 
or by (fn)nen OF (£k)ken or simply by (£n) or by (xk). Another convention in referring to the terms 
of a sequence X € RN, as a range of sequence in R, thus the notation {£n} stands for the set 
{znne N} 


5.1.3 Definition. A sequence Y = (yx) is said to be a subsequence of a sequence X = (£n) 
iff there exists an increasing function n : N — N, such that Y = X on > Y(k) = X(n(k)) > 
Yk = En, V k € N. It is traditional to write the value of Y at k as £n,. We simply say that (£n,) is a 
subsequence of (xn). 


Again, Z = (zp) is a subsequence of Y = (yx), if there exists an increasing function p : N => N 
such that 


Z-—-Yop-(Xon)op- zk = Zk) = (Y op)(k) = ((X on) op)(k) = Yay 
which shows that Z : N > R, i.e. Z = (zy) is a subequence of X = (xn). Since the identity function 


u: N > N is an increasing function, so X = (xn) is a subsequence of itself, and we call it a trivial 
subsequence. 
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5.2 Bounded sequences, Monotone sequences 


5.2.1 Definition. A sequence (xn) in R is said to be bounded if 3 a positive number M such that 
|z4| < M for all n > N. Equivalently, a sequence (xn) is said to be bounded if 3 numbers M,m € R 
such that m < zn < M for all n > N. 


5.2.2 Definition. A sequence (xn) in R is said to be eventually or ultimately bounded if 3 
a positive number M and a positive integer N such that |zn| < M for all n > N. Prove that a 
sequence is bounded iff it is eventually bounded. 


5.2.3 Definition. A sequence X c RN is called 
1. increasing if £n41 > Zn, Vn EN. 
2. strictly increasing if x44, > £n, Vn EN. 
3. decreasing if z441 < £n, Vn EN. 
4. strictly decreasing if z,4,1 < £n, Vn EN. 


X € RP is called monotone if X is either increasing or decreasing and X is called strictly mono- 
tone if X is either strictly increasing or strictly decreasing. 


5.2.4 Definition. A function f : R — R is called increasing at p € R if there exists an e > 0 such 
that f(x) € f(p) € f(y), for all x € (p — €, p) and y € (p,p + €). 


5.3 Limsup (Upper limit), Liminf (Lower limit) 
[Limit superior or limit inferior of a bounded sequence of real numbers.] 


5.3.1 Definition. 


1. Let (£n) be a bounded sequence in R. A real number U is said to be the limit superior if U 
satisfies the following conditions: 


(a) Given e > 0 d m € N such that n > m > £n < U +e. 


(b) Given e» 0 and Y p E N 3n > p such that z, > U — €. 


2. Let (£n) be a bounded sequence in R. A real number V is said to be the limit superior if 


V = inf sup zn. 
k>ln>k 


3. If S be the set of all subsequential limits of (xn), then limit superior of (xn) is defined by 
W = sup S. 
We show that the three definitions are equivalent in the worked out problems. 


5.3.2 Definition. 


1. Let (x4) be a bounded sequence in R. A real number L is said to be the limit inferior if L 
satisfies the following conditions: 
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(a) Given e > 0 d m € N such that n > m > a, > L—e. 


(b) Given e» 0 and Y pe NH n > p such that £n < L +€. 
2. Let (£n) be a bounded sequence in R. A real number V is said to be the limit inferior if 


V = sup inf z,. 
k>1 n2k 


3. If S be the set of all subsequential limits of (x), then limit inferior of (xn) is defined by 
W =inf S. 


5.4 Limit of a function: Notion of nearness 


1 A real number z € R is said to be e-near toa € D C R iff |x — a| < € for e > 0 and x € R is said 
to be arbitrary-near to a iff |x — a| < € for all e > 0, Now one can think it is possible only when a 
is a limit point of some set. If a is not a limit point, then a is only point near to a. 

Let D C R and a € D' (the derived set of D), and a function f: D — R. Suppose l € R. If it is 
possible that f(a) can be made arbitrary near | while x is sufficiently near a, then we say that f 
has a limit / when x approaches to a. Note that the point a may or may not belong to D. Now, we 
write it as a definition below. 


5.4.1 Definition. Let D C R and a € D', then a function f: D > R is said to have a limit l at 
a iff for every € > 0, 3 ô > 0 such that f(B(a;0) D) C B(l;e). In other words, f(x) tends to a 
limit | as x tends to a, or f(x) converges to l as x tends to a iff for each nbhd. V of | we can find a 
deleted nbhd. U = U \ {a} of a such that f(Ü N D) C V. 


The above is equivalent to the statement 


Ve>046>0such that x € ÛN D > f(x) € B(l;e). (5.1) 


We write the above, symbolically, as lim, ,4 f(x) = l, read as f(x) tends to a limit | as x tends to 
a, Which is equivalent to the statement 


Ve >03 ô > 0 such that z € D and 0 < |r — a| <b 2 |f (£) — l| < e. (5.2) 


5.4.2 Remark. This definition of limit is due to Karl Theodor Wilhelm Weierstrass (31 October 
1815 Ostenfelde to 19 February 1897 Berlin). 


The value of f(a) is irrelevant to the existence of lim, ,, f(x) and the limit, if it exists, may or 
may not equal to f(a). 


5.4.3 Example. Let f : R — R be given by 


| jax, «#0 
=|" i, 


Then lim, ,4, f(x) = 0. For given e > 0, put ô = e. If 0 < |z — 0| < 6, then |f(x) — 0| = |z| < e, as 
required. 


1see special topics 
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5.4.4 Example. Suppose we want to find a ô > 0 such that 
|z| <6 => |x? + 32| < 1. 


Before starting, we remember that we are asked to find a 6 > 0 with the required property, not the 
greatest possible one. We may therefore impose any convenient additional assumptions. 
Suppose that |x| < 6. Then 


|z? + 3z| = |z||x +3] < dla + 3| 
< (lel + I8) 
< ó(ó 4- 3) 
< 6(1+3) = 46 ifó«1 
£g if « 1/4. 


Therefore, if we choose in the first 6 € 1 and in the second 6 € 1/4, we would obtain 
|z| < 8 => |x? + 32| < 1. 
The arbitrary assumption 6 < 1 is done purely for convenience, since it avoids a more complicated 
calculations in finding a ô such that 6? +6 <1. 
If we suppose 6 < 2 instead of 6 < 1, we would have obtained a different, but equally correct, a set 
of constrants on ô. The key step is that in which we obtain |x? + 3v| < |x + 3|. From this point 
onwards it is enough to find a constant k, independent of x and 6, such that 
[z| < ô 2 |r +3] <k, 
from where we can write 
|x? + 32| < kô 
and if we impose the additional constraint of ô < 1/k we shall have solved the problem. 
If we do the same problem again, differently, we might obtain 
|e] < 6 => |x? + 32| < ó|z +3] € d(\2| +3) < 6(6 + 3) 
=> |x? + 32| < (7/2)6, if 6 < 1/2 
<1, if ó < 2/7. 


Thus, if 6 = 2/7 we get 
|x| < 2/7 => |a? + 3a| < 1. 
The reader is invited to show that the largest value of 6 for which 


/13 —3 
Tr 


|x| < 6 > |x? + 32| < 1is 


5.4.5 Example. Let e > 0. Find 6 > 0 such that |x — 1| < 6 and |y — 1| < 6 together imply 
jay — 1| « e. 
Let |x — 1| < 04 and |y — 1| < 6), then 
ev- 1 = lew- 2)  (& - DI < felly- A) + le- 1 < llel +1) 
« 361, if ô <1 
<e, if d, < €/3. 
Therefore, if 6 < min{1,€/3}, then |x — 1| < ô and |y — 1| < 6 together imply |xy — 1| < e. 
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Now, we generalise the above definition 


5.4.6 Definition (Right-hand Limit). Let D C R and (a,a+6)ND#0V6> 0. Then a 
function f: D — R is said to have a right-hand limit l at a iff for every e > 0, d 6 > 0 such that 
f(z)—1| < eV x € (a,a+6) In other words, f(x) tends to a limit | as z tends to a+. Symbolically, 
limg+a+ f(x) =. 

5.4.7 Definition (Left-hand Limit). Let D C R and (a — ôa) N D # 0 v ó > 0. Then a 
function f: D — R is said to have a left-hand limit l at a iff for every e > 0, 3 ô > 0 such that 
f(x) —1| « eV x € (a—6,a) In other words, f(x) tends to a limit | as x tends to a—. Symbolically, 


limsa- f(x) — I. 


Thus we can say 
5.4.8 Theorem. lim, ,; f(x) =l iff both Right-hand limit and Left-hand limit exists. 


5.4.9 Lemma. The following are equivalent: 


1. lim; sa f(x) 2l. 


2. If (£n) be any sequence such that (£n) converges to a, and £n Z a for all but finite number of 
values of n € N, then (f(£n)) converges to l. 


5.4.10 Proposition. If lim, ,, f(x) and lim, ,, g(a) exists, then 


1. lim; ,s(f(x) + g(z)) = lim, f(x) + lim; g(x) 
But, lim, ,4(f (x) + g(z)) exists does not imply that both lim; ,4 f(a) and lim; ,4 g(x) exist. 
e.g. Consider f(x) =1+ 4 and g(x) =1-+4 


2. lim; «(f (x).g(z)) = Mra f(x). lim; 4 g(x) 
But, lim; ,4(f(x).g(z)) exists does not imply that both lim; ,4 f(x) and lim, ,4 g(x) exist. 
e.g. Consider f(x) = + and g(x) = x 


3. limga(f(x)/g(x)) = lim, 4 f(z)/ lim, ,4 g(x), provided lim, g(x) Z 0. 


4. lim; 4 f(z)9? = lim, ,4 f (a)!im«^« 99, provided both limits are not 0. 
5. lim, +a f(g(x)) = f (lim, ,4 g(x)), is not true, in general. 


5.4.11 Remark. This definition appears in Cauchy's Cours d'analyse, although it is stated with a 
minimal use of symbols. The symbol e appears elsewhere in the book and is considered to be the 
first letter of the French word “erreur” (error). He also used the letter ô to denote a small quantity. 
It is believed that it comes from the word "différence" (French for difference). 


5.4.12 Note. The first use of the abbreviation lim. (with a period at the end) was by a Swiss 
mathematician, Simon L’ Huilier (1750-1840), in 1786. German mathematician Karl Weierstrass 
(1815-1897), who is often cited as the "father of modern analysis," used it (without a period) as 
early as 1841, but it did not appear in print until 1894. In the 1850s, he began to write lim;—., and it 
appears that we owe the arrow (instead of the equality) to two English mathematicians. John Gaston 
Leathem (1871-1923) pioneered its use in 1905, and Godfrey Harold Hardy (1877-1947) made it 
popular through his 1908 textbook: A Course of Pure Mathematics. Weierstrass was supposed 
to study law and finance, but instead spent time studying mathematics. That is why he did not 
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get a degree, and he started his career as a high school teacher. He spent about 15 years there, 
until his mathematical work brought him fame: an honorary doctoral degree from the University of 
Königsberg and a position of professor at the University of Berlin, which was considered the leading 
university in the world to study mathematics. 


5.4.13 Note. Definition of limit appeared for the first time in 1821, in a textbook Cours d'analyse (A 
Course of Analysis), by a French mathematician Augustin-Louis Cauchy (1789-1857). It completely 
changed mathematics by introducing the rigor that was lacking in the work of his contemporaries. 
We celebrate Newton and Leibniz for inventing calculus, but Cauchy took a giant step toward making 
it a rigorous discipline. 

Isaac Newton (1642-1727) was an English physicist, mathematician, and astronomer. He has been 
considered by many to be the greatest scientist who ever lived. Gottfried Leibniz (1646-1716) was a 
German philosopher and mathematician. He belongs to the Pantheon of Mathematics for inventing 
calculus (independently of Newton). Cauchy was one of the most prolific writers with approximately 
eight hundred research articles and five complete textbooks. His writings cover the entire range of 
mathematics and mathematical physics. It is believed that more concepts and theorems have been 
named for Cauchy than for any other mathematician. 


5.5 Infinite limits: 


Infinite limits can defined as usual in the following ways. 


1. lim, +. f(x) = l iff for every e > 0, enbhd. B(l;e) of l 3 a nbhd. (M,oo) of oo such that 
f(M,oo) € B(l;e) ie. in other words, 3 M > 0 such that x > M = |f(z) —1| < e. The 
following explains the situation: 

To prove lim; ,4, + = 0, let M € R and x > M then 1/z < 1/M = |1/z — 0| < 1/M, now 
choose e — 1/M 


2. lim, , f(x) =liff Ve > 03M €R such that f(—oo, M) € B(l;e) e. x < M > |f(x)-1| < e. 
Example: lim,_,., E —0 


3. iMr f(x) = 00 iff VN €R, 3M ER such that f(M,oo) € (N,oo) ie. x > M > f(x) » N. 
Example: lim; 4, z? = oo. 


4. lime. f(x) = oo iff VN E R3 M ER such that f(—o0o, M) C (N,oo) ie. x < M — f(x) > 
N. Example: lim, 44 £? = oo 


5. lim, ,4 f(x) = oo iff V M >03 ô »0 such that f(B(a;ó)) C (M,oo) ie. x € (a—ó6,a4 ô) > 
f(x) > M. Example: lim, ,4 —- = oo. 


z—al| 


6. lim; , 5, f(z) = —oo if Y N 2503 M > 0 such that f(-o0, M) C (-oo, N) ie. x < M > 
f(x) < N. Example: lims- z? = —oo. 


And similarly for other limits. 


5.6 Limit of a sequence 


Any real number is made accessible through its rational approximations, for example, cutting off 
the decimals starting with (n + 1)-th one. As n increases, these approximations come closer to the 
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given real number, a process that lies at the heart of the subject of convergence. The study of many 
algorithms (such as the Babylonian algorithm for extracting the square root) needs some theoretical 
considerations of convergence and limits, which can be found in this section. 

The notion of a sequence of real numbers is motivated by the various algorithms that make available 
a certain object by its successive approximations in a class of well-behaved objects. From this point 
of view, the main problem in connection with a sequence is its behavior for large values of indices. 
Since a function X : N > R is a sequence in R, we write 


5.6.1 Definition. (Topological version) X = (£n) € R (X(n) = xp) tends to a limit | as n 
tends to oo, iff for each nbhd. U of l there exists a nbhd. 4, of oo such that X(N NR) € U. 
Note that any set which contains a set of the form (a, oo) is a nbhd. of oo. 


We see that, Noo MR is actually the set (4,00) ON = (m, m + 1,..) for some A € R, and mc N 
with m — 1 € A « m. If we take U = (l — e,l + €) then £n € (l — €,l +€) whenever n > m. ie. If 
€ is chosen arbitrarily, then there exists m € N, such that n > m => |æn — I| < e. Symbolically, we 
write limp n =L or £n > l as n — oo. or simply lim £n = L. 


5.7 Convergent and Divergent sequences 


5.7.1 Definition. A sequence (zn) in R is said to converge to x € R, or z is said to be a limit 
of (£n), if for every e > 0 there exists a natural number m such that for all n > m, the terms x, 
satisfy |v, — z| < €. 

If a sequence has a limit, we say that the sequence is convergent; if it has no limit, we say that the 
sequence is divergent. We say (r4) is properly divergent if either lim, ,44 £n = oo or —oc. 


5.7.2 Proposition. Let (£n) be a sequence of real numbers. Then the following are equivalent: 
1. The sequence (£n) does not converge to x € R. 


2. There exists an € > 0 such that for any k € N, there exists nj € N such that nj > k and 
|En, — T| > e. 


3. There exists an € > 0 and a subsequence (£n,) of (£n) such that |£n, — z| 2 eV kc N. 


5.7.3 Note. If a sequence X = (zn) has a limit l, then | may not be a limit point of {£n}. e.g. 
Consider 
n, ifl<n<4 
VenA, dignes 


Here X converges to 5, but (z,;n € N} = {1, 2,3,4,5} and 5 is not a limit point {x£n; n € N}. 


5.7.4 Definition. A real number / is an limit point or accumulation point of a sequence (£n) 
if and only if either the sequence (r4) has a stationary subsequence whose every element is equal to 
l, or every interval containing l has an infinite number of terms of the sequence (xp) (or both), i.e. 
the limit point of the set {x,;n € N}. 


Here are two useful definitions: 


5.7.5 Definition. 
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1. A sequence (zn) is eventually or ultimately in a set A C R iff there exists an m € N such 
that zn € A for all n > m. 


2. A sequence (£n) is frequently in a set A C R iff for every p € N there exists an n € N such 
that n > p > x4 € A. 


“Ultimately” means “from some index onward”; “frequently” means “for infinitely many indices”. 
y ; q y y y 


5.7.6 Definition. A sequence (z,) in R is said to be null sequence if, for every positive real 
number e, |p| < e, ultimately. 


Now, it is convenient to state explicitly a result which is often used in in the proofs of convergence. 


5.7.7 Lemma. Let (zn) be a sequence in R, and suppose that there is a positive real number k 
such that for a given e€ > 0 there exists N € N such that n > N => |x, — I| < ke. Then £n converges 
to L. 


Proof. Let € > 0, then — > 0, and if the stated condition holds, then 3 N such that n > N > 
|en — l| < k(e/k) = € as required. 


5.7.8 Note. There is no hard and fast rule for finding the limit of a sequence, but there exists a 
criterion for existence of a limit of a sequence. 


The following was introduced by Cauchy and we honor him by calling this property that a 
sequence may have by his name. 


5.7.9 Definition (Cauchy Sequence). A sequence (zn) is said to be a Cauchy sequence iff for 
a given e > 0, there exists N € N such that m,n > N > |r,, — £n| < e. Cauchy sequence is also 
termed as fundamental sequence or regular sequence. 


5.7.10 Theorem. Cauchy Criterion: A sequence (zn) in R converges iff it is a Cauchy sequence. 


Proof. Suppose £n converges to l. Then for any e > 0,3 N € N such that n > N => |£m — l| < e. So 
for m,n > N 
|Em — Ln| = |@m — l +l — zn| € lam — l| + |l — £n| < 2€ 


Hence (xn) is a Cauchy sequence. 
Conversely, suppose that (xn) is a Cauchy sequence in R. Let € > 0. Then d N € N such that 
m,n > N => |m — x4| < €. So for any m > N we have |£m — xy| < e, and hence 


|em| = [£m — £N + zN| € [zm — n| + |zv| < €+ |]. 


Thus [z;| < max{|z1|, |vil,..,/@nv—1|,¢+ |zw]) for all n € N, so £n is bounded. 
Next, we consider the sets Sm = {£n; n > m} for each m € N. Since each Sm is bounded, by LUB 
axiom sup Sm exists, let sup Sm = tm, then we get 


Sm 2 Sm+1 => Sup Sm Z Sup Sm41 — tm 2 tmp V m € N. 


Thus we get a monotonic decreasing sequence (tn) and tm > £m, so (tm) converges to its greatest 
lower bound 1 (say). 

Finally, we prove that (£n) converges to l. Let e > 0, then there exists N; € N such that m,n > Ni > 
|Em — z4| < e, and there exists No € N such that m > No => |tm — l| < e. Put N = max{Nj, No}. 
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Since ty = sup Sy then 3 M > N such that ry > tn — € also zy € ty. Since ry € Sy and ty is 
an upper bound of Sy, hence |x yy — tyn| < e. Now for any n > N, we get 


|En — l| = [za rM +2¢4m—tn+tn l| € |xa — zu] + |zm — tu| + ltn — l| < 3c. 


Thus (£n) converges to l. 


The above statement was proved by Cauchy in Cours d’analyse in 1821. Four years earlier, 
Bernard Bolzano (1781-1848), a Bohemian mathematician, philosopher, and a Catholic priest, ex- 
plicitly stated the same result and gave an incomplete proof. It is very likely that Cauchy was aware 
of this work. Nevertheless, it should be emphasized that Cours d'analyse remains one of the most 
important and influential mathematics books ever written. 

A further result about sequences we record here is known as Bolzano-Weierstrass theorem for a 
sequence. 


5.7.11 Theorem. (Bolzano-Weierstrass theorem) Every bounded sequence of real numbers has 
at least one convergent subsequence. 


5.7.12 Theorem (Sandwich Theorem). Suppose that X = (xn), Y = (yn) and Z = (zn) are 
sequences of real numbers such that £n < z, < y, V n € N, and that lim(z,) = lim(y,). Then 
Z = (Zn) is convergent and lim(z;) = lim(y,) = lim(z;). 


5.7.13 Theorem. Let (r4) be a sequence of positive real numbers such that L = lim(¢n41/2n) 
exists. If L < 1, then (£n) converges and lim(x,,) = 0. 


5.8 Oscillatory sequences 


5.8.1 Definition. A sequence of real numbers which is not convergent to any value in the extended 
real number system is called an oscillatory sequence. 


5.8.2 Example. A simple example of an oscilatory bounded sequence is 


1,-1,1 


A o a 


5.8.3 Example. An oscillatory sequence which is not bounded is 


5.9 little o and Big O 


5.9.1 Definition. We say that a function f is asymptotically equivalent to the function g as x 
approaches xo if there exists a function $ such that 


f(x) = 0(2).9(2): € (a,b) £ f ro amd lim oe) — 1. 


0 


Then, we write f(x) ~ g(x) as x — ao. A sufficient condition for the asymptotic equivalence 
f(x) ^ g(a) as x > zo is the equality lims xo D zu. 
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5.9.2 Definition. We say that a function f is small oh to the function g as x approaches xo if 
there exists a function $ such that 


f(x) = ó(x).g(z);x € (a,b), £ Z xo,and lim d(x) = 0. 


TTo 


Then, we write f = o(g) as x — zo. If g(x) Æ 0 V x Z xo, then a necessary and sufficient condition 
for the asymptotic relation f(x) = o(g(z)) as x — xo is liMs> zo EN =0. 


In particular, if g(x) = 1, then f(x) = o(1) as x > xo. This means that f tends to zero as z — zo. 


5.9.3 Definition. We say that a function f is big oh to the function g as x approaches zo if there 
exists a constant K > 0 such that 


|f(x)| € K|g(z)|; x € (a, b), £ # vo. 


Then, we write f(x) = O(g(x)) as x > ao. 

In particular, if g(x) = 1, then f(x) = O(1) as x — xo. This means, that for some ó > 0, the 
function f is bounded on the set (zo — ô, xo + ô) V {xo}. 

These three notions, namely the asymptotic equivalence, “big oh" and “small oh”, can also be 
defined in the cases x > £o—, £z — roc, £z > —oo, £ > +00. 


5.9.4 Example. sin3z ~ 3x, arctan 2x ~ 2g, ze? ~ T, 
In(1 + 2g + sin? x) ~ 2g + sin? x ~ 2x when x —> 0. 


5.9.5 Remark. f(x) = o(g(x)) as x — zo implies f(x) = O(g(x)) as x > zo, but the converse is 
false in general. 


5.9.6 Definition. (Infinitesimal). Let / be an interval, and let ro € I. Suppose that f isa 
function defined on I (except possibly at zo). We say that f is an infinitesimal (or infinitely small) 
at zo (or, as x > zo) if f = o(1)(x — zo), i.e., if lim; ,44 f(x) = 0. 


5.9.7 Remark. 


1. Using infinitesimals, we can rephrase many statements. Thus f = o(g)(r — xo) can also 
be written as f = g.o(l)(z — zo), which means (if g is nonzero near zo) that f/g is an 
infinitesimal at 7 = zo: 


2. As x — 0, we have an important sequence of infinitesimals, namely, the sequence of monomials 
£, £2, £3’, ..., £”, .... It is obvious that the larger the exponent n; the faster z" converges to 0: 
We shall see that many infinitesimals at 0 are equivalent to an infinitesimal of the form ax”; 


where n € N and a is a nonzero constant. 


5.9.8 Definition. (Bounded Away From Zero). Let I be an interval, and let xo € I. Suppose 
that f is a function defined on I (except possibly at xo.) We say that f is bounded away from 
zero as £ — ro if there exists e > 0 such that |f(z)| > e. 


5.9.9 Definition. We say that a sequence (xn) is asymptotically equivalent to a sequence (yn) 
as n tends to oo, if yn Z 0 for every n € N such that 


Then we write £n ~ y, as n — oo. 
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5.9.10 Definition. Let (b,) be a given sequence of non-negative real numbers and let (a4) be any 
sequence of real numbers. We say an = O(bn) as n — oo (an is big oh of bn) if there exist a fixed 
number K and M € N such that |an| < Kb, V n 2 M. We also say a, = o(b,) (an is little oh of 
bn) as n — oo if for each e > 0 there exists N € N such that |a,| € eb, V n > N. 

In other words, if bn > 0 V n € N, then “an = O(b,)" means that the sequence (an/bn) is bounded, 
and “an = o(b,)" means that the sequence (a, /b,) — 0 as n — oo. In paricular, “a, = O(1)" that 
the sequence (an) is bounded, and “an = o(1)" means (an) > 0 as n > oo. 


In particular, if the sequences (an) and (bn) diverge to co and satisfy the condition 


ve E 
In = o(y&)asn — oo € lim — =0. 
n— oo Un 


then we say that the sequence (yn) diverges faster to infinity than the sequence (xn) and we write 
Ln < Yn aS n > oo. 
The two following results are due to the German mathematician J. P. G. Lejeune Dirichlet. 


5.9.11 Lemma. Let 0 € R and t € N. Then there exist integers p and q so that 0 < q < t and 
1 
0—p|«-. 
ldó -p< 4 


5.9.12 Theorem. Let 0 € R and t € N. Then there exist integers p and q so that 


1 
Qq 


5.9.13 Theorem. Every sequence can have at most one limit. 


1 
L BI < < — where 0 « q € Q. 
q 


5.9.14 Theorem. Every convergent sequence is bounded. 


5.9.15 Theorem. Let (an), (bn) be convergent sequences with lima, = a, lim bn = b, and let a be 
a real number. Then the sequences (œan) and (an + bn) are also convergent and: 


1. lim, (aan) = a lim ay; 
2. lim, (an + bn) = lima, + lim by. 

5.9.16 Theorem. Let (an), (bn) be convergent sequences with lima, = a, lim bn = b. Then: 
1. The sequence (anbn) is also convergent and lim(anbn) = lima, lim by. 


2. If, in addition, bn Z 0 for all n € N and if b Æ 0, then the sequence (an/bn) is also convergent 
and lim(an/bn) = lim an / lim bn. 


5.9.17 Theorem. Let (an), (bn), (Cn) be sequences such that lim an = lim cn = L and suppose that, 
for all n € N,an < bn < cn. Then bn is a convergent sequence and limb, = L. 


5.9.18 Proposition. Let a, be a convergent sequence with liman = a, and suppose that an > 0 
for all n € N. Then a > 0. 


5.9.19 Corollary. Let (an), (bn) be two convergent sequences, let lim, an = a,lim, bn = b, and 
suppose that an < bn for all n € N. Then a= b. 
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5.9.20 Theorem. (Monotone Convergence Theorem) If a sequence is increasing and bounded 
above, then it is convergent. 


5.9.21 Theorem. (Bernoulli’s Inequality) If x > —1 and n € N, then (1 + 2)" > 1 4- nz. 


5.9.22 Note. This inequality carries the name of a Swiss mathematician Jacob Bernoulli (1654-1705), 
because it appeared in his work in 1689. Historians of mathematics point out at exactly the same 

result by Isaac Barrow (1630-1677), an English mathematician, except that the latter publication 

appeared almost 20 years earlier, in 1670. Jacob Bernoulli was one of the many prominent mathe- 

maticians in the Bernoulli family. Following his father's wish, he studied theology and, contrary to 

the desires of his parents, mathematics and astronomy. He became familiar with calculus through 

a correspondence with Leibniz, and he made significant contributions (separable differential equa- 

tions), as well as in probability (Bernoulli trials). He founded a school for mathematics and the 

sciences at the University of Basel and worked there as a professor of mathematics for the rest of 

his life. 


5.9.23 Theorem. Both the sequences a, = 1+ ü pep os +. and b, = (1 + Di are convergent, 


To! n! 
and converges to the same limit e. (e is due to Euler.) 


5.9.24 Note. The sequence an appeared for the first time in 1683, in the work of Jacob Bernoulli 
on compound interest. However, he only obtained that its limit lies between 2 and 3. Prior to that, e 
was present through the use of natural logarithms, but the number itself was never explicitly given. 
It is considered that the first time it appears in its own right is in 1690, in a letter from Leibniz to 
Huygens, who used the notation b. Christiaan Huygens (1629-1695) was a Dutch mathematician, 
astronomer, and physicist. He is, perhaps, best known for his argument that light consists of waves. 
The letter e was introduced by Euler in a letter to Goldbach in 1731. Leonhard Euler (1707-1783), 
a Swiss mathematician, was probably the best mathematician in the 18th century and one of the the 
greatest of all time. Christian Goldbach (1690-1764) was a German mathematician, remembered 
mostly for “Goldbach’s conjecture” (every even integer greater than 2 can be expressed as the sum 
of two primes). Bernoulli discovered the sequence bn = (1 + i)" And the other one is due to Euler. 
It appeared in his book published in 1748. He also proved there that lima, = e, calculated e to 18 
decimal places, and gave an incomplete argument that e is not a rational number. 


5.9.25 Lemma. Let n € N, let a, = 1+ i; + +4 Sens + E and define 0, = (e — a,)n!. Then 
0 « 6, « 1. 


5.9.26 Theorem. The number e is not a rational number. 


5.10 Decimal representation of a real number: 


5.10.1 Example. This example illustrates the above theorem on inductive definition of function. 
Here with our axiomatic treatment of real numbers we want to prove the existence of a decimal 
representation of a real number and for this we use the greatest integer function x — [a], whose 
existence depends on the Archimedian property of real numbers. 

Let x be a real number, and suppose for the moment we have a decimal representation of x, that is 


a1 a2 a3 , 
10 F 102 al 19 ^U" 


X = 49.010203... = Ag + 
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where an are integers and 0 < a, € 9 for n > 1. Suppose further that this decimal does not end in 
recurring 9’s, i.e. the set of n for which a, < 9 is infinite. Then if m is a positive integer such that 
an < 9 and n > m, we have 


hence 


ar 1 
= li < F1 
ir MEME 


therefore aj = [r]. Further, x — ag == 0.a1aa2a3... so that 10(x — ag) = a1.a2a3..., hence ay = 
[10(z — ag)]. Similarly 10(10(x — ao) — a1) = a2.a3a4..., so that 


az = [10(10(z — ag) — a1)] = [10? (x — ao — a1/10]], 


and so on. The integers an in the decimal representation therefore satisfy the formula 


ao = [x], a441 = [ipse (« ag 10 T T E ;n 2. (5.3) 
Thus to prove the existence of a decimal representation of any real number x, we simply define a 
sequence of integers an by the above formula (5.3) that is an example of the inductive definition 
of a sequence an, where a, depends on n and on all the preceeding terms of the sequence, so that 
to verify the existence of the sequence an, we have to appeal to the full result on the inductive 
definition. 
With this definition of an, for any integer n > 1 we have 


0 < 10^*! ( ML eas ) PEE 
= 7.979 19 102 108g HS > 
so that i 
Q1 a2 ün An4+1 
0< ( n ) 54 
>Z- o 392 10 lott) ^ goH ea 
Hence if z, is a sequence given by 
Pa TAL 
Tn = a0 + = + —5 +.. + — 
9710 10? 10” 
then 
0< 2-2, < — 
< T—Tn < 10" 
Hence zr, — x as n — oo, so that the series 
a | 902 | an 
ao + 15 F 19 Fes ron (5.5) 
converges to the sum z. 
Further from (5.4) replacing n + 1 by n we have 
0 « 107*! ( E ae ) 10 
- LETT ior) ^ ^^ 
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so that 0 € a441 < 10 for n > 0, hence (5.5) is the decimal representation of x. Moreover, this 
representation does not end in recurring 9's. Indeed, if on the contrary an = 9 for all n > r, then 
the series 

Qr+1 ar+2 9 9 


10r*1 T 10r*2 Fa = 10r*1 + 10r*2 Fe 


converges to iv and since the sum of this series is x — zr, this contradicts the fact that x —z, < i. 
Since we have already shown that any decimal representation ag.a,a2a3... of x which does not end 
in recurring 9’s necessarily satisfies (5.3), we have thus proved that any real number has one and 
only one decimal representation not ending in recurring 9’s. 

In the preceeding discussion the integer 10 can be replaced by any integer p > 2, and to obtain 
^p-nary" decimal representation of x. 


5.11 Problems and Solutions on Chapter 5 


Warning! Never Never Ever read this solution unless you tried problems quite long time and gave 
up. Doing so may impair your ability to think and solve problems. 


5.11.1 Problem. Show that limg_,9 cos0 = 1. 
5.11.1.1 Solution. Let 0 < € < 2. Let O be the centre of a circle of radius 1, and BC be the chord 


perpendicular to radius OA at a distance e from A.(Figure 5.1) Let 6 = ZAOB. It is evident that 
1 —cos@ < e, ie. | cos0 — 1| < e whenever |0 — 0| < ô. If e > 2 then |cos@ — 1| < e for all 0. 


5.11.2 Problem. Show that limo. , “3% = 1. 


5.11.2.1 Solution. We first prove the inequality 


0 
cos? < —— < sec 0 
sin 0 


where 0 < 0 < 1/2. 
Let AB be an arc of a circle with centre O and radius r (Figure 5.2) and let BC and AD be L to 
OA. Suppose that ZAOB = 0 such that 0 < 0 < 7/2. Since 

area/AOC B < area sectorOAB < area ^OAD, 


So, we have 
1 1 1 
3 sin 9 cos 0 < 579 < 2t tan 6, 
0 Raan 15. 
=> cos < —— < sec, dividing by =r“ sind 
sin 9 2 


sin 0 
> sec > E > cos 6. 


Again, since limg_,9 cos 0 = 1 and limg_,9 sec 0 = 1 so, if e > 0 4 61,62 > 0 such that |cos@ — 1| < e 
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Figure 5.1: 
B-D 
Pi 
O - c A 
Figure 5.2: 


when |0| < 91 and |sec0 — 1| < e when |0| < do. If 6 = min{61, 62, 7/2}, then 


in 
secd—1 > = —1>cosd—-1 
in 
Lp geet 1s E — 1 > cos — 1 > —e 
ing 
z: — 1 < e whenever |6| < ô. 
Thus limo. ,o 859 = 1. 


5.11.3 Problem. Show that 


lim f(z) = yo €» lim (f(z) — yo) 2 0 & lim f(zo +h) = yo 


z—2c0 
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5.11.3.1 Solution. Suppose lim;-,., f(x) = yo. Then, 


lim f(x) = yo 


xwL>XLoO 
eVe»03ó»0such that x € B(zxo;0) > f(x) € B(yo; €) 
ex € B(ro;ó) > f(x) — yo € B(0;«) 
e» lim (f() ~ w) = 0 


Again, let x = xo + h, then we get 
To h € B(xoió) = f(xo +h) € B(yo:c) 
<h € B(0;6) > f(xo +h) € B(yo; €) 
«€ lim f(zo +h) = yo. 
h—0 


Hence the result follows. 


5.11.4 Problem. Find lim, ,4; (Wn? + 2n — [v/n? + 2n]) , if it exists. 


5.11.4.1 Solution. Hint: Note that n < Vn? -- 2n « n 4 1. 
Thus [vV/n? + 2n] =n and (Vn? + 2n — [Vn + 2n] ) = (Vn? + 2n — n) — 1. 


5.11.5 Problem. Let f : S — R and a is an accumulation point of S. Let (£) be a sequence in S 
and zn Æ a such that lim, ,5; £n = a. Then we have 


1. If lim, +a f(x) = l, then lims 4o f(an) = l. 


2. Conversely, if for every such sequence the limit lim, ,s5 f (£n) exists, then all these sequences 
have the same limit (y say) and also lim; ,4 f(x) exists and equals y. 


5.11.5.1 Solution. 


1. For every e > 0, 3 ô > 0 such that x € B(a;5)NS implies f(x) € B(l;e), then as limp, £n = a 
so I m € N such that n > m implies x, € B(a; ô) N S and consequently f(x4) € B(l; e€), which 
shows that limno f (£n) = l. 


2. Let (pn), (qn) be two sequences such that pn Æ a, qn # a for each n, and such that limp. Pn = 
a = lim, 555 qn. Let limpsoo f (Pn) = p, limn—+oo f (dn) = q. We prove that p = q. If p Z q we 


consider the sequence (xn) defined by 
Pn ifn is even, 
Tn = ; ; 
qn ifn is odd. 
Then lim, ,55 x, = a as (z25 1) and (x24) both converge to a and limp... f (an) exists. Let 


r = i|p — q| then 3 m, such that n > mı => f(xn) € B(p;r) and similarly 3 ma such that 
n 2 ms => f(x4) € B(q;r). Thus, if m = max(m;, m2} then 


2r = [p — q| 
= [p — f(zm) + f(zm) — ql 
€ |p — f(z«)] + |f (£m) — ql 
<r+r=2r, 
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shows a contradiction. Thus p = q = y (say). Next we show that lim; ,, f(x) exists and 
is equal to y. If not, then d e > 0 such that for each n = 1,2,.., let x, € Bla; +) N S for 
which f(x,) € B(y;e). This defines a sequence (xn) such that limp. Un = a4, £n # a. But 
for this sequence it is not true that lim, ;55 f(£n) = y, which is a contradiction. Therefore 
limsa f(x) = y. 


5.11.6 Problem. (Cauchy condition for limit of functions) Let f : S — IR and a is an 
accumulation point of S. Then J a point | € R such that lim,_,, f(x) = l if and only if Y €e > 030 >0 
such that x,y € B(a;6) N S implies |f(x) — f(y)| < e. 


5.11.6.1 Solution. Assume that lim; a f(x) = l and let € > 0. Then 3 6 > 0 such that x € 
B(a; ô) N S implies |f(z) — l| < e/2. If y € B(a;ó) S, then 


f(x) — FO S IFE) - 11 IL — f) « e 


Conversely, suppose the condition holds, and let B(a;ó) be the nbhd. corresponding e. Let (£n) be 
a sequence with £n 4 a and lim, ,5; x, = a. Then for some no, n > no implies z, € B(a;ó) and 
therefore 


|f (z4) — f(za)| < eV m,n > no. 


So, by Cauchy condition for sequences lim, ,55 f(x) exists. Part (2) of the above problem implies 
that lim, ,4 f(x) exists. 


5.11.7 Problem. Let (£n) be a sequence in IR. If (aan), (xo541) converge to the same limit | € R, 
then (zn) converges to l. 


5.11.7.1 Solution. Since (z2,), (ro441) both converge to l, so for every e > 0 d kı, k2 € N such that 
Lan € B(l;ce) V n > ky and zon41 € B(l; €) V n > k2. Now, if k = max{ky, k2}, then rox, £2(k+1); + € 
B(l; €) and zy 41, 12143, ... € Bil; €), thus, £n € B(l;e) V n > 2k. Hence (r4) converges to l. 


5.11.8 Problem. Prove that R contains an open set U such that both U and its complement UC 
are infinite. 


5.11.8.1 Solution. Since R is infinite, so it contains an infinite set, say 
S —[21,22,23,..4n;-]- 


Let A = (21, 23, ....] and B = (3,24, .....). Now, if A’ = 0 then A is closed and take U = R\ A that 
is infinite as B C U and UC = A is infinite. Again, if A’ Æ (), so let a € A’ then 3 a subsequence 
(25,) of (x24 1) that converges to a, hence D = (x,,; k € N}U{a} is a closed set and take U = RV D. 
Thus U D B and U€ = D are infinite. 


5.11.9 Problem. Let (£n) be a sequence in R with no convergent subsequence. Prove that (z,;n € 
N} is a closed subset of R. 


5.11.9.1 Solution. Let F = {x,;n € N} and z is a limit point of F then J a subsequence that 
converges to x contradicts our hypothesis. Hence F' = Ø C F. Thus (x4;n € N} is a closed subset 
of R. 


5.11.10 Problem. Let E be a set and (£n) a sequence in R, such that r;'s are not necessarily 
elements of E. Suppose that limno £n = x and that x is an interior point of E. Show that there 
is an integer N so that z,, € E, Vn > N. 
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5.11.10.1 Solution. Since z is an interior point of E, so there exists an e > 0 such that B(x; €) C E 
and 3 m € N such that n > m => £n € B(z;c). Thus only finite number of elements are outside of 
B(xz; €), and hence of outside of E. Let No = max(n;z, ¢ E}. Thus n > N = No+1 > x, € E. 


5.11.11 Problem. Let E be a set and (xn) a sequence in E. Suppose that lim, ;5, £n = x and 
that x is an isolated point of E. Show that there is an integer N so that zx, = z, Vn > N. 


5.11.11.1 Solution. If possible, let for all n € N, x, Æ x. Since lim; oo Zn = x, so for every 
€» 0d m € N such that n > m => |r, — x| < e implies that n > m > B(z;e) N E # 0 ontradicts 
that x is isolated point of E. Hence the conclusion follows. 


5.11.11.2 Solution. If possible, let for all n € N, £n Æ x. Since x is an isolated point of E, so there 
exists an € > 0 such that B(z;ce) E = {x} and thus x, € E => |v, — z| > € V n € N contradicts 
that lim, o5 £n = ©. Hence the result. 


5.11.11.3 Solution. Since z is an isolated point of E, so there exists an e > 0 such that B(x; e)'AE = 
{x} and d N € N such that n > N => zn € B(a,c). Therefore (zyw,zN41,....) = (xd) > tn = 
N+] =... = £. Hence the conclusion follows. 


5.11.12 Problem. Let E be a set and (£n) € RN, such that z;'s are not necessarily elements of E. 
Suppose that lim, ,44 £n = x and that zo, € E and tani, € E V n € N. Show that x is a boundary 
point of E. 


5.11.12.1 Solution. Now limpo £n = £ => Ve >03N EN such that n > N > x, € B(z,c). If 
N is even, then N +1 is odd, so by the question (zw, zwN45,...] C E and {ry 41, z Nas...) C EC 
which implies E  B(z, c) and EF N B(z,c) are both non-empty. Hence x is a boundary point of 
E. 


5.11.13 Problem. Show that lim, £n = « holds if and only if every subsequence of (xn) has a 
subsequence that converges to x. 


5.11.13.1 Solution. If lim,... 4 = x, then every subsequence must converge to x. So, every 
subsequence of a subsequence (as being itself a subsequence of (£n) must converge to x. For the 
converse, assume that each subsequence of (£n) has a subsequence that converges to x, but £n does 
not converge to x. Then there exists e > 0 such that for any positive integer k there is nj > k 
satisfying |£ — z4,| > e. So, there exists a subsequence (r4,) of (xn) such that |z — z4,| > €. 
Such a subsequence (£n,) does not contain any subsequence converging to x, which contradicts our 
hypothesis. Therefore lim; ,55 £n = c. 


5.11.14 Problem. Prove that if an ordered field satisfies the completeness theorem, then the Cantor 
axiom holds. 


5.11.14.1 Solution. Hint: Suppose that [a;,04] 2 [a2,b2] Ə .. is a descending chain of closed 


intervals. Show that sup{a1, a», ....) is contained by all of the intervals. 
5.11.15 Problem. Show that every convergent sequence has a minimum or a maximum. 


5.11.15.1 Solution. Hint: Show that if the set A = {an;n € N} has no maximum, then the 
sequence (an) has a subsequence an, — sup A. 


5.11.16 Problem. Show that lim, ,9 x [i] = 1, where [.] stands for the integral part of the number. 


x 
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5.11.16.1 Solution. Hint. i -l< [1] < 4 and the sandwich lemma. 


5.11.17 Problem. Suppose that zn > 0 V n € N and that lim,(—1)"z,, exists. Show that (£n) 
converges. 


5.11.17.1 Solution. Let y, = (—1)"z,. Again lim; y, exists implies both yo,-1 and yən converge 
to the same limit. Since yon; < 0 and yo, > 0, so, lim, y, = lim, yo,-1 < 0 and lim, y, = 
lim, Yon > 0. Thus lim, (—1)"z, = 0. Hence, zo, 1 — 0 and zən —> 0 implies lim, £n = 0. 


5.11.18 Problem. Show that if (zn) € R is unbounded, then there exists a subsequence (£n, ) such 
that lim(1/zp,) = 0. 


5.11.18.1 Solution. Suppose that (£n) is unbounded above, so, for each k € N there exists £n, > k, 
which implies implies 1/z5, < 1/k. Thus, if e 2 03 N € N such that 1/N < e. Choose k > N, then 
1/tn, < l/k < 1/N < e. Hence lim(1/z,5,) = 0. When it is unbounded below, it can be proved in a 
similar way. 


5.11.19 Problem. Let (an), (bn) be sequences of positive real numbers such that an > nb, V n > 1. 
Prove that if (a4) is increasing and (bn) is unbounded, then the sequence (cn) given by Cn = Gn11—Gn, 
is also unbounded. 


5.11.19.1 Solution. Assume that 3 M > 0 such that an+ı — an < M V n € N. Summing up these 
inequalities from 1 to n, we get 


Qn41 — a, < nM 


An+1 
, 


or < a +M 
n 
shows that “++ is bounded. Now an > nb, — anı > (n + 1)b,44 > BY > 9p, 41. Since (bn) 


is unbounded above, we obtained the sequence (==) is unbounded above, a contradiction. 


5.11.20 Problem. Let 0 « a < a be a real numbers and let (£n) be a sequence defined by 


a ifn=1 
Tn = 4 (at l)ya i +Q? 


ifm > 1. 
Ln—-1 + (a +1) 


Prove that the sequence is convergent and find its limit. 
5.11.20.1 Solution. Note that 
(a+ 1)z4 +a? 


0 < t2 = 2——————— <a. 
R 21 (o4 1) 
Since 0 < x2 < a, we obtain 0 < z3 < a and then 0 < £n < a by induction on n. On the other hand 
(a+ 1)z4 1 +a? a? — r2 
In —Ln-1 = quo] = ——————— > 0, 
£ ix Ln—-1 + (a +1) net Ln-1 + (at 1) 


therefore the sequence is increasing and bounded. It follows that the sequence is convergent and let 
limno £n = l. Then 
(a+1)l +a? 
l+ (a+1) 
>? +l(a+1)=(a+1)l o? >l=a. 
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5.11.21 Problem. Evaluate lim,_,.(n!e— [nle]). 


5.11.21.1 Solution. Let Sn = $5 1. Then, we have 0 < nle — n!S, < 1/n. We conclude that 


n=l n 
[n!e] 2 n!Sn and therefore n!e — [n!e]  O. 


5.11.22 Problem. Show that lim,_,.. nsin(2ren!) = 2r. 


5.11.22.1 Solution. Since lim,;_...(n!e — [n!e]) = 0, we have 


. sin(2nle — 2[nle]) _ id 
a (Qnle—2[n!e]) a 2s (n!e — [nle]) 


sin(2nle) 


= 2m. 


Note that by the Maclaurin series expansion of e implies 1/(n + 1) < en! — [en!| < 1/n, and so 
lim, oo n(en! — [en!]) = 1. It follows that 


sin(27en! 
nsin(27en!) = n(en! (en) Ern > 27. 
5.11.22.2 Solution. Show that, 6, = (e—bn)n!, where bn = 1+ $ ++4 +.....+ $ and 0 < 6, « 1. 


Therefore 
sin(27en!) = sin[27(6, + b,n!)]| = sin(210,), 


because bpn! is an integer. Furthermore 0, < aa so 6, — 0 As a consequence, limo, —0o Tu = 
1. Finally 
E E S E bo 
n — — 9njM-. n C On Tbe = z 750. 
=ni Ph ee = EN weed 
< n6, <1, 
n+1 

and we conclude in(250 

nsin(2zen!) = a BORA) ld — 2m. 

2710, 


5.11.23 Problem. Compute 


lim 
noo 


sin (rvn? n 1)]. 


5.11.23.1 Solution. The function | sin z| is periodic with period 7. Hence 


lim sin (rvn? +n +1)| = lim sin (rvn? +n +1 —nr)| 
noo n—0o00 
But 
2 mq 2 
lim (Vit en 1- n) — lim iia eh du 2 
noo noo vn? +n+l+n 
7 n+l 
nce Vn? - n 14 n 
1+4 
= lim n 
noo 1 1 
1+1+4+1 
il 
E 


It follows that the limit is equal to |sin zj, which is 1. 
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5.11.24 Problem. Give an example of a sequence that contains subsequences converging to every 
number in [0,1] (and no other numbers). 


5.11.24.1 Solution. The set [0,1] N Q. 


5.11.25 Problem. Show that there cannot exist a sequence that contains subsequences converging 
to every number in (0,1) and no other numbers. 


5.11.25.1 Solution. Set of all subsequential limits is closed. 


5.11.26 Problem (General Principle of Convergence:). Let f be a function with domain [a, oc). 
Then lim, f(x) exists iff, for every e > 0 there exists M € [a,oo) such that |f(x) — f(y)| < 
eVz,y » M. 


5.11.26.1 Solution. Suppose first that lim, ,55 f(x) exists and equals L. Let € > 0 be given. Then 
there exists M such that |f(x) — L| < «/2 V x,y > M. Hence, for all x,y > M, |f(x) — f(y)| € 
f(x) - L| + |L — f(y)] < e 

Conversely, suppose that, for all e > 0 there exists M such that If |(z) — f(y)| < e for all z,y > M. 
Then the sequence (f(n)) is a Cauchy sequence, and so, it has a limit L. Let € > 0 be given. There 
exists K4 such that |f(n) — L| < €/2 for all integers n > Kı. Also, by the property we are assuming, 
there exists Kə such that If | f(x) — f(y)| < €/2 for all x,y > K2. Let K = max{ K1, K2} and let n 
be an integer greater than K. Then, for all x > K, 


|f(z) — L| = |f(x) — f(n) + |f(n) — L| (where n € N and n > K) 
< |f(z) - f(n)| + |f() - L| < e 


and so lim, soo f(x) = L. 


5.11.27 Problem. Distinguish between decimal representation of rational and irrational number. 
Hence show that i is an accumulation point of R. 


5.11.27.1 Solution. The decimal representation of a rational number is either terminating or recur- 
ring and the decimal representation of an irrational number is non-terminating and non-recurring. 
For the last part, we shall use the fact that 


1 = .99999.....and .999..9(n-times) = 1— 10^" 


Since 1 = .25 = .24 + .0099999....., we show that the sequence .249, .2499, .24999, ..,.25 — 107", .. 
converges to 1. Let e > 0 then 3 p € N such that 107^? < e and 
|.25 — (.25 — 1075-2) = 107?7? < eV n > p. Thus we conclude that (.25 — 107"-2) converges to 


25. 


p. bru p.i 
T 92 tT pZ: 


5.11.28 Problem. Let £n = $ 


1. Show that for all integers n > 1, £n < 2— I « 2. 
2. Conclude that the sequence (£n) converges. 
3. Show that for an integer n large enough n? < 2”. 


5.11.28.1 Solution. 
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1. Since 


l< > 4 n 1 i Vn» 1. Thus, 


n n—1 


«1—-— 

n 

1 1 1 1 

=> 1 H 22 H ues «2 "gl pos 
2. By monotone convergence theorem. 
3. Use induction. 
5.11.29 Problem. Let 0 < yı < x1, and 
— X d Vn. u 2 
n41 = 2 > Yn+1 = Ii 


Tn Un 
then show that the sequences (xn) and (yn) converge to the same limit J/1yr1. 


5.11.29.1 Solution. Since HM < AM, so y2 < x2. So, yı < Y2 < x9 < xı, and in this way we have 
Yn—-1 € Yn € Tn € t4—1 for n = 1,2,... Thus the sequence (£n) is decreasing and bounded below 
by yi and (yn) is increasing and bounded above by 21, hence both sequences converge. Suppose 
Lp — l and y, — m as n — co. Then | = $(1+m) = l= m. Again, from the above relations, we 
get Ln+1Yn+1 XnUn ose T2Y2 T1Uyi- Hence lim, s; TnYn = lim, 455 Ln lima. 555 Un — js 


ziyi > l = amy. 


5.11.30 Problem. Consider the sequence defined by the following procedure: 

step 1: The first 3 terms are —1,0,1 (we go from —1 to 1 in steps of 1). 

step 2: The next 7 terms are —2, —3/2, —1, —1/2, 0, 1/2, 1, 3/2, 2 (we go from —2 to 2 in steps of 
1/2). 

The next kn terms are —n, =n + 1/n, ..., -1/n,0, 1/n, ...,n — 1/n,n (we go from —n to n in steps of 
1/n). 

Find the number of terms k,, in the n-th block. Show that the sequence takes every rational value 
infinitely many times. Find also an explicit example of a sequence which takes each rational value 
exactly once. 


5.11.30.1 Solution. Hint. For instance 5/7 occurs in the 7-th, 14-th, 7k-th block of terms, while 
20+5/7 occurs in the 7k-th block when 7k > 21. Generally a fraction p/q in lowest terms occurs in 
the gk-th blocks when gk > p/q. 


5.11.31 Problem (The Collatz Problem). Define a function $ : N > N by 


n 


5 ifn is even, 
$(n) 2 42 aren 
3n--1 ifn is odd. 


Show that for initial values < 30 say, repeated application of $ comes back eventually to 1. Does 
this happen for all initial values? 


5.11.31.1 Solution. Unknown. 
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5.11.32 Problem. Let 


b 
pc zx: , a,b,c,d » 0. 
cn 4- d 


What conditions on a, b, c, d are needed to make the sequence (£n) increasing, or decreasing? 
5.11.32.1 Solution. 


ad — bc 
(en + d)(c(n + 1) + d) 


Ent+1 Ln = 


so the sequence is increasing if and only if ad — bc > 0. 


5.11.33 Problem. Show that, if (nj) is a strictly increasing sequence of positive integers then 
nj > k for all k. 


5.11.33.1 Solution. Here, (ni) is a strictly increasing sequence of positive integers means the 
function n : N — N defined by n(k) = nz, k € N is a strictly increasing function. So, either 
nı = l or nı > 1 implies nı > 1. If ny = 1 then ng = 2 or ng > 2. Thus ng > 2. Let n, > p. 
Then n, = p > N41 È p +1, thus we have completed our induction argument. Hence the result 
follows. 


5.11.34 Problem. Let (an) be any sequence with an > 0 for all n € N. Show that 


aja " 1^ 
lim sup (==) > e= lim (1++) 
n an n n 


5.11.34.1 Solution. If the result is false, then there is some N € N such that for all n > N 


= n 1 n 
Gre sas 
An n 


equivalently 


which is impossible since it gives an upper bound for (x= +..... + 1) which we know tends to 


infinity. 


5.11.35 Problem. If f(x) < g(x) for all x > 0 and both lim; ,55 f(x) and limg_,.. g(x) exist, then 
lim, soo f(x) < lim, 45 g(x). True or false? 


5.11.35.1 Solution. False. Counterexample: For the functions 
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5.11.36 Problem. Determine all functions f : R — R satisfying the two conditions: 
1. f@t+ty)+fa@—y) - 2f(z)f(y) V v, y € R. 
2. lim, 00 f(x) = 0. 


5.11.36.1 Solution. Let a € R and let y = z — a. By (1), f(2x — a) + f(a) = 2f (x) f(x — a). Now, 
when x — oo, f (2x — a), f(x), f(a — a) — 0. So f(a) = 0. 


5.11.37 Problem. The following definitions of a non-vertical asymptote are equivalent: True or 
false? 


1. The straight line y = mz + c is called a non-vertical asymptote to a curve y = f(x) as x tends 
to infinity if lim, (f(x) — (mz + c)) = 0. 


2. A straight line is called a non-vertical asymptote to a curve as x tends to infinity if the curve 
gets closer and closer to the straight line (as close as we like) as x tends to infinity, but does 
not touch or cross it. 


5.11.37.1 Solution. False. As x tends to infinity the function y = sinz/z gets closer to the 
x-axis from above and below and lim; ,.5 (sinz/z). According to the first definition the x-axis is 
the non-vertical asymptote of the function y = sinz/z, but its graph crosses the x-axis infinitely 
many times, so the definitions (1) and (2) are not equivalent. 

Comment: The correct definition is (1). A function's graph can touch or cross a non-vertical 
asymptote. 


5.11.38 Problem. The tangent line to a curve at a certain point that touches the curve at infinitely 
many other points cannot be a non-vertical asymptote to this curve. True or false? 


5.11.38.1 Solution. False. The tangent line y = 0 to the curve y = (sin? z)/x at x = m touches 
the curve at infinitely many other points and is a non-vertical asymptote to this curve. 


5.11.39 Problem. The following definitions of a vertical asymptote are equivalent: True or false? 


1. The straight line x = a is called a vertical asymptote to a curve y = f(z), if lim; 444 f(x) = 
too or lim, ,4.. f(x) = coo. 


2. The straight line x = a is called a vertical asymptote for the curve y = f(x), if there are 
infinitely many values of f(a) that can be made arbitrarily large or arbitrarily small as x gets 
closer to a from either side of a. 


5.11.39.1 Solution. There are infinitely many values of the function f defined by 


f(x) = Ld 


x x 


that can be made arbitrarily large or small as x gets closer to 0, but the straight line x = 0 is not a 
vertical asymptote of this curve. The correct definition is (1). 


5.11.40 Problem. If lim,_,, f(x) exists and lim,+4 g(x) does not exist because of oscillation of 
g(x) near x = a, then lim, ,4 (f(x)g(x)) does not exist. True or false? 
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5.11.40.1 Solution. False. Counterexample: For the function f(x) = x, limz_,9 £ = 0 and for the 
function g(x) = sin 1/z the limit lim; ,o sin1/x does not exist because of oscillation of g(a) near 
x = 0, but 


ixi CF Go 2) (esin z) ai 


xz—0 xr—0 


5.11.41 Problem. If a function f is not bounded in any neighborhood of the point x = a, then 
either lim; 44 |f (x)| 2 oo or lim; 44. |f(z)| = oo. True or false? 


5.11.41.1 Solution. False. Counterexample: The function f defined by 


f(x) = * cos = 


is not bounded in any neighborhood of the point x = 0, but neither 


lim 
z—04- 


: 1 
nor lim |—cos— 
x 


1 1 
— cos — 
x z0—|ax 


T 


exists. 


5.11.42 Problem. If f : IR — R, then there is at least one point where lim,_,, f(x) exists. True or 
false? 


5.11.42.1 Solution. Consider the Dirichlet’s function D : R — R defined by 


1, ifreQ 
D(x) = c 
0, ifr eQ“. 


It is easy to show that limra D(x) does not exist for any real number a. In fact, in any deleted 
neighborhood of an arbitrary point a there exist both rational and irrational points. Therefore, the 
number 1 cannot be the limit of D(x) at a, because for e = 1 and any small ô there exist points 
x (irrational ones) such that 0 < |x — a| < 6, but |f(z) — 1| = |0 — 1| > e. Similarly, the number 
0 cannot be the limit, because in any ó-nbhd. of a there exist points x (rational ones) such that 
0 < |x — a| < ô, but |f(z) — 0| = |1 — 0| > e. Finally, any real number A z 0 cannot be the limit 
of D(x), because for e = |A| in any ó-nbhd. of a there exist points x (irrational ones) such that 
0 < |x — a| < à, but |f(x) — A| = |0 — A| > e. Hence, the definition of limit is not satisfied at 
arbitrary point a, whatever the value of A. 


5.11.43 Problem. If lim, ,, f(x) does not exist then lim;.,, |f(z)| does not exist. True or false? 


5.11.43.1 Solution. False. Consider the function D : R — R defined by 


D(x) 1,  ifzeQ 
p) = 
—1, ifzeQqc. 


Evidently, D has no limit at any point just like D. However, |D(z)| = 1 and this function has the 
limit 1 at any point. 


5.11.44 Problem. If a sequence (yn) converges to A and a function f : R — R is such that 
f(r) = yn, V n EN, then lim, ;55 f(x) = A. True or false? 
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5.11.44.1 Solution. False. Consider the function f defined by f(x) = sin zz, and f(n) 2 0 V n €N. 
The corresponding sequence yn = f(n) = sinn = 0 converges to 0, but the function f has no limit 
as £ — oo. 


5.11.45 Problem. If there exists a sequence £n such that £n — a and lim,,.,4 f (£n) = A, then 
limsa f(x) = A. True or false? 


5.11.45.1 Solution. Consider the Dirichlet's function Ð : R —> R defined by 


1, ifreQ 
D — 
(2) n ifz € QC. 


Consider a sequence (£n) of rationals (say £n = 1/n) that converges to 0, and 
lims +0 D(an) = 1, however lim, ,0 D(x) does not exist. 


5.11.46 Problem. The definition of the limit can be reformulated as follows: the limit of f(x) as 
x approaches a is A if for every € > 0, there is a ô > 0 such that if |f(z) — A| < e then |x — a| < ô. 
True or false? 


5.11.46.1 Solution. At first glance, the above “definition” conveys an impression that it has at least 
some relation to the correct definition, because the inequalities of the correct definition, meaning 
proximity among function values and among argument values, are involved here. Nevertheless, this 
statement has nothing to do with the correct definition. In fact, if f(a) is defined on a bounded 
interval, say (a,b), then the above statement does not imply any restriction on f(x), because by 
choosing 6 = b — a the required inequality |x — a| < ô is satisfied for an arbitrary x € (a,b) and for 
an arbitrary e > 0. On the other hand, if f(x) is defined on an unbounded domain, say on R, then 
the above “definition” also fails. In fact, let us consider the function f : IR 5 R defined by 


Ba ifreQ 


—e?, ifzcQC. 


Let us choose any A > 0 and consider e-nbhd. of A: |y— A| < €, e € A/2. The corresponding ó-nbhd. 
of the point a = In A is defined as |r —a| < ô with ô = max{In(A+e)—a, a—In(A—e)} = a—In(A-—e). 
It can be checked now that for all the values of f(x) that satisfied the condition | f(x) — A| < e, 
it follows that |x — a| < 6 (more precisely, x € (In(A — €), n(A + €)) € (a — 6,a + ô)). However, 
f(a) has no limit at a, because for any x € Q€ (in particular for x € Q€ in the neighborhood of 
a = ln A) one obtains |f(x) — A| = |e? — A| > A. Remark: For an unbounded domain, say R, the 
above “definition” can also be too restrictive. For example, if f(x) = sina, A = 0 and e = 3, then the 
inequality |x — a| < 6 holds for an arbitrary x (and a) whatever 6 is. It means that the implication 
of the "definition" is not true even for some continuous functions (the concept of continuity will be 
considered in the next chapter). 


5.11.47 Problem. The definition of the limit can be reformulated as follows: the limit of f(a) as 
x approaches a is A if for every 6 > 0, there is an € > 0 such that if |f(x) — A| < e then |x — a| < ô. 
True or false? 


5.11.47.1 Solution. Actually this condition means that there exists a partial limit A of f(x) as x 
approaches a (that is, there is a sequence of points x, such that lim,, 4 f (£k) = A). However, it is 


5.11. PROBLEMS AND SOLUTIONS ON CHAPTER 5 213 


not sufficient to guarantee the existence of the general limit. For example, if 


= z?, ifr cQ 
wh ifz € QC. 


Let a = 0 and A = 0, then by choosing e = 6? for any ô < 1 one guarantees that for all f(x) 
such that |f(z)| = |z?| < € we obtain |z| < 6 for the corresponding values of x. However, the 
general limit does not exist, because there are two different partial limits: limz_.o,czeq f(x) = 0 and 


lim; ,0,5cQc f(x) =1. 


5.11.1 Remark. If we assume that the inverse function exists, then the above statement is the 
definition of the limit (equal to a) of the inverse function x = f! (y) when the argument y approaches 
A. 


5.11.48 Problem. The definition of the limit can be reformulated as follows: the limit of f(x) as 
x approaches a is A if for every 6 > 0, there is an € > 0 such that if |z — a| < 6 then |f (x) — A] < €. 
True or false? 


5.11.48.1 Solution. The above “definition” seems to be rather natural and tempting, because 
it apparently corresponds to a vague idea about limits: when x approaches a the function values 
f(x) approach A. However, this similarity is only appearing, because the inversion of the depen- 
dence between 6 and e (in comparison with the correct definition) leads to possibility to attribute 
to e arbitrary large values, that destroys the requirement that f(x) should approach A. For exam- 
ple, Dirichlet’s function ©, which actually does not have a limit at any point, satisfies the above 
“definition” with an arbitrary a and A = 0 if one chooses e = 2 for every ô > 0. 


5.11.2 Remark. The condition of the statement implies boundedness of f(x) in any deleted neigh- 
borhood of the point a. 


5.11.49 Problem. If for a specific function f(x) and point a the dependence of ô from «e in the 
definition of limit cannot be expressed in the form 6 = ce, where c is a positive constant, then f(x) 
does not have a limit at a. True or false? 


5.11.49.1 Solution. For f(x) = 4/r considered in a neighborhood of the point a = 0, if 6 = € 
then the limit definition is satisfied: lim, ,9 4/x = 0. However, there is no constant c > 0 such 
that 6 = ce. Indeed, if 0 < |z| < 6 = ce, then we can obtain |4/z| < 4/ce, but for any fixed c the 
expression in the right-hand side is greater than e, if e is sufficiently small. Therefore, we will not 
obtain the required evaluation |4/z| < e if 6 = ce. 


5.11.3 Remark. Of course, similar statements with requirement of any other specific law ó(e) are 
also false. 


5.11.50 Problem. If for a specific function f(x) and point a there are two different ways to 
determine ó(e) in the definition of limit, then f(x) does not have a limit at a. True or false? 


5.11.50.1 Solution. Actually, if the limit definition is satisfied, then always there are infinitely 
many ways to determine ó(ce). For example, if f(x) = x and a = 0 then an evident choice to satisfy 
the definition of lim, ,o x = 0 is ô = e. But it means that for any constant 0 < c < 1 the law 6 = ce 
is also suitable, as well as 6 = min{e, €?), or 6 = min{e, €?) more exotic ô = ln(1 +e) and ô = 1—e^*, 
or many others. 


214 CHAPTER 5. SEQUENCE OF REAL NUMBERS 
5.11.51 Problem. If a function f is continuous for all real x and limpo f(n) = A for natural 
numbers n, then lim; ,5; f(x) = A. True or false? But the converse is true. 


5.11.51.1 Solution. False. Counterexample: For the continuous function f(x) = cos(27x) the 
limit limpo cos(2n7) = 1 but lim, _,,. cos(27a) does not exist. But 


lim f(x) = A => im f(n) =A. 


Tz—00 


Here, lims f(x) = A implies for V € > 03 M > 0 such that 


xz > M > |f(x)—-Aļ| <e. 


Let nı € N such that nı > M, then n > nı > |f(n) — A| < e shows that f(n) > A. 


5.11.52 Problem. If there exists a sequence (£p) such that lim, ,4 f (£n) = A, then lim, ,, f (£) = 
A. True or false? 


5.11.52.1 Solution. Let us consider Dirichlet’s function ©, defined by 


ljifzceQ 
D — 
(2) ns Ql 


and a = 0. Using the rational points in the form £n = 1; n € N we form the sequence such that 
Ln — 0 when n — co. Calculating the corresponding limit we have lim,, 9 9(r,) = lim, +9 1 = 1. 
However, a general limit does not exist. 


5.11.53 Problem. Suppose a sequence (xn) of real numbers satisfies 
Ars x VncN. 
For what values of x; does the sequence (£n) converge? For each such x; what is lim zn? 


5.11.53.1 Solution. If | = lim, ... £n exists, then taking limits as n — oo both sides of the 
expression 4£n+1 = x2 yields 4l = l? That is, 


I — 4] = 1(1 4+ 2)(1— 2) =0. 


Thus if | exists, it must be —2, 0 or 2. Next notice that 


l s 
Tn — 4m — 4 — ln 
+i HH 4 7n x 
1 
= qnn + 2)(£n — 2) 
Therefore 
X44 > Zn if £n E (—2, 0) U (2,00) (A) 
and z444 < £n if £n € (—oo, —2) U (0, 2). (B) 
Now consider the seven cases: xı < —2,2; = —2,—2 < zı < 0, zı = 0,0 < zı < 2,24 = 2, and 


zı > 2. In case zı < —2, for example, show that x, < —2 for all n. Use this to show that the 


5.11. PROBLEMS AND SOLUTIONS ON CHAPTER 5 215 


sequence (xn) is decreasing and that it has no limit. The other cases can be treated in a similar 
fashion. Three of these are trivial: if zı = —2, 0, or 2, then the resulting sequence is constant 
(therefore certainly convergent). 

Next suppose zı < —2. Then zn < —2 for every n. [The verification is an easy induction: If x, < —2, 
then x} < —8, so tn41 = ia? < —2]. From this and (B) we see that z,44 < £n for every n. That 
is, the sequence (£n) decreases. Since the only possible limits are —2, 0, and 2, the sequence cannot 
converge. (It must, in fact, be unbounded.) 

The case xı > 2 is similar. We see easily that x, > 2 for all n and therefore [by (A)] the sequence 
(£n) is increasing. Thus it diverges (and is unbounded). 

If —2 < a, < 0, then —2 < x, < 0 for every n. [Again an easy inductive proof: If —2 < £n < 0, 
then —8 < z2 < 0; so —2 < (1/4)a3 = an41 < 0.] From (A) we conclude that (£n) is increasing. 
Being bounded above it must converge to some real number l. The only available candidate is | = 0. 
Similarly, if 0 < xı < 2, then 0 < x, < 2 for all n and (zn) is decreasing. Again the limit is | = 0. 
We have shown that the sequence (£n) converges if and only if xı € [-2,2]. If xı € (—2,2), then 
lim zp = 0, if x; = —2, then lim z,, = —2 and if x; = 2, then lim z,, = 2. 


5.11.54 Problem. If Y = (yp) is a subsequence of a sequence X = (£n) and Z = (zi) is a 
subsequence of Y = (yp) then show that Z = (zx) is a subsequence of X = (£n) where yp = £n, and 
Zk = n, V k € N, for some increaing functions n, p : N + N. 


5.11.54.1 Solution. Since (yp) is a subsequence of (£n), then n an increasing function n : N => N 
such that Y = X o n and y, = Y (p) = (X on)(p) = X(n(p)) = an, Since (zx) is a subsequence of 
(yp), then p an increasing function p : N — N such that Z = Y op = (X o n) o p and zk = Z(k) = 
(Y o p)(k) = (X on) o p(k) = (X o (no p))(k) = Enp,- 


5.11.55 Problem. Suppose f : R > R, and (£n) is a sequence in R, such that £n41 = f (£n). Then 
show that 


1. f is increasing implies that (£n) is monotone. 


2. f is decreasing implies that (124.1), (an) are monotonic sequences of which one is increasing 
and the other is decreasing. 


5.11.55.1 Solution. 


1. Suppose f is increasing, then m > n > fin(m) > f(n) — £m > Fn, and m € n > f|u(m) < 
f|x(n) = £m € £n. Thus f is monotone. 


2. Suppose f is decreasing, then m > n => f(m) € f(n) => f(f(m) > f(f(n)). Thus if 
f(f(m)) = g(m), then g is increasing, so by (i), the sequence (g(x,,)) is monotonic. Now 
g(an) = f(f(an)) = f(an41) = 443. Thus z»4-1 and zs, are monotonic. If zi € x3 then 
f(a1) > f(za) > £2 > x4 and if zı > za then f(zi) € f(a3) = x» € z4, and so on. 


5.11.56 Problem. The sequence (an) is monotone and it has a convergent subsequence. Does it 
imply that (an) is convergent? 


5.11.56.1 Solution. Suppose that we have a subsequence an, — a. Now because of the monotonic- 
ity Vn > ny => |a, — a| € |an, — al, therefore a, — a. 


5.11.57 Problem. If at least one of the following conditions is fulfilled: 


1. the set {n; £n = l} is infinite; 
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2. for every € > 0, the set (L— e,l +€) N (xs; n € N} is infinite. 
Then prove that the point l is a cluster point for the sequence (zn). 


5.11.57.1 Solution. If the set M; = {n; £n = l} is infinite, then its elements can be ordered into 
a monotonically increasing sequence which diverges to oo. So we can put £n, = l for k € N and 
nj < n9 «€ .. < ny « ... This means that for every m € N there exist nj € Mı, such that nj > m. 
Then, for arbitrary e > 0, we have 


|En, — 1| =- 20 « e. 
We obtain that from condition (1) it follows that l is a cluster point for the sequence (£n). 
Again, if for every e > 0, the set (I—e, [--e) (x; n € N} is infinite, then the set Mz = (n; |x4—1| < e) 
can be ordered into a monotonically increasing sequence n4 < n9 « .. < ny « .... This means that, 


for every m € N, there exists k € N, such that ng € Mz and nz > m. So for arbitrary e > 0 we have 


|En, — l| < e. 


We obtain that from condition (2) it follows that l is a cluster point for the sequence (£n). 


5.11.57.2 Solution. Let us suppose that l is a cluster point for the sequence (£n) and that the 
condition (1) is not fulfilled (this means that the sequence (£n) has no stationary subsequence 
Zn, With the property £n, = l, for every n € N. We have to show that then condition (2) is 
fulfilled. Let us suppose that this is not true, namely that there exists an € > 0 such that the set 
(I — e, L4 - e) D (x4; n € N} is finite. If nı is the smallest natural number such that n > nı > £n z l, 
then the supposition means that the finite set (l — e,L + e) N {an;n € N} is either empty, or there 
exists a natural number nz > nı such that for every n > no > Tn € (l — el + €). Hence this means 
that l is not a cluster point for the sequence (£n), a contradiction. 


5.11.4 Note. A real number / is a cluster point of the sequence (£n) iff either the sequence (£n) 
has a stationary subsequence whose every element is equal to l, or every interval containing l has an 
infinite number of terms of the sequence (£n) (or both). 


5.11.58 Problem. Let us suppose that the sequence (zn) has two cluster points a and b and assume 
lim inf x, = —oo and limsup £n = oo. Prove that then there exist subsequences (nj), (nx), (np) and 
(nq) of the set N such that 


lim £n — —oo, lim £n, =a, 
I-00 k—oo 


lim £n, =b, lim £n, = oo. 
pooo P qoo 7% 
5.11.58.1 Solution. We shall construct only two subsequences of (£n) converging to a and oo 
respectively. First let 
M = {n E€ N; tn = a}. 


If the set M is infinite, then it can be written in a unique way as an increasing sequence (ng) which 
diverges to oo. Clearly, (£n,) is a stationary subsequence of (xn) which converges to a. 
If, however, the set M is finite or empty, then there exists an ng € N such that 


Vn EN? no > x, za. 
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Let n; = no +1 and e = |", — a|/2. Since a is a cluster point of (£n), there exists a natural number 
n2 > nı such that 
In, € (a — €1,a + €). 


Taking e? = |£n, — a|/2, there exists a term £n, € (a — €2,a + €2) etc. Continuing this procedure 
ad infinitum, we obtain a subsequence (x4,) of the sequence (£n) which converges to the point a. 
A subsequence (£n,) which diverges to oo can be obtained from the fact that the sequence (ap) is 
not bounded from above. Namely, denote by nı the smallest natural number such that £n, > 1. 
Next, let no for the smallest integer greater than £n, + nı. Continuing in this manner we get a 
monotonically increasing sequence ng which diverges to infinity. This sequence is the set of indices 
of a monotonically increasing subsequence £n, which diverges to oo. 


5.11.59 Problem. Show that, 
1. if (£n) be a sequence and {x,;n € N} is a finite set, then (xn) has a constant subsequence. 
2. every sequence (£p) has a monotone subsequence. 


5.11.59.1 Solution. 


1. Suppose {xn;n € N} is a finite set. Then (zx,;n € N} = (xi,22,..r4] = A (say). Since 
X : N > A is onto, we define the set A; = (n € N; X(n) = aj,1 € i € k}. Clearly N = 
A1 U A2 U .. U Ag. Since N is infinite, then at least one of the sets A; must be infinite. Let 
p be the smallest positive integer for which Aj is the infinite subset of N. Now by WOP, 
we can write A, = [nj,no,na,.)] where nj < mno < ng < .. Now define a : N > N by 
a(t) =n; V i EN, it is clear that a is increasing and hence X o a is a subsequence of X for 
(X o a)(N) = X(a(N)) = X(Ap) = {2p}. 


2. Let X = (zi,22,..24,.) € RN. If {an;n € N} is a finite set, then (xn) has a constant 
subsequence, by the above. Thus we may suppose that B = {x,;n € N} is infinite. If B 
is bounded, then 3 a non-empty subset A C B such that sup A ¢ A or inf A ¢ A. If B is 
unbounded, then B cannot have both sup B and inf B, in this case we take A as B. 


(a) Case (1) sup A ¢ A 

Let i; be the smallest integer such that x; € A. Since none of the real numbers 
£n, where 1 € n < ii, can be the supremum of A, define ig as the smallest integer 
greater than 4, such that z;, € A and zi, < zj,. If x;, has been defined for 1 € n < k, 
and satisfying £i; < rj, < .. < x;,, define 7,41 as the smallest integer greater than ij, 
such that zi, € A and x, < Ti, 41- We have thus defined inductively an increasing 
sequence a : N — N and a(n) = i,V n € N and it is easy to check that «oa is an 
increasing subsequence of z = (£n). 


(b) Case(2) inf A ¢ A and 
(c) Case(3) A — B can be done similarly. 


5.11.60 Problem. Let K be a finite nonempty set of real numbers. Construct a sequence (£n) in 
K such that the set of all cluster points of (4) is exactly K. 


5.11.60.1 Solution. 


Hint. If K = (24,22, ...,24], consider S = [z1,25,..., 24, 21,42, ..., Eny U1, LI, Xn, ss Hh 
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5.11.61 Problem. Show that a bounded sequence in R converges if and only if, all of its convergent 
subsequences converge to the same limit. 


5.11.61.1 Solution. One implication is obvious. Assume now that a bounded sequence (xn) does 
not converge, so, there exists a subsequence (xp, ) that converges to some zo. Since (£n) does not 
converge to zo, there exists € > 0 such that, for all n € N, we can find m > n with |x», — zo| > €. 
Proceeding recursively, we find a subsequence £p, of such that |x, — zo| > € V j € N. If we apply 
again theorem (Any bounded sequence in R has a convergent subsequence.), this subsequence has a 
further subsequence that converges (to some point yo that satisfies, certainly, |yo — zo| > €), and we 
reach a contradiction. 


5.11.62 Problem. Let A C R. Then prove that the following are equivalent: 


1. A= AU A'(where A’ is the derived set of A). 
2. A = (x € R; every nbhd. U of z, U N AFD}. 
3. xe AiffVnEN, B(z,1)nAz 0. 


n 
4. x € A iff there exists a sequence (xn) in A such that limpo £n = 2. 
5. x € A iff infic, |t — z| = 0. 


5.11.62.1 Solution. 


1. (1) implies (2) 
Let x € AU A'. Then z € A or x € A’. Let U be any nbhd. of x, then x € U or U \ {£} NA #0 
implies UM A Æ (). Conversely, if d a nbhd. of U of x such that UM A = 0) then neither z € A 
nor x € A, ie. xz € AU A. 


2. (2) implies (3) 
Since V n € N, B(x;1/n) is nbhd of z, so by (1) B(z;1/n)n A z 0. 


3. (3) implies (2) 
Let U be any nbhd of x. Then d € > 0, so B(z;c) C U, and 3 n € N such that such that 
1/n < e, so B(z;1/n) C B(z;c) CU. Thus 0 4 B(z;il/nlnAC Un A— Urn A z 0 for every 
nbhd. U of zx. 


4. (4) implies (5) 
Let e > 0. Since z, € A V n € N, we see that inf;jeA |t — z| € |v, — z| V n € N and 
limno zn = x implies d no € N such that n > no > |an — z| < e, then inf;eA |t — z| < 
|En — x| < e => infieA |t — x| = 0. 


5. (5) implies (3) 
Suppose infa |t — x| = 0. So for each n € N; 3 £n € A such that |x, — z| < + ie. 
z, € B(x; +) > B(x,1)nAZz0. 


6. (3) implies (4) 
Let e > 0. Then 3 p € N such that 2 < e. Since B (z, i) N A # 0. Choose zp € B (z, i) n A. 


Then for n > p, B(z, 1) nA 0 |en- a c 1e. Thus lim, ,s5 £n = T. 
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5.11.63 Problem (Cluster point or subsequential limit of a sequence.). or A point x is said to 
be a cluster point of a sequence (æn) iff it satisfies one of the following four equivalent properties: 


1. x is the limit of a subsequence (z5,) of the sequence (zn). 


2. Ve» 0andVn€N3m >n such that |rm — z| < €. 
3. Ve » 0 and V m EN, z belongs to the closure of the set Am = {£n;n > m]. 


4. Every nbhd. of x contains infinitely many points of (£n). 


5.11.63.1 Solution. 
1. (1) implies (2) 
Let e > 0 and p € N. Since z is the limit of (x4,) of (£n), so dq € N such that k > q > 
|En, — £| < e. Since n; is increasing, so there exists r € N such that r > max{p,q}. Thus 
M = Nr > Np > p => |Em — T| < e. 


2. (2) implies (3) 
Let e > 0, and p € N, then Ap = (zy, zp41, .....] and there exists m > p > |£m — z| < e. In 


that case, Ap N (£ — e, z + €) £0. Thus x € Ap. 


3. (3) implies (1) 
We know that for every € = 1/k and for every n > 1, there exists a number n, such that 
|En, — £| < 1/k. We define the subsequence n; by taking to be the smallest integer strictly 
greater than nj; and verifying |£n, — £| < 1/k. The subsequence £n, converges to x, since 
for every € > 0, there exists kg > 1/e such that |x,,, — £| < e when k > ko. 


4. See problem 5.11.57. 


5.11.64 Problem. The set of all subsequential limits of a sequence (xn) in R, is a closed subset of 
R. 


5.11.64.1 Solution. Let S be the set of all subsequential limits of (r4). If y is an accumulation 
point of S, we must show that y € S, and hence that some subsequence of (£n) converges to y. Let 
ô > 0, since y is an accumulation point of S, there exists z € S N N(y;0);z z y. But z € S implies 
that z is a subsequential limit. Again, z € N(y;ó) implies d e such that N(z;e) C N(y;ó), choose 
Ln, € N(z;e) C N(y;ó), so |an, — y| < 9. Choose nz by taking to be the smallest integer strictly 
greater than n; such that £n, € N(y;6/2). Now suppose £ni, Ena,- 25, , have been choosen such 
that |z — y| < 6/2* and hence there exists nj > ng—ı such that |z — z4,| < 6/2". Therefore, for each 
k = 1,2,... we have 


Ira, — Y| S len, — 2| + |z = yl < 9/27 < 8, 


thus the subsequence (r,,) converges to y. 


5.11.65 Problem. Consider the functions 


ve ns ifrceQ and 


0 if x € QF 
G x ifrcQ 
q)— 
E 0 ifzecQC. 


Prove that f(x) ~ g(a), as x — 0. 
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5.11.65.1 Solution. Let us put v(x) = D # 0. Then 
zx 


f(z) = vGx).a(r) and lim (2) — 1. 


Thus f(x) ~ g(x), as x > 0, but lim; 50 LI does not exist. 


5.11.66 Problem. Are the following asymptotic equalities correct? 
1. 2020x + x cosx = O(x), x > ow; 
2. O(2020x + x cos £z) = x, £ — oo; 


3. O(x + acosx) =z, £ > o6; 
—S 1 

4. verri-o(2) os 
z 


5.11.66.1 Solution. 


1. Since it is true that |2020x + zcosz| < C|r|, x € R (for example for x > 1, one can take 
C = 2021), it follows that the given statement is true. 


2. The statement is true, for x > 1 implies 
|x| € |x + (2019 + cos x)a| = 1.|2020x + x cos z|. 


3. The statement is not true, because for every xo > 0 and for every C > 0, there exists xı > xo 
such that 


1 
1+cos2, < e or £1 > C(z1 + cos z1). 


4. The statement is true, for 
|V2? +3 -a < Ria 1 
5.11.67 Problem. If the sequences (£n) and (yn) satisfy £n > 0, y, > 0, then prove that 
1. O(1) + O(1) = O(1). 
2. o(1) + o(1) = o(1). 
3. o(1) = O(1). 
4. O(n) + Olyn) = O(n + ya). 
5. o(z4) + 0(Yn) = oln + ya)- 


where (xn) = O(1) means that the sequence (x,,) is bounded and (£n) = o(1) means that the 
sequence (£n) tends to 0. 


5.11.67.1 Solution. 


1. The sum of two bounded sequences is a bounded sequence. 


2. The sum of two sequences converging to zero is a sequence converging to zero too. 


5.11. 
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. À convergent sequence is a bounded one. 


. Let un = O(r,) and v, = O(yn), d P,Q > 0 and 3 no € N such that n > no > [u,| € 


Paz, |Un| € Qyn. Thus 
n > no => [un T Un| sz [us | + [un] < Parn + Qu. < Lay + Yn); L= max{P, Q}. 


This means that O(zr,) + Olyn) = O(£n + ya). 


. The expressions pn = 0(£n) and qn = 0(£n) means 


lim P* =0and lim “ =0 
n> Ly n> Un 
then)! =") < ER EE see 
In + Un Tn In + Un Yn 


And, we have 


0 Dn t dn Pn dn $; 
lim = lim } =0 
n> Ln T Un n—o0 \ Tn + Yn In + Yn 


So we obtain o(z4) + 0(Yn) = 0(£n + y). 


5.11.68 Problem. Let f be a positive on some neighbourhood of the point xo. Prove the following 
asymptotic relations when x — Zp. 


1. 


2: 


3. 


4. 


5.11.68.1 Solution. 


1. 


Let g = O(f) and h = O(g). Then, by definition there exist constants Kı > 0 and Ky > 0 
such that in some nbhd. U of zo such that for z Z x 


ig(x)| < Kı f(x) and |h(z)| < Kag(x). 


Then 
|h(x)| < Ki Ko f(x) 


for x € U \ {ao}, which proves the statement. 


. Left to the reader. 


. Left to the reader. 
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4. Let g = o(f) and h = O(f). Then by definitions there exist a function ¢, a constant K > 0 and 
a nbhd. U of zo such that g(x) = ¢(a). f(x), iMrs, (x) = 0 and h(x) € K f(x), x € U\ {xo}. 
Then the sum of the functions g and h on the set U \ (ro) can be written as 


g(a) + h(x) = ó(x) f(x) + h(a). 


Since ó(x) tends to zero as x — zo, there exists a nbhd. U, C U of the point xo, such that 
ló(z)| € 1 for x € U1 \ {xo},. Thus 


Va € U1 \ {xo}, ]g(z) + h(x)| < Lf) + K.f(z) € Ri. f(x) 


where Ki =1+K. 


5.11.69 Problem. Show that if the functions f and g have the properties f(x) Æ 0 and g(x) 4 0 
for x Æ zo, then as x — zo such that 


f(x) ~ g(x) & g(x) — f(a) = o(9). 


5.11.69.1 Solution. From the equality limz_,2, zc = 1, it follows that 
lim (1 — d) — 0, 
zzo g(x) 


g(x) — f(x) 


) — 0, which implies 
g(x) 


from where we obtain lim;-,2, ( 


g(a) — f(x) = o(g) as x > vo. 


5.11.70 Problem. Let us suppose that f(x) ~ fi(x) and g(x) ~ gi(x), when x > ao. If 
lb f : E exists, then lim, ,;, D exists and satisfies 


z—2c90 gı (x) z— c0 g(x) ` 


AG) uu fG) 


5.11.70.1 Solution. From the above example it follows that f(x) = fi(x) + o(fi(x)) and g(x) = 
gi(x) + o(g1(z)) when x — zo. Therefore we can write 


f(x) _ fil) + o( fix) 


ES g(x) E gi(x) + o(gi(x)) 


m o( f(x) 
= lm ) lim f(x) 
#20 gi(r) wo , | o(gi(w)) 
g(x) 


l 
E 


5.11.71 Problem. Give examples of: 


1. a function f : R — R which is unbounded in every open interval. 
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2. a function f : [0,1] — R such that 
S = (a € [0,1]; lim f (x) does not exist}. 
5.11.71.1 Solution. 
1. Define f : R > R by f(x) = 0 when z is irrational, 
and f(x) = n when g is rational and z = ©% with (m,n) = 1. Now, we prove that f is 


unbounded in every open interval (a,b). Let K > 0. So d p,q € N such that 2? > K, and 
21(b — a) > 1, then c = max{p, q} implies 2° > K, and 2*(b — a) > 1 implies that 3 t € N such 
that 2°a < t < 2*b shows that a < £ < b, hence f (+) = 2° > K shows that f is unbounded 


in the open interval (a, b). 


2. Define f : [0,1] > R by 


LS df lo i| f N 
TE ZLIC DELLI 


when x = 0. 


We see that lim, ,1, f(z) = — and lim, _,1_ f(x) = 4, hence lim,_,1 f(x) does not exist 


n—1 
and the set S = i nec N} is countably infinite. 


5.11.72 Problem. Prove that lim; , S5 (1 + 3 —e 


5.11.72.1 Solution. Let us put x = —t. Then t > oo as x  —oo. Hence 


CE 


—t t t t—1 
Now (1+4) =(=)” = (2) - (1 4) - (1 4) (14+ Ay) eas to o. 


5.11.73 Problem. Show that f(x) = O(|x — zo|?) as x > x, implies f(x) = o(|x — zo|) as x > Xo, 


but give an example to show that the converse is not true. 


5.11.73.1 Solution. By the definition of *big"O, 3 M > 0,n € N such that 
If(@)| 


1 
cnp en Ir — zo| < z> 


for some n > 0, which implies 


Fæ) — le = roll f) 


|z = zo| © |x= vof 


< M|z — zo| , 


1 
for all x such that |x — zo| < z which implies f(x) = o(|x — xo|) as x > zo. 
For the converse, consider f(x) = |x — xo|?/3. 
5.11.74 Problem. Define a function f : R > R by 
x, ifr«0 
f(x) = 


if x > 0. 


Find an open set G and a closed set E such that the set {x € R; f(x) € G} is not open and the set 


{x € R; f(x) € E} is not closed. 
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5.11.74.1 Solution. Consider an open set G = (0,2), then f^!(G) = [0,00) is not open and 
E = [-1,0] is closed and f^! (E) = [—1,0) is not closed. 


5.11.75 Problem. Let x € IS, n € N, then show that 
1 n-—i 
[a] + le d Tec [e + — = [nx], 
n n 


where [x] denotes the greatest integer function of x. 


5.11.75.1 Solution. Let f(x) = [x]- |y + 1] -.... [o + 2—] — [nz], then show that f(z--1) = f(z) 


TL 


and hence f(x) = f(x — E);V k € Z. Now k = [na] is taken to show that f(a — £) = 0. 


5.11.76 Problem. Give an example of a function f : R —> R such that 


f (0,1) = LJ 2n, 2n +1) 


ncz 
and find a bijection g : [0,4] — [0,2] so that 
g (0,1) = (0,1) U (2,3); 71 (1, 2) = (1,2) U (3, 4). 


5.11.76.1 Solution. 
x—2n ifz € (2n,2n4+1 
L f(e)= ( ) 


0 if x € [2n—1,2n] ` 
3 if x € [0,1) 
1 f 
2a ME p treba) 
S if x c [3,4]. 
5.11.77 Problem. Let f : [a,b] ^ R be monotone. Prove that 


1. lim, ,44. f(x) and lim,_,._ f(x) exist for any c € (a, b). 


2. lim, ,44 f(a) and lim, 4, f(x) exist. 


5.11.77.1 Solution. 


1. Without loss of generality, we may assume that f is increasing. Let c € (a,b). Suppose that 


Note that for any x € (c, 6), we have f(c) € f(x). Hence the set (f(x); x € (c, b)) is bounded 
below by f(c) which implies the existence of U(c) and forces the inequality f(c) < U(c). 
Similarly for any x € (a,c), we have f(x) € f(c). Hence the set (f(x); x € (a,c)} is bounded 
above by f(c) which implies the existence of L(c) and forces the inequality L(c) € f(c). So we 
have 

L(c) € f(e) € U(c). 
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First we claim lim,..4 f(x) = U(c). Let e > 0. Then by definition of U(c), there exists 
xo € (c, 0) such that U(c) < f(xo) < U(c) +e. Let 6 = zo — c. Then à > 0 since c < zo. Let 
x € (c, c-- 6) = (c, £o), then we have U(c) € f(x) € f(xo) < U(c) + e. In particular we have 
| f(x) — U(c)| < e. which completes the proof of our claim. 

In a similar way we can prove that lim; ,«. f(x) exist for any c € (a,b). 


2. For the last part of this problem similar ideas as described above will show 
lim, ,44. f(x) = U(a) and lim,_,,_ f(x) = L(b). Note that L(a) and U(b) do not exist. 


5.11.78 Problem. Let f : [a,b] ^ R be monotone. Prove that the set 
D = {x; x € [a,b] and f does not have a limit at x} 
is countable. What happens at the points z that are not in D? 


5.11.78.1 Solution. We have seen in the previous problems that for any c € (a, b), then lim, , «4 f(z) 
and lim, ,.. f(x) exist. In particular, we have 


lim f(x) € f(c) € lim f(x). 


z—c— r—c4 


In particular, c € DN (a, b) if and only if 


lim f(x) « lim f(a). 


r—c— rcd 


So if z € D, then we must have 


lim f(x) = f(c) = lim f(x), 


r—c— rcd 


or that lim; 4c f(x) = f(c). On the other hand, let € > 0, and consider the set 


D. - [ee Dn Im, f(x) - lim fe) > eb. 


«w—->>C— 


We claim that De is finite. Let x; € D.,i = 1,2,..,n, such that £1 < £2 < .... < £n. Then it is easy 
to check that 


f(a) S lim f(x) < lim f(z)<..< lim f(x) < lim | f(a) < f(b). 


2—21— z—2Z6440 


This will then imply 


x( lim fe) = tim (2) < 10) — f) 


"mp z—cJi LL 
= ne < f(b) — f(a). 


Since the number n is bounded above, then De must be finite. Finally we get 


Delo: 


n>1 
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which implies that D is a countable union of finite sets. Hence D is countable. Note that if f : R — IR 
is monotone, then the set 

D = {x; x € [a,b] and f does not have a limit at x} 


is countable. Indeed, We have 


Since DM (—n,n) is countable, then D is a countable union of countable sets. So D is countable. 


5.11.79 Problem. We say f is asymptotic to g and write f ^ g if ou — las x — oo. We write 


f = O(g) (pronounced “Big Oh") if g(a) > 0 for sufficiently large x € R and zz is bounded for 
sufficiently large x. We write f = o(g) (pronounced “Little Oh") if Du — 0 as x — oo. Prove the 
following: 


1. £? +r gr. 


2. eVI? = o(x). 


5.11.79.1 Solution. 


1. lim; ,o5 242 = lim, 5, (1 + 1) = 0. 


Ving A— 
2. We see that EE — eVInz-In? Now, because lim; ,4, In £ = oo and 
lim, ,4, X22 = 0 we have that for large x, vInx < vaz, Hence, for similarly large x, this 


Ing 
.: ving lng J 
gives —— < 1 [e^ | = P — 0. Thus e¥™* = o(z). 


5.11.80 Problem. Prove that if f = o(g) and if g(x) — oo as x > oo, then ef = o(e9) as x — oc. 


5.11.80.1 Solution. Assume g(x) > 0. Since g(x) — oo, so f(x) = o(g(x)) as x — oo, there is 


k > 0 such that |f(z)| < g(a)/2 for x > k. Therefore, f(x) — g(a) < —g(a)/2 for x > k and 
limz-+o0(f (a) — g(z)) = —oo. Now notice that a = ef (*)-9(), and thus ef()—-9@) — 0 as x — oo. 


Therefore ef) = o(e9(?) as a — oo, as claimed. 


5.11.81 Problem. Let a4,a2,.....,a4 be positive real numbers. Prove that 
1 
x x x T 
iin (5 DEA) = 1/0103.....dn nU d, 
z—0 T, 


5.11.81.1 Solution. First, note that 


— Ina. 


20 xz 


Indeed, the left-hand side can be recognized as the derivative of the exponential at 0, or we can 


In(1- t 
argue as follows: let a” = 1 + t, with t > 0. Then z = DOE and the limit becomes 
na 
tlna ; lna lna 


= = =l 
PAN In(1 +t) P320 In(1 + tt Ine ra 
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Let us return to the problem. Because the limit is of the form 1°, it is standard to write it as 


1 
lim (: | ——— | 
n 


aĵi +a3 +... +a- n 


where p = 


= lim exp Gas est) 
z—0 HH 
=exp | TR (A ay —1 d 2223] 
n x0 x x x 
=op | (Ina; 4- In aa 4 ..4 ina.) 


5.11.82 Problem. Let a € (0,1) be a real number and f : R > R a function that satisfies the 
following conditions: 


1. lims f(x) = 0, 


2: Tiris. soo 


Show that lim, ,44 —— = 


5.11.82.1 Solution. The second condition reads, for any > 0, there exists > 0 such that if x € 
(—6,6) then |f(x) — f(ax)| < |x|. Applying the triangle inequality, we find that for all positive 
integers n and all x € (—ô, ô), 


|f(x) — f(a"x)| < |f(z) — f(az)| + |f (ax) — f(a?z)| +.. + |F (atx) — f(a"z)] 
1—a^ 


< elz|(1-4-a--a? +... +a!) Se pco rc 


Iv]. 


Taking the limit as n — oo, we obtain 


Since e > 0 is arbitrary, this proves that lim; f(x) 


=0. 


5.11.83 Problem. For two positive integers m and n, compute 


li AV COS X — /COS £ 
im 


z—0 x2 
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5.11.83.1 Solution. Without loss of generality, we may assume that m > n. Let p = cos" x and 
q — cos" x Write the limit as 


UV cos" y — "V cos"* x 


lim 
z—0 z2 
a EN 
, qm» — prr 
= lim —————— 
z—0 x2 
: q—p 
= lim 


EP x2 (Ve t. rr) 


— cos" z(1— cos"^7" x 
= lim 2—7 = lim ( ) 


230 MNT? z>0 mna? 
.. (1 — cos?" x) 
= lim 2— —— + 
«0 mnx? 
.. (1— cosz)(1 + cosg +... + cos" 7^7 1 x) 
— lim z 
«0 mnz 
m-—n. (1—cosz) m-n 
= lim 5 = 
mn «30 x mn 


2 
5.11.84 Problem. Let f : (0,00) > (0,00) be an increasing function with limy_,., = = 1. Prove 


fnt) 
f(t) 
5.11.84.1 Solution. We can assume that m > 1; otherwise, we can write the fraction and change 


t to * and there is an integer n such that m < 2". Because f is increasing, f(t) < f(mt) < f(2"^t). 
We obtain 


that limps 


= 1 for any m > 0. 


fno | fnt 


rO qo" 
f^t | f) f) f(2t) 
ft) —fQ-—0f(2—10 "^ f(t) 
Thus limo P ) = 1. Hence, by Sandwich theorem lim;_,., p" ) = 1 


5.11.85 Problem. (28th W.L. Putnam Mathematics Competition, 1967) Let f(x) = $5, , a; sin kz, 
with a1,a2,..,an € R,n > 1. Prove that if f(x) € |sinz| V x € R, then 


n 
, kak 
k=1 


5.11.85.1 Solution. We see that f'(x) = 5, 4 kay cos kx and f'(0) = $5, ., kay. Now, using the 
result lims o =) = f'(0). We get 


<1. 


BU (x) — f(0) 
` kak = |f (0)| = lim S 
k=1 
iggy (EAS) gd PECES eg. 
2-0 «a r—0|simnzaz x 
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5.11.86 Problem. Assume that f : [a,b] — IR is increasing, and define g : (a,b) > R by g(x) = 
sup{ f(y);y < x}. Prove that g(c) € f(c). Also prove that if g(c) Æ f(c), then f does not have a 
limit at c. 


5.11.86.1 Solution. Let c € (a,b), then Vy < c => f(y) < f(c). So the set S = {f(y);y < c} 
is bounded above by f(c), hence supS < f(c). ie. g(c) € f(c). Again if g(c) Z f(c) then 
g(c) < f(c).We show that f does not have a limit at c. Now for each n € N, we get sequences un and 
v, such that c — 1/n < Un < c < v, < c + 1/n, then f(u4) € glc) < f(c) € flun). fun) — flun) = 
f(c) — g(c) > 0. From the above we see that un is increasing and vn is decreasing, and both 
converging to c, but f(v4) — f(un) does not converge to 0. Hence f does not have a limit at c. 


5.11.87 Problem. Find all functions f mapping non-negative integers into non-negative integers 
and such that 


f(f(n)) + f(n) = 2n -- 6V n € N. (1) 


5.11.87.1 Solution. Choose and fix an integer n > 0. Consider the following sequence of non- 
negative integers: 


ao = n,a; = f(n), as = f(f(n)), ax = f” (n), ... (2) 
superscript denoting iteration. In equation (1) set f^(n) in place of n; the result is 
Qk42 + Ak41 = 2aj + 6. 
Subtracting 2a,+1 from both sides we get ap42— p41 = 2(aj — aj +6); that is, 7,41 +2rg— 6 = 0, 


where rj = ày41 — ak. Write rk = zy + 2; the equation becomes x41 + 2j, = 0. All these relations 


hold for k = 0,1,2,.. The last equation obviously implies the explicit formula x, = (—2)*2o. 


Consequently x, = (—2)*ao for k = 0,1,2,... By telescoping, we obtain for every integer 


mn 


am = a0 T 5 (ak+1 z ak) 
k=0 
m-1 
= ao + Tk 
k=0 
m-1 
= ao + 2m + 33 (-2) zo 
k=0 
— ag + 2m+ ICA. (3) 


Recall that all a,,’s are supposed to be non-negative. The exponential growth of |(—2)"*zo| can be 
in no way matched by the linear term 2m, unless zo = 0. (To be more precise: if zo > 0 then the 
expression obtained in (3) is negative for large even m; and if £o < 0 then it is negative for large 
odd m.) Therefore zo must be 0, whence ro = 2; ie. a1 — ao = 2. This in view of definition (1) 
means that f(n) — n — 2. 


5.11.88 Problem. 


230 CHAPTER 5. SEQUENCE OF REAL NUMBERS 


1. Let the sequence (Xn) be the sequence of arithmetic means of a sequence (xn). Prove that 


lim inf z,, € liminf X,, € lim sup Xn < lim sup zpr. 
noo noo noo noo 


2. (Cauchy's first limit theorem) If (xn) converges, then show that 


lim zr, = lim X, 
n—oo n— oo 


3. (Cauchy's second limit theorem) If £n is positive for all n € N and (xn) converges, then show 
that 


lim xz, = lim Y, 
TL,— 0o noo 


where Y, = ?/%1%9...4n. 


4. Give an example to show that (Xn) could converge even if (xn) diverges. 
5.11.88.1 Solution. 
1. We shall prove only that 


lim sup X, < lim sup Zp. 
n— oo n> oo 


Let us denote by x = limsup, ,4, %n and assume that x > 0. Then for every e > 0, there 
exists no € N such that for every n > no — £n > x +e. So for n > no, we have 


tittat art Uny +... XQ 
n 
eec — B 
< tit 22 tno | (n noz e). MENS 
n n n 
|B| 


where B = 41+ %2+....+ £44. Now for e > 0d n, € N, such that — « e V n > ny. Let 
n 


ng = max{no,n1} then we get V n > no > X, < x + 2e which shows 


lim sup X, € « = limsup Zp. 
noo noo 


The case x < 0 is similar and left to the reader. 


2. From the condition lim, ;55 £n = x, it follows that 


(Ve 0)(3ng € N(Vne€ N) n > no > |r, — z| < e/2. 


Then we can write 


21H94 d 33 ee + Eno d ed Xn 


[Xn — z| 
n 


IA 
3 

E 

= 


x| + |£2 — z| + -+ |z4471 — £| + [Eno — x]... + |En — xl) 
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where A = |z1 — z| + |xa — x| + ... + |Eno-1 — x| and there exists a natural number nı = ni (e) 
such that 

A € 

mni -——x.-. 

n 2 


Let no = max{n1, n2}. Then we obtain 


(Ve»0)(3nze€ N(VneN)n2 no 2 |X, -2| « e. 


3. Since the logarithmic function is continuous, hence from lim, ...%, = x, it follows that 
limpsoo In £n = Inlim,4.,55 £n = ln z. Hence we have 


1 
In Y, = — (ln zı *-Inzo +... + ln £n), 
n 
and we can apply the previous result to obtain lim,_,,. In Yn = ln z, hence 
lim Y, = x. 
noo 


Remark: The opposite does not necessarily hold. Find an example! 


0, ifnis even 
l. ifn is odd. 
n 


4. Consider x, = (—1)"*1, then Xn = 
5.11.89 Problem. Let the sequence (pn) of positive numbers such that 
M Ro 


and let (£n) be a sequence of real numbers. Let 


3 Pity + peta +... + Pnn 
s Pi + P2 +- T Pn 


(Xn is the generalised arithmetic means of the sequence (2,,)). Prove the following: 


lim inf x, € liminf Xn € lim sup Xn < lim sup Zp. 
"n—oo TL— 0o noo noo 


5.11.89.1 Solution. Same as above. Thus if the sequence (£n) converges, then its sequence of 
generalized arithmetic means converges to the same limit. 


5.11.90 Problem. Define 
(1) limyaf(r) = inf sup f(x). 


(2) lim, ,,f(r) - sup inf f(z). 
5>0 xEN(a;5) 


where N(a;5) = N (a; ô) V {a}. 
1. Show that lim, ,4 f(x) € L, iff given e > 0, I ô > 0 such that V z € N(a,5) > f(z) € L4 c. 


232 


5 


CHAPTER 5. SEQUENCE OF REAL NUMBERS 


Show that lim, ,4 f(a) > L, iff given e > 0 and ô > 0,3 x € N(a,6) and f(x) > L—e. 


Show that lim, ,, f(z) < imza f (£), 
and if "equality" holds then lim, ,4 f(x) exists. 


If limsa f (x) 


L, and (zn) is a sequence with £n # a such that lim, ,55 £n = a and then 


)€XL 
If lim, ,4 f(z) = L,, then there is a sequence (£n) with x, Z a such that lim, ,4, £n = a and 


limsa f(a) = L iff lim, oo f (£n) = L for every sequence (xn) with £n Z a and lim, 455 £n = 
à. 


5.11.90.1 Solution. 


1. 


. Suppose lim,.. f(z) > L. Given e > 0, and 6 > 0, SUPren(a;6) > L — €. So, 


Suppose lim, 54 f(x) < L. Given e > 0, 36 > 0 such that SUD, c & (a;6) f(x) < L+ e. Thus for 
all x with 0 < |r — a| < 6, f(a) € L +e. Conversely, for any € > 0, there exists 6 > 0 such that 
f(x) € L4 € for all x with 0 < |x — a| < 6. Then for each n, there exists 6, > 0, such that 
f(x) € L+1/n for all x with 0 < |x — a| < ôn, so supozi; aca, f(z) < L t 1/n. Thus 


lim,,sf(z)x inf sup f(x)<inf sup f(x)<L+1/n 
9200-Ix—a|«ó n 0<|r—a|<őn 


for all n, so lim, ,4 f(z) < L. 


x such that 
0 < |r — a| < 6, f(x) > L — e. Conversely, suppose that € > 0, and ô > 0, 4 x such that 
f(x) > L— e. Then for each n, there exists £n, such that 0 < |z, — a| < ô, f(x4) > L — 1/n. 
Thus for each 6 > 0, supp cjz—al<s f(x) > 1/n for all n, so SUD, c & (4:5) f(x) > L. Hence, 


lim, ,4 f(z) = infsso SUD. e Ñ (a5) f(x) » L. 


. For any 61, 02 > 0, if ôi < 62, then 


if f(x)< inf f(x)< sup f(x) < sup f(a). 
t€ N (a;ð2) z€N(a;ó1) v € N (a;ó1) z€N (a;02) 


In particular, 


if f(x)z sup f(x)and inf f(x)< sup f(z). 
rE N(a;51) z€ N (a;ó2) z€N(a;2) z€ N (a;01) 


Hence 


sup inf f(z)< sup f(a) for any ôo > 0 
020 «EN (a;6) z€ N (a;óo) 


So, supsso Inf ,c (5) f(x) € infs>o SUP re Nr (a5) f(z). 

Thus Bim; 24) < lim. f (x). 

Suppose that lim, ,,f(r) = limsa f(x) = L. Given e > 0, there exists ó1 > 0 such that 
SUP,eg(a5,) (T) < L +e, ie. f(x) < L+e whenever 0 < |x — y| < 61, also there exists 


62 > 0 such that inf, cg(,.5,) f(r) > L— e ie. f(x) > L — e whenever 0 < |x — y| < às. 
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Let 6 = min{ô1, 62}. Then, when 0 < |x — a| < 6 = |f(x) — L| < € so lim; 4 f(x) exists. 
Conversely, let lim; ,4 f(x) = L. Then, given e > 0, there exists 6 > 0 such that 0 < 
|x — a| < à = |f(x) — L| < e. By part (1), limsa f(x) < L. Similarly, lim, ,, f(z) > L, i.e. 
lim, ,, f(z) > L> lim, f(z) > lim, ,,f(z) = lim; s, f (x). 

4. Suppose lim, sa f(x) = L and (£n) is a sequence with £n 4 a such that a = lim; £n. 
For any e > 0, there exists N € N such that 0 < |v, — a| < 6 for n > N. Thus for 
any 6 > O,infy sup,s y f(@n) € sup, w f(za) € Sup,eg(4,5, f (v) so infy sup,s y f(r) < 
infgso SUD, e Ñ (a;5) f(x) i.e. lim, f(z4) € lim, 4 f(x) = L. 


5. Suppose lim, +af(z) = L. By part (a), for each n € N, there exists 6, > 0 such that 
f(x) < L+1/n whenever 0 < |z — a| < ôn. By part (2), there exists £n such that 0 < 
|en — a| € min(ó,, 1/n) and f(a) > L —1/n. Thus 0 < |r, — a| < 1/n and |f(x4) — L| < 1/n 
for each n. i.e. (zn) is a sequence with x, Z a such that a = lima, and L = lim f (£n). 


6. Suppose l = lim,_., f(a) and let and (£n) is a sequence with z,, Z a such that a = lim, x. 
Given € > 0, there exists 6 > 0 such that |f(x) — l| < € whenever 0 < |x — a| < 6. Also there 
exists N € N such that 0 < |r, — a| < 6 for n > N. Thus for n > N,|f(an) ^ l| < e. ie. 
l = lim f (xn). Conversely, suppose l Z lim;.,4 f(x). Then there exists e > 0 such that for each 
n there exists x, with 0 < |£n — a| < 1/n and |f (x4) — I| > e. Thus (xn) is a sequence with 
Tn a and a = lim zn but l Z lim f(x). 


5.11.5 Theorem. Stolz-Cesaro theorem: Let (an) be a sequence in R and (bn) a strictly mono- 
tone and divergent sequence. Then 


lim RD OE S) 
noo bn ET bn 
implies 
i an 
l AEN) 
i308 


5.11.6 Remark. Generally, the converse of the above theorem does not hold. However partial 
converse holds by the following example. 


5.11.91 Problem. Let (a,,) be a sequence in R and (bn) a strictly monotone and divergent sequence. 
Suppose 


Then 


implies 


5.11.91.1 Solution. Now observe that 


Qn4+1 an Un 
An+1— an _ bn41 bs bn+1 ; l — lb = l 
bn+1 = b, 1— Le 1—b 
n+1 
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an4 


5.11.92.1 Solution. Take bn = n and an = 35; ., £k Then 7 "EN = $41 © T. 


5.11.7 Remark. Generally, the converse of the above problem does not hold. 
5.11.8 Example. Consider the sequence (an) in R given by 


Ei! 
= 


an 
Obviously, the sequence does not converge. At the same time 


2a fh if n is even 


not if n is odd. 


Hence lim, win —3. 


5.11.93 Problem. Let (an) be a sequence in R, a, » 0 V n € N. 


1. If 
è An+1 
lim —— =a, 
n—09 An 
then 
lim Va, = ala > 0), 
2. If 
lim a, = a, (a > 0) 
"n—o0o 
then 


lim 1/a1a3....a, = ala > 0), 


n 


5.11.93.1 Solution. 
1. Take £n = In %/a,, Yn = n, and apply Stolz-Cesaro theorem. 


2. In = (/a103....04, Yn = n. 


5.11.9 Remark. Generally, the converses of the above problem do not hold. In order to see directly 
that the converse of (1) is false it is enough to consider two distinct positive numbers p,q and the 
sequence (an) defined by 


Then a, > ,/pq. At the same time the sequence (“**+) has no limit. In order to see directly that the 


an 


converse of (2), consider as before two distinct positive numbers p,q and the sequence (an) defined 
by 


Then ~/@1@3....d, — ,/pq. and the sequence (ap) is divergent. 


5.11. PROBLEMS AND SOLUTIONS ON CHAPTER 5 235 


5.11.94 Problem (The Stolz theorem). (a discrete analogue of L'Hopital's rule). Let the sequence 
(£n) of positive numbers satisfy the following two conditions 


lim £n = oo and z441 > Tn. 
TL,— 0o 


If there exists a sequence (yn) such that 


iun et exists, 
NCO Ln — Zn—1 
then prove that 


: Un : Un — Un—1 
lim = = lim ————— 


5.11.94.1 Solution. Using the conditions on the sequence (xn), we can construct the following two 
sequences 


In = pic pac. + Pn and Yn = pray + p2a2  ...... + Pnan, 
where p;'s are positive real numbers and (a,,) is a sequence in R. So we have 


Yn — Un—1 = DnÓn 
Tn — Tn—1 Pn 


n- 


If lima, = £ exists, then from the previous exercise it follows that the sequence of generalized 
arithmetic means converges to the same limit. 


5.11.95 Problem. The converse of Stoltz theorem is not true. In other words, if 


] Un : Un — Un-1 
lim — = £, then lim — — —— 


then may not exist. 


5.11.95.1 Solution. If we take, for example, 


TL 


kr 
tp =nand ys — 9 ovs neéN, 
k=1 

. 7 2T . nn 

y sin — + sin — +..... + sin — 
then lim 2 = lim 3 3 = 0. 

n> Ln n— 0o n 
Yn — Yn- 


However, the limit lim, ,55 does not exist. For 


Tn — Tn—1 


t E Un Nn Un—1 z " . NT 
lim inf —— — ——- = lim inf sin — = ——, 
n—00 Tn — $5.1 n— oo 3 2 


: — Un-1 2 OUT 
lim sup Sn Sn cd sup sin — = 
n—oo In — Xn—1 noo 3 
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5.11.96 Problem. Determine the following limits lim,_,. tn by using the Stolz theorem, 


15 4:955 +nk 
1. tn = net , KEN. 
1? 4-3? 4 ...... + (2n 4- 1)? 
2 n — nptl p Q 
154 25. + n n 
3. th = ,kEN. 
nk k+1 
lnn 
EEE ee 
T "NINE 
n 
5.11.96.1 Solution. 
l. sm TP EOP cs +n" and z,, = n't! then find lim, ,4 Yn Vn-1 and the value is l 
Ln — 95-1 k+1 
9p 
2. the value is j 
p+1 


1 
3. Yn = (k - 1)(1* + 2° +... + nE) — n*H, £n = (k +1)n* and the value is y 


4. Yn — Inn, tn = n!/* and the value is 0. 


1 1 


5. Yn = 1+ +... 4 , ©, = n and the value is 0. 
* Va Jn 
5.11.97 Problem. Let (zn) be a sequence. Prove that 
. n In 
lim (£n — £n-1) zr lim — = 
noo noo n 


5.11.97.1 Solution. Let us denote £n — x41 by ys, xo = 0. Then lim, 55 y, = lima 4os (x, — 
25—1) = x and let us calculate the sequence of arithmetic means of the sequence (yn) and we have 


viret Yr + Y2 +- F Yn — Yai mc _ Tn 
n= = = 


n n TL 


it follows from Cauchy's first limit theorem that lim; 55 E qu 
n 


5.11.98 Problem. Let (£n) be a sequence. Prove that 


5.11.98.1 Solution. Let us denote z,/z, 1 by Yn, xo = 1. Then from 


Gn = YVI Yn = V (21 /£0)(z2/21) SS (Un /24 1) = [m 


it follows from Cauchy's second limit theorem that lim, ,44 Gn = lim, so wr, 
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5.11.99 Problem. Let a; = V2 and 


Qn41 = 4/24 Vaga, V n 2 1. 


Show that (a,,) is convergent and find its limit. 


5.11.99.1 Solution. By induction, we can prove that 0 < aj, < 2 and, now 
0544 = = Van — M ün—1 


shows that (a,). Hence (an) is convergent. Denoting by l its limit, we get | = 2+ vl, which, 
using Cardan's formula, leads to 


i S (4/3 ee) (FF (79 ave) - 1). 


5.11.100 Problem. Let (a,,) and (bn) be two sequences and (c,) be a defined by 


= ayby + 2304.1 gat Andy 


Cn = 


n 

1. If lim, 555 a, = 0 and |b,| < BV n EN, then limno cn = 0. 

2. If lim, +o än = a and limpo an = a, then lim, ,55 Cn = ab. 
5.11.100.1 Solution. 


1. From the implication 


lim a, =0=> lim ja,| 2 0 
noo n—oo 


and by Stoltz theor em, it follows 
lim 3 | a | 0 li m | a | 0 
n> n " E noo ie 


Since the sequence (bn) is bounded by B, we have 


eee B : 
Jaa] + az] + + lanl p and lim |c,| < lim — las] = 0. 
n n— o0 n> n k=l 


Jes: 


This means that limpo Cn = 0. 
2. Let us put £n = an — a then lim, 555 £n = 0 and 


(24 + a)b,, + (z2 + a)bn—1 +... + (Un + aby 
n 
A 2105 + £əbn—1 BI E cubi i 


Cn = 


atr Tb adeb 
n n 


= pn + dn. 
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From (1) it follows that 


E : Libn + 2304 4 +... + nb 
lim p, = lim =0 
noo noo 


TL 
bs cs ich 
n 


= ab. 


while lim qn = lim a. 
noo noo 


Therefore lim,.,55 c, = ab. 


5.11.101 Problem. Let (a,,) and (bn) be sequences of positive real numbers such that 
lim a5 =a, lim b% = b; a,b » 0, 


and suppose that the positive numbers p and q satisfy p + q = 1. Compute 


lim (pan + qb4)". 
n— Co 


5.11.101.1 Solution. Hint: zr? > x iff n(z,, — 1) > log z. 


5.11.102 Problem. If 0 < cı < 1 and c,41 = c,(1— cn), then 


lim =1. 
noo log n 
5.11.102.1 Solution. Hint: c1, = c;! + (1— c) !. 
5.11.103 Problem. Define a sequence (£n) by 
Tn __ 1 
dic ee ee n> 


Show that 1+ £1 + £1£2 + z423223 +... = €^. 


5.11.103.1 Solution. Hint. Observe that 7,e7"+! = e*" — 1 


5.11.104 Problem. Let sı = loga, Sn = bw log(a— sn) for n > 2. Show that lim4 ,55 Sn — a— 1. 


5.11.104.1 Solution. Hint. Consider the function x + log(a — x). 


5.11.105 Problem. Find the limits of 


lim (2k* — 1)" and lim (2n* — 1)^/n? 


"n—oo n—- Co 


5.11.105.1 Solution. Answer: k? and 1. 


5.11.106 Problem. A monotone decreasing sequence (an) cannot oscillate: correct or justify. 


5.11.106.1 Solution. Note that, if | € R, then a, —> l as n — oo means (an) has a finite limit. If 
l is oo or —oo, then (an) has an infinite limit. Also if (an) has no limit (finite or infinite), then (an) 
is said to oscillate boundedly or unboundedly according as it is bounded or unbounded. 

So if a monotone decreasing sequence (an) is bounded, it converges to inf, an and if it is unbounded 
lim,.,55 à, = —oo. Thus it cannot oscillate. 
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5.11.107 Problem. The sequence (un) is determined by the equations 


(n 2 1) 


4un 
u2 41 


uj = 0, u2 = 1, Un+1 + Un-1 = 


Prove the following results: 
1. (Unun+1 — 1)? + (un — Unsi)? = 2; 
2. un is a rational number; 
3. 1+ 4u2 — ud is the square of a rational number. 
5.11.107.1 Solution. 
1. Using the given relation show that 
(Ununyı — 1)? + (un — Una)? = (Un—1Un — 1)? + (og — Un)”. 
Sucessive reductions finally give 
(Untinga — 1)? + (un — Ung)? = (ate — 1)? + (u1 — u2) = 2. 
2. If un and u4..1 are rational, then 


Aun 


— Un-1 
u2 4-1 


Un+1 = 
is rational, since it is formed from the former by the operations of addition, subtraction, 
multiplication, and division. Now u4 and wz are rational: therefore so is u3 , hence u4 and so 
on. 


3. Use (i). 
5.11.108 Problem. Prove that the sequence (a4) where a, = sinn is not convergent. 


5.11.108.1 Solution. Suppose to the contrary that the lim; sin n exists and equal to l, say. Then 
0 = lim, sin(n + 2) — lim, sin n = lim, (sin(n + 2) — sinn) = lim, 2cos(n + 1) sin 1, so it follows that 
lim, cos n = 0. Again 0 = lim, cos(n + 2) — lim, cosn = lim, (cos(n + 2) — cosn) = — lim, 2sin(n + 
1)sinl, From here, we see that lim, sinn = 0. This is a contradiction because sin? n + co?n = 1 
implies that 1 = lim, (sin? n + cos? n) = lim, (sin? n) + lim, (cos? n) = 0. Therefore, the sequence 
an = sinn does not have a limit. 


5.11.109 Problem. Determine the limit points of the set {cosn} of the sequence (cosn). 


5.11.109.1 Solution. Observe that cos(2mm +n) = cosn,m,n € Z and the set G = (2mm + 
n;m,n € Z} is a group under addition. Since m is an irrational number, so the group G is dense 
in R. Let y € [-1,1], since the function cos : R — [-1,1] is continuous, so by IVP 3 x € R such 
that y = cos x. Hence 3 m1, nı € Z satisfying x < 2m47 4- ni < «+e. Thus by using the inequality 
| cosx — cos y| € |x — y|, we get 


ly — cosni| = | cos x — cos(2mim + n1)| € 2m 4- ni — x < €. 


The above argument shows, there exist non-negative integers n, with |y — cosnz| < e/2*-! i.e. 
cosny — y as k — oo. From this, it easily follows that every point of [-1, 1] must be a limit point 
of (cos n]. 
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k 


5.11.110 Problem. Show that lim, 4; = 0, where a > 1. 


k : 
5.11.110.1 Solution. Let b= Ya. Clearly b > Land 0 < #2 = (4) = (i&)* . We shall show 
that 4 — 0. If we write b= 1+ (b — 1), then 


TL 


>> (5) (b — 1. 


1=0 


Since b > 1, all terms in this sum are positive, so 


p (5) (b-1P = mn = Da. iy (1) 


Thus, 5; — 0 implies that a, — 0. 


5.11.111 Problem. Show that lim, ,55 mn =0. 


5.11.111.1 Solution. When n is large enough, we have E < gr € 1. Let € > 0 and b = e*. Then 


1 


ene 


T 
«—«l1-—1c«n«e"-0«lInn «ne. 
€ 


x 1 : Inn _ 
That is, 0 < 7" < e, shows limno 7" = 0. 


5.11.112 Problem. 
1. Show that lim, (/n = 1. 


2. Show that lim, Vs = 0. 


5.11.112.1 Solution. 
1. Let b= %/n and applying (1) in the result of 5.11.110.1, we have 


—1 
n> ne ym - 1)? 
It follows that 
2 
Vn-—1« »0 
n—l1 


Hence lim, {y/n = 1. 


2. For any fixed k » 1,k € N, we show that Vs < op etos (2)" using induction. When 
n! n 
n = 1, we have 1 < k, so suppose it is true for n = m. Using hypothesis, (m+ 1)! = 


(m+1)m! > (m + 1) (%)” = (Aet ay > [per mee Therefore va < È for all 


n € N. Consequently 


k 
0< <-->0. 
TL 


1 
Vn! 


Hence lim, Vs = 0. 
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an 


5.11.113 Problem. Let lim, an = oo. Prove that lim,, (1 + i) =e. 


5.11.113.1 Solution. We observe that, if n; is any increasing sequence of positive integers, then 
Nk nk-Fl Nk 
lim; (1 + a) = lim, (1 + +) = limk (1 + +) = e. Next we establish the inequality 


Netl 
Lan] lan]+1 Lan] 
1 1 1 
+a) < (1+ ) «(ie n) | 
( [an] +1 [an] [an] 


Since |an] +1 > an and |an] < an, so 


lan] Lan | 
1 1 
1 + —— <(1+— 
“Ge (iz) 
Cay see ea" 
an n Lan | E Lan | , 


Hence the result. Note that |x| denotes the integral part of x. 


IA 
Lom 
= 
+ 
8|- 
Nar 

S 


and 


5.11.114 Problem. Show that if (r4) is a sequence of positive real numbers which satisfies rmin < 


i 
Tmrn V m,n € N, then (rz ) converges to its glb. 


BN 
5.11.114.1 Solution. Let r be be the glb of (rn). Let e > 0 then d m € N such that (rz) « r4 e. 
Now for any n € N, by division algorithm, we have n = km + t for integers k,t with 0 € t < m. 
1 


Then rn < femre € Eri < (r^ c)"ri, and rz. € (r+ 6)*™/"r}/”. But both km/n and ri” — 1 as 
1 


n œ, so rẹ < r + e for sufficiently large n, as required. 


5.11.115 Problem. Suppose that the terms of the sequence an satisfy the inequalities 0 < a@ni4m < 
an + am. Prove that the sequence (an/n) converges to its glb or diverges properly to —ooc. 


5.11.115.1 Solution. It is sufficient to consider the case where the greatest lower bound a is finite. 
Assume € > 0 so d m € N such that am/m < a +€. Again, any number n can be written in the 
form n = qm +r where r is an integer, 0 < r < m — 1. We define ag = 0. Then we have 


Qn = Qqm--r < amt € am +o + Xa + Gar, 


Sq /n = Soe c Ra mL T. 
qm +r qm +r m qm-r n 
a m a T a 
mx ur T= (o9 (1 )+ T. 
n qm-rr n n n 


Thus & > a. 
n 
5.11.116 Problem. Consider the sequence (an), such that 
Am + an — 1 < Gg on < Gm + an +1. 


Then 


exists; is finite (say w) and we have 


wn— 1l <an <wn+l. 
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5.11.116.1 Solution. From the relations, we get 


Amin +1 € (am +1) + (an + 1), 1— am+n < (1— am) + (1— an) 
Again, by the previous problem, 


i à, 1 : 1—an 
lim —— =w, lim -—-—u, 
noo TU noo TL 


where —w being a lower bound, cannot be oo, and so w 4 —oo. We conclude further that 


ma MD mL E 


TL n 


Which shows the result. 


5.11.117 Problem. A real sequence (an) satisfies the following conditions: 
aı > l, a1 .... + an < 2an for n > 2. 


Show that there exists q > 1 such that a, » q" Vn € N. 


5.11.117.1 Solution. Hint: Prove by induction that a, > 2"-?a;. 


5.11.118 Problem. A real sequence (an) satisfies the following conditions: 


4541 > an and Amn > Man V m,n € N and sup(a,/n) < oo. 
n 


Does the sequence (a,,/n) converge? 


5.11.118.1 Solution. Yes and limno (a, /n) = sup, (a, /n). 


5.11.119 Problem. A real sequence (an) satisfies the following condition: 
e Qe 
im am Don =1. 


Then limpo (3n)!/3a,, =1 


3 


WT 


5.11.119.1 Solution. Consider the sequence s2 — s2. ,, where sn = 35, , az. 


5.11.120 Problem. 
1. Is the sequence (a) where £n = (—1)" eventually or frequently in the set A = {1}. 


2. Which definition is stronger? Does eventually imply frequently or Does frequently imply 
eventually? 


3. Give an alternate rephrasing of definition of limit of a sequence using either frequently or 
eventually. 


4. Suppose an infinite number of terms of a sequence (xn) are equal to 2. Is (£n) necessarily 
eventually in the interval (1.9, 2.1)? Is it frequently in (1.9, 2.1)? 
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5.11.120.1 Solution. 
1. The sequence (xn) frequently in the set A = {1}. 


2. Eventually in A is stronger than frequently in A. 


3. A sequence (xn) in A converges to a limit l iff it is eventually in a set A CR. 


4. No. Yes. 


5.11.121 Problem. Consider the sequence (£n), defined by zo = 0,21 = 1 
Tn42 — 32n41 — 2x4 
for n = 1,2,... Define y, = £? +2"*?. Show that yn is the square of an odd integer, for every n € N. 


5.11.121.1 Solution. The recursion formula for 7,42 can be rewritten as zx442 — X441 = 22541 — 
2r,. Now, substituting z441 — z, = tn we get tn+1 = 2t,. Since to = 1, we infer tk = 2*. ie. 
Tk+1 — Tk = 25, hence 


n-1 
S (mei te) 14254254. 27 122^ —1. 
k=0 


Thus, y, = z2 + 2"*? = (2^ — 1)? + 27*? = (2” + 1)?, as required. 


5.11.122 Problem. The sequence (£n) is defined by zı = 1,29 = 2 


Tayr tl 


In 


In+2 = 


for n = 1,2,... Show that each x, is an integer. 


5.11.122.1 Solution. According to the definition, 
TEE] = £n42%y — 1, so x2 = Zn+1£n—1 — 1. By subtraction, we get 


2 2 
X41 — n = Tn+2Tn — Tn+1Tn—1 


=>Tn4+1(Tn+1 F Ln—1) = aug + 2542) 
n+l + Tn—1 = In+2 + Ln 


Tn Tn+1 
This shows that the sequence 2«-:*?»-: 
lently, 


is constant which begins with *3*: = 9*1 — 3, Equiva- 
T2 2 


Ln+1 = 90324 — Tn- V n EN. 


Since z, = 1, xq = 2, this forces that all the z,,’s are integrs. 


5.11.123 Problem. Define a sequence (a4) by a1 = o,a441 = a2 — 2a, + 2, where 1 < a < 2. 
Show that 


i, VEN <a, <2, 


2. (an) is decreasing, 
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3. an — a say, and a = 1 or 2, 
4. V n € N, an <a, and a < o, and 
5. a4 > 1. 


5.11.123.1 Solution. 
1. Qng41 — 1 = (an — 1)? > anyı > 1VneN 
az — ay = a? — 3a, +2 =a? — 3a + 2 = (a — 2) (a — 1) < 0 > a2 < a4. 
again, since an+1 = a2 — 2an + 2 > any, — 1 = (a, — 1)? so 
an1 — 05 = (à, — 1? — (a4. — 1}? 


= (an F On—1 2) (an an—1) 


= (az + a4 — 2) (a2 — a4) < 0. 
Hence 1 < .. < an+1 < Gn < ... < a3 < a2 < a1 =Q < 2, i.e. (an) is decreasing. 
2. done in (1). 
3. Suppose an — a, then a = inf a4, so 
lim an41 = lim(a2 — 2a, + 2) 
n n 
>a =a —2a+2 


>a’ — 3a +2 =0 
-—a-20ra - l1. 


4. Since (an) is decreasing, and supa, = 2 thus a = limpo an = 1. 


5. done in (4). 


5.11.124 Problem. The sequence (£n) is defined by xı = 1/2, £n = i ont VneEN. 
Prove the inequality 


tt+agt...+an<1,VneEN. 


5.11.124.1 Solution. Consider the auxiliary sequence yn = (2n — 1)z, that defines the analogous 
formula for yn given by 


2n — 3 (2n — 1)(2n — 3) Un—1 
n= 2 Pade n—1 = . , 
ac Des dne 2n 3(n-1)-1 
i.e. d i 
Yn = Ciel E for n = 2,3, ... 
2n 
'This formula is valid also for n — 1, if we set yo — 1. 
2 n 
Now, Un—1i— Yn = K Yn — Yn = y = £n, for n = 1,2,3,... and therefore z4 + £2 +... + En = 
2n— 1 2n— 1 


(yo — 91) + (yı — 92) +.» + Yn—1 — Yn) = Yo — Yn = 1 — yn < 1 as required. 
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5.11.125 Problem. Two sequences of integers aj, a2, a3, ... and bı, be, b3,... are defined uniquely by 
the equality (2+ V3)" = an + bn V/3. Compute lim, (a; /bn). 


5.11.125.1 Solution. Expanding (2+ V3)” and (2— V3)" binomially, we obtain in both expressions 
the same coefficients of terms involving the even powers of V3, whereas those involving the odd 
powers of \/3 differ in sign. Therefore the equality (2 + v3)” = an + bn /3 implies 


(2 — V3)” = an — bn V3. 
Since 0 < 2 — V3 < 1, and bn > 1 V n so, (2 — V3)" — 0 and 1/b, is bounded, hence 


an  b.V34(2— V3?" — (2- V3)” 
"m b, cA pe > v3. 


5.11.126 Problem. For each positive integer n, let 


1+ : + : : + : 2/n 
ün = } t n 
V2 3 v4 vn 
1 1 1 1 
b, = 14 H H I t 2Vn+1 
V2 yB V4 vn 
Prove that the sequences (an) and (bn) converge. 
5.11.126.1 Solution. Observe that 
1 
An+1 — Gn = 1 2v/n 4-14 2/n 
n+ 
1 1 


^ n41 a eT 
| vn+l+yn-2vn+1 
© (vn+1+vyn)vn+1 
Vn — vnl z 
(V/n 14 Vn) n1 


1 
2V/n+2+2Vn+1>0. 
Ynt+1 v v 


Thus anņ is a strictly decreasing sequence and bn is an strictly increasing sequence. Now, we see that 
Gn — bn > 0 and 


and b444 — bn = 


by < bo <... < bn x ux an <- 0» < a. 


Thus by monotone convergence theorem, the sequences (an) and (bn) converge. 
5.11.127 Problem. True or false? (Justify.) 


1. Suppose (an,) and (an,) are two subsequences of a sequence (an), and they converge to a and 
b respectively, then a — b. 


2. If (an) diverges then every subsequence diverges. 


3. If (an) is unbounded then every subsequence is unbounded. 
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4. Give an example of a sequence (an) such that a;,41 is not necessarily smaller than an, but (an) 
converges. 


5.11.127.1 Solution. 


1. False: Consider the sequence (an) defined by a, = (—1)";n € N, then a», and apn both 
converges to —1 and 1 respectively, but —1 Æ 1. 


2. False: Consider the sequence (an) defined by 
n, if nis odd. 
Aan = 
E, if n is even. 


3. False: Consider the sequence (an) defined by an = nD". 


4. Consider 
h if n is odd 
aum 


1- H, if n is even. 


5.11.128 Problem. Let (an) and (bn) be two sequences and suppose that the set {n € N; an 4 bn} 
is finite. Prove that the sequences either both converge or both diverge. 


5.11.128.1 Solution. Let m = max{n € N;an 4 bn}, then for n > m,a, = bn, ie. they are 
ultimately identical. Hence the sequences either both converge or both diverge. 


5.11.129 Problem. Suppose that a sequence has a finite range. Under what conditions will the 
sequence converge? 


5.11.129.1 Solution. Let X = (x,,) be a sequence with finite range {£1, £2, .., £k} = A (say). Let 
t = min;zj{|£; — £j|}, then for t > e > 0 3 no E N such that |Em — n| < € V Mm, n > no È Im = 
Ln = Tp (say) for some z, € A i.e. X = (£n) is ultimately a constant sequence. 


5.11.130 Problem. Let (an) and (bn) be two sequences and suppose that (r4) is a sequence of 
positive numbers that converges to 0. Let 0 < |ak — bk| < ry for each positive integer k. 


1. Give an example to show that the sequences (an) and (bn) may not converge. 
2. If (an) converges to L, then (bn) converges to L. 


5.11.130.1 Solution. 
1. an = (-1)* (1+ 1), b, = (-1)*. 


2. Let € > 0, then there exists no such that n > no > |x, — L| < e/2. Again, ry 20 dnicN 
such that r, < €/2 V n > ni. Let n = max(no, nı}. Hence, 0 < jax, — b,| < rk for each positive 
integer k implies |bg— L| = |b —aj— L+ar| € |o —ag|-4-|ax — L| € re++|ak— L| < €/2+€/2 =e, 
whenever k > max(no,ni). Hence (b,) converges to L. 


5.11.131 Problem. If (an) converges to a and a > 0. Then show that there exist positive number 
m and a positive integer q such that a, > m, V n >q. 
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5.11.131.1 Solution. a, > a = Ve>04n0 € N such that n > no > an € (a — ea- e). Now 
choose m = a — € and q = no, the result follows. 


5.11.132 Problem. Let (r,) be a sequence of distinct elements in R, and suppose that x; > x. 
Let f be a one-to-one map of the set of z;'s into itself. Prove that f(x;) > z. 


5.11.132.1 Solution. Since x, — x, so, fore > 0 I N € N such that n > N > zn € B(z;6). 
Again, let m = max{i; f(zi) € (xi, 22,..., zw)) and M = max{N,m}. Thus n > M => f(an) € 
[xw,zN4i,SNa42,..] € B(z;c). Hence f(r4) > x. 


5.11.133 Problem. Let (an) be a null sequence in R, let c : N > N be injective and define 
b, = ao(n) (in other words, the n-th term of the new sequence is the c(n)-th term of the old 
sequence). Prove that (b,) is also a null sequence; in particular, every rearrangement of a null 
sequence is null. 


5.11.133.1 Solution. Here (an) is a null sequence in R implies V € > 0 3 N € N such that 
n > N > |a,| < e. Let M = max(m € N;o(m) < N}, then m > M => o(m) > N and then 
lac(m)| < € = |bm| < €, which shows that (bn) is also a null sequence. 


5.11.134 Problem. If (an) converges to a and a: N > N is a bijection. Then show that aa(n) also 
converges to a. 


5.11.134.1 Solution. Since (an) converges to a, so (a, — a) is a null sequence. Then proceed as 
above. 


5.11.135 Problem. Let xp = a,x; = b. Find lim zn in the following 
1. 4 = (1 — +) Tn—1 + lys» (n = 2,3,...) 
2. Enyi = (1— +) an + Hen (n = 1,2,3,...) 

5.11.135.1 Solution. 
1. 


1 1 
Tn = bs 5 In—-1 + nee? 


1 
— In — In-1 = —— (Enzi am Ln—2) 
n 
1 
=> In-1 — In—2 = — 1 (Ln—2 pP Ln—3) 
> In-2 Tn-3 = (En-3 Dd) 
n—2 
iL 
> T4 — T3 = 1 (a3 — x2) 
1 
> T3 — T2 = 3 (x9 zı) 
1 
> T2 — T1 = 5 (xı — Xo) 


on multiplication, we get £n — z4 4 = (-1)"-!1 d (a1 — 20). 


Hence |En+p "s yl < [Zap E Sup + |En+p-1 2 Yn4p-2] Tec [n1 € tl. then proceed 
to show that (x,,) is a Cauchy sequence. 
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2. Left to the reader. 


5.11.136 Problem. Give an example of sequences (x,,) and (yn) such that (z, : n € N} € {yp : 
n € N} but (zn) is not a subsequence of (yn). 


5.11.136.1 Solution. Consider the sequences X — (1, Li 1,1,1 m and 


Jota 
> Il T 1 1 
Y -(LLLL.L.). 


5.11.137 Problem. Give an example of a sequence such that Z is exactly the set of all subsequential 
limits. 


5.11.137.1 Solution. Consider the sequence 
S —(0,—1,0,1, -2, —1,0, 1,2, -3, 2, 21,0, 1,2,3, ..) 


5.11.138 Problem. Find a sequence (£n) with the property: for every positive integer p, there 
exists a subsequence of (£n) that converges to p. 


5.11.138.1 Solution. Hint: Consider the sequence (1, 1,2, 1, 2,3, 1,2, 3,4, ..). 


5.11.139 Problem. Give an example of a sequence such that set of subsequential limits is the point 
0 along with the set iin € Z}. 


5.11.139.1 Solution. Consider the set 5 = {+ + 4;m,n € Z \ {0}} and arrange them in a se- 
quence. 


5.11.140 Problem. Explain why there is no sequence whose set of subsequential limits is ü nc Z}. 


5.11.140.1 Solution. We can show the set of all subsequential limits is a closed set, but the given 
set is not closed. 


5.11.141 Problem. Prove the following generalization of the property of density of Q in R: Let 
(an) be a sequence of positive numbers whose infimum is 0. Then the set {ma,;m € Z,n € N} is 
dense in R. Infer from this fact that R \ Q is also dense in R. 


5.11.141.1 Solution. Let 0 < a < b. Since b — a > 0 and infan = 0, so d am such that am < a 
and am < b — a. Now, we claim that, there exists k € N such that a < kam < b. If possible, let 
V n EN, nam ¢ (a,b), then let k = sup{n; nam < a}, hence 
kam < a and (k + 1)am >b 
>Am > b — kam > b— a, 
1 


a contradiction. In particular, for the sequence (i) ,let A = ü nc N} , then observe that Q = 
AZ. 


5.11.142 Problem. Let N denote the set of all positive integers. Find the set of limit points of 
S= [va- Vb; a,b € N} and prove that S is dense in R. 


5.11.142.1 Solution. For a,b and n € N taking x = an?,y = bn? > /z — yy =n(ya— vb) € S, 
so, the set contains all integral multiples of each of its members. Note also that 


(vn+1- vn) (Vn 14 Vn) =1 


1 1 
—0«wvn-41-— = < s 
ý yn vn+l+yn 2yn 
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Let e > 0. Thus it is sufficient to show that (0,¢€) N S 4 @. Now e > 0 implies 3 N € N such that 
1 
0< 2/N «e VN+1-VN «e, shows the desired result. 


5.11.143 Problem. (Generalization of the result of the above problem:) If (an) and (bn) are 
unbounded monotonic increasing sequences of real numbers and lim, ,4,(a4,44 — Gn) = 0, then the 
set D = {am — bn; m,n € N} is dense in R. 


5.11.143.1 Solution. Let r € R and e > 0. Then 3 k € N such that 


ün41— an « €V m 2 k. 


Since (bn) is an unbounded monotonic increasing sequence, so d m € N such that bm > aj — r i.e. 
bm +r > aj. Since a; is increasing, so it must lie between a, and ap41 for some p > k and thus 
dp < bm +r < ap44. This gives |(ay — bm) — r| < e. Hence ap — bm € (r — e,r +e), and required 
result follows. 

In the above problem an = bn = yn satisfies the assumption of the problem. 


5.11.144 Problem. Let a, — 14H14... and bn = Inn, then show that the set {am—bn; m,n € N} 
is dense in R. 


5.11.144.1 Solution. Apply the result of the previous problem. 
5.11.145 Problem. For a sequence of real numbers (xn) establish the following: 
1. If ty41 — En > xz E R then t/n > zx. 


2. If (£„) is bounded and 2£„ € z444 + x41 holds for all n = 2,3,... then 


Zn — Zn > 0. 


5.11.145.1 Solution. 


1. Suppose y, = 2441 — $4 — x, then by Cauchy’s limit theorem 


n 
1 1 

1 Yi > T => (n41 — 21) zm. 
ni n 


Since z4/n — 0, we have PEZET — x, we note that 


Ln In n—-l 
= » rz. 
n n—1l n 


2. The condition 2£n < £n+1 + r4, can be rewritten as £n — x41 € $441 — Zn for each n = 
2, 3,..., which implies that the bounded sequence (£n+1 — £n) is an increasing sequence, and 
hence convergent. Let z441 — v, — x in R. By part (1), we have  — x. But, since (£n) is 


a bounded sequence, *" — 0. Therefore, x = 0, and so z,41 — £n — 0. 


5.11.146 Problem. Consider a sequence (an) of real numbers such that an — l (finite) as n — oo, 
then prove that a, — à4.1 > 0 as n — oo. 
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5.11.146.1 Solution. Let e > 0, then d N € N such that |an — l| < €/2, whenever n > N +1, hence 
lan — an-1| = |an — l + l — an-1]| € |an — l| + |l — an-1ı| < €/2 + €/2 = €, 
whenever n > N. Thus an — an-ı > 0 as n — oo. 


5.11.147 Problem. Consider a sequence (an) real numbers such that an + an+ı — u and an + 
an+2 — p. as n — oo, where u, u’ are real numbers, then prove that u = u’ and an > iu. 


5.11.147.1 Solution. Given that, an + a441 — u and an + à443 — p. So, 


2an = (an + an+1) + (an + an+2) — (an+1 + an+2) 


=> lim 2a, = lim (an + a441) + lim (an +an+2)— lim (an+ı + an+2) 
TL— 0o noo TL— oo noo 


22 lim a, — uc u—pu-y 
n—oo 


. 1 / 
=> lim an = =p 
noo 2 


Since limp+oo(@n41 + 4442) = H, hence p’/2+ u//2 — u 2 uw. 


5.11.148 Problem. (1988 Nanchang City Math Competition) Let (an) be a sequence of real num- 
bers such that an — a4, 9 — 0. Prove that 
jc esr 
n 


an — Qn—1 


z. 


2. imr 
n 


3. Give an example of a sequence satisfying the conditions of the above problem. 


5.11.148.1 Solution. 


1. We take two subsequences (a2ķ+1) and (az) of (an). We apply Stoltz’s theorem to the sequences 
(a2k+1) with (2k + 1) and (az2ķ) with (2k) Then 


i Q2k+1 — Q2k—1 
lim 


p ey OKR= a) edd 


Aap — d2k— 
lim 22% 2k-2 _ 0 
k—oo 
I Q2k4+1 " Q2k 
and thus lim = im — =0. 
k—oo 2k +1 > K-00 2k 


Therefore, the two subsequences (44) , (225) of (2 bh one odd and other even converges to 


0. Hence limp... “ = 0. 


2. For e > 0, then d k € N such that |an — an-2| < € V n > k. Observe that for n > k, 


Qn — An-1 = (an an—2) (an-ı Gn—3) | (@n—2 an—4) 


+ {(ak+2 — ak) — (aki — ak—1)} - 


An — On— 
Thus |an — @n—1| € (n — k)e + |ax41 — ax—i| and so limpo ————— " Heb esu 
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3. Consider the sequence an = (—1)”. 


5.11.149 Problem. Prove that limit point of the range {x,;n € N} of a sequence (r4) is a 
subsequential limit of the sequence. But a subsequential limit may not be the limit point of (r4;n € 
N}. Give an example. 


5.11.149.1 Solution. Let | be a limit point of A = (x,;n € N} and e > 0, then AN É(I;e) ¥ 0. 
Let T = (n € N;z, € B(l;c)). By well ordering principle, inf T = nı (say) and in this way we 
can choose n; = inf{T \ {m1,..,ni-1}} and £n, € AN B(l;e/2*) for every i € N, thus (ap,) is a 
subsequence of (£n). Again, £n, € B(l;e/2*) for k > i, ie. |En, — l| < e€/22 < eV k > i, shows that 
(£ni) > l. Example: £n = (—1)”. 


5.11.150 Problem. Let (z,,) be a sequence in R such that £n+1 — £n — 0. Prove that the set of 
limits of its convergent subsequences is the interval with end points limz;, and limz,. 


5.11.150.1 Solution. Suppose that limz„, = l and limz, = L. Since £n4}1 — £n — 0, so for all 
€1 > 0, there exists k € N such that 


—€1 < n41 — 24 <LE€aVn>k. (1) 


It is clear that | < L. Let S = (r,;n € N}. We shall show that S" = |l, L]. Let A € [l, L] be an 
isolated point of S, then d e, € > € > 0 such that (A — e€, A + €) contains no points of S. Let 
T = {n € N; £n > A+ e€}. Now, let n € T. We claim n+ 1 € T, otherwise £n+1 € A— e, which implies 


Inti L à— cand tn > À+€ 
=>Tn41 — £n € —2€ < —€ < —€1 


contradicts (1). Thus n+ 1 € T. Hence, at least one nbhd. of l contains only finite number of points 
of S and l cannot be a subsequential limit of (x), a contradiction that l is subsequential limit of 
(£n), Thus A is a limit point of S. 


5.11.150.2 Solution. (Arnab Roy, VI-th semester.) Suppose that lima, = l and limz,, = L. Then 
there exist functions p,q : N — N such that pk > qp Vk € N and zp, > L, r4, > l. Clearly | < L, 
and let | < A < L. Choose e > 0 such that 


l<lte<rXA-€<At+e<L—-eX<L. 


Hence d t£ € N such that k > t implies 


l-e<aq,<lt+e, L-e<a, «L-e, 
also 3 N € N such that n > N => —e < n41 — Tn < €. 


Again, we can take t so large that p+, qu > N. Clearly 


Tp, > L— eS A+eand ty e d ES Ne 8035 du E (Xo; EEX (1) 


Now, we claim that 3 n € N with qe < n < p; such that £n € (A — €, + €). If possible, let 


In €(A—erA+€), Vg; E n pi (2) 
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Suppose that 
T = {Nn; q <n < P, En < rA- E}. 


We see that T #0 as zq, € (À — €, A + €), as £p, > À + e so p, ¢ T. Again, we claim that, if n € T 
then n + 1 € T. If not, then 


£n < A — eand A +€ € Tn41 
>In41 — Ty > 26> é; 


a contradiction to our assumption. Hence n 4- 1 € T. 

Then after finite number of steps, we can say p, € T which contradicts the fact xp, > A+. Thus (2) 
is false. Hence there exists ne, qe < ne € pr with £n, € (À — €, A + €). This is true for all sufficiently 
large m where i «e« $ min(A — l, L — A). Now, let mı be the smallest such m, then V m > mı, 


we get £n, € (^ — i, A+ i) . Now, we construct a subsequence of (xn) in the following way, 


1 1 
VicN,ni 2ng, 4 i—1, then z,, À - Ad - ; 
Nm, +i— 1 Nm, +t—1 


Hence (an,) > A. 


5.11.151 Problem. Suppose that the sequence (£n) of real numbers is such that z,44 + £n — 0. 
Prove that the set of limits of convergent subsequences of this sequence is either infinite or contains 
at most two points. 


5.11.151.1 Solution. (Arnab Roy,VI-th Semester) It is given that 2,41 + £n — 0. So 


Zn42 — En = (Za42 + Zn41) — (Zn41 + Zn) > 0. (A) 


Assume that the sequence (zn) has finitely many subsequential limits. Now, consider the two 
subsequences (yn), (zn) with yn = z24-1,2& = Lon. Thus by (A), we get y441 — Yn — 0. and 
Zn41 — £a — 0. 

Suppose that (yn) is not convergent, then (yn) has at least two subsequential limits l and L (say) 
and | < L. Hence, (A) and the previous problem shows that (yn) has infinitely many subsequential 
limits, i.e. [, L]. Since (yn) is a subsequence of (x,,) so, (£n) will have infinitely many subsequential 
limits which contradicts our assumption. Threrefore (yn) in convergent. Similarly (z,,) is convergent. 
Let Yn > m, zn > M. Now, for any subsequence (z5,) of (£n) either the indices are eventually odd 
or even or infinitely many are odd and even. Thus (r,,) either converges to m, M or does not 
converge at all. Hence (£n) can have at most two subsequential limits. 


5.11.152 Problem. If z4,4,; — iU — 0 then prove that £n — 0. 
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5.11.152.1 Solution. Let y, = z,44 — $2n, then 


n 
! Yk Ti 
summing up, we get 1 pO n4 -— x 
k=1 


a- 2^ 
ja = k = k k 1 
that 1S, Xni] = Qn—k Qn—k | 5 9n—k H 2n x 
k=1 k=1 k=m+1 


Since yk — 0, for large m the second sum is small for all n > m. For fixed m the first sum is 
arbitrarily small if n is sufficiently large. Thus lim; ,55 £n+1 = 0. 


2 
a —1 
5.11.153 Problem. Define a, = 1, a2 = 7 and a445 = LEER. E positive integer n. Prove that 
a 
9anGn+1 + 1 is a perfect square for every positive integer n. E 


5.11.153.1 Solution. Observe that 


2 
Q1 — n = An+20n — On4-10n—1 


2 
—05 11 + Gn410n—1 = Ay + Qn420n 


=> nl (Qn41 T an—1) = ûn (E, T an) 


NC + @n—1) = (an+2 + an) Vn ema. s 


an An+1 
(Qn42+@n) 
An+1 
constant and equals to k (say), so by a3 + a1 = kag and aga, = a2 — 1, we get a3 = 48 and k = 7. 
Hence, we get the relation an+2 + an = 7an41. Next, writing out the first few terms of 9anan+ı + 1 
will suggest that 9anan+ı +1 = (an + a441)?. The case n = 1 is true as 9.7 +1 = (1+ 7)?. Suppose 
this is true for n = k. Using the recurrence relations, we get 


Let (£n) be a sequence defined by £n = , we see that £n = @n41 = En42 .... Thus gpn is 


ak41 — 1 = ak+20k = (Tak+1 — ax)ay = Tak+1ük — ag 
2a; 4 — 2 = May41a& — 2a; (5.6) 


we get the case n — k 4- 1 as follows: 
9ak+1đāk+2 + 1 = 9ak4 (Tag 41 ak) +1 


= 63a? 4 — 9ay41ag +1 


= 63a2 ,, — (ag41 + an)? +2 


= 62a? ,, — 2ag41a& — a? +2 
= 64a2,, — 16ap410, +a? by (5.6) 


= (Bagi1 — an)” = (ayq1 + 042)" - 
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Thus the relation is true for n = k + 1. Hence the result follows. 


5.11.154 Problem. 


1. Give an example of a bounded (unbounded) divergent sequence (£n) such that 2,41 — £n — 0. 


2. Does there exist a bounded (unbounded) sequence (xn) such that £n+1 — £n — 0, but the 
ti S Ee 


) does not have a limit? 
n 


sequence ( 


5.11.154.1 Solution. 
1. (a) Consider the sequence (£n) defined by £n = sinlogn. Clearly (xn) is bounded. Now 


Zn+1 — £n sinlog (n + 1) — sin logn 
Soe (= (n+ 2 + x) a (= (n+ 2 — oen) 


= 2 cos [mM T (5 a iz 1/n) 


) > 0 asn oo. 


(b) Consider the sequence (£n) defined by £n = Xp- 1, and z441 — En = zH > 0. 


2. (a) Left to the reader. 


(b) Consider the sequence (£n) defined by £n = Xr + 


" 


£ 1 1 1 
Ya (reg) (ree 
m 2 2 n 


1 
-nl-t(n-l1)j-.-í(n r4 1)- 4 ..4 


and 


HH 


r=1 


which does not tend to a finite limit, as =" — 0. 


5.11.155 Problem. 


1. Suppose that (a4 +... + a4)/n — a and (a? +....4.a2)/n — b. Prove that a? < b < a and that 
b can take any values between a? and a. 


2. If (a4) is a sequence in (0,1), show that 


Is bE 
SD +O — Yak 0. 
k=1 k=1 
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3. If (an) is a sequence in R, show that 


does not imply the existence of the other. 


5.11.155.1 Solution. 


1. Applying Cauchy-Schwartz inequality to the following sets of numbers {aj, ao, 
{1,1,...,1}, we get 


nm n 
SUE: Na VPH.. +1? 
k=1 Ne 
[x ls 
—— Gk C .|— ia 
rer Vee 


Thus a? < b. 
Again, since (a4) is a sequence in (0,1), so a2 < aj V k € N and hence 


Thus a? «€ b € a. 
2. Applying the result of the above, the desired result follows. 


3. We prove more general statement: If p is a positive integer and (an) is a sequence 


bS ps 
=> a 0S aj > 0. 
k=l k=l 


We recall the inequality 


TL 


(mimm) L aP +a? + shave + a2P 
E n hd 


It follows that 


Q1 T a2 o .... F à 
n 


2 2 2 
2p ay? +a +... + an? 
< 
n 


255 


04) and 


in R, then 
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Hence the conclusion follows for p = 1. 
The converse is not true. Take a, = (—1)” and observe that 


Q1 + à2 + .... + an 0 if n is even 
z —l ifnis odd. 


Hence 


but 


4. Left to the reader. 


5.11.156 Problem. 
1. Let (x4) be a sequence in R. Assume that subsequences (125), (£2n+1) and (34) are conver- 


gent. Show that (x4) is convergent. But if assume that only two of these three subsequences 
are convergent, the result is no longer true. 


2. Give an example of a sequence (xn) that is not convergent but has the property that for every 
integer k > 2 the subsequence £kn is convergent. 


5.11.156.1 Solution. 

1. Suppose xo, — a,zo441 — b and za, — c. Now (x64) is a subsequence of both (x5,) and 
(134), hence (zen) is convergent and converges to a and a = c, again (164-3) is a subsequence 
of both (£ən+1) and (x34), hence (agn—3) is convergent and converges to b and b = c,thus 
a=b=c. 


a) Consider £n = (—1)". tox — 1, 2541  —1 but x3, does not converge. 
+ 


r 0, if nis prime, 
(b) Consider £n = SANE E . 
1, ifn is composite. 


£3k — 1, 22K — 1 but x2~41 does not converge. 
0, ifn =2*,k=0,1,.., 

1, otherwise. 

£3k > l, £2k+1 — 1 but zo does not exist. 


(c) Consider £n = 


0, ifn is prime, 
1 
Then every subsequence (x44), k > 1,n > 1 is a constant sequence and therefore it is conver- 
gent. 


2. Consider £n = "e . 
if n is composite. 


? 


5.11.157 Problem. Prove that the statement (i) lima. 5o |f (a-- h) — f(a)| = 0 implies the statement 
(ii) limao |f (a +h) — f(a — h)| 2 0. Give an example of a function f for which the converse is not 
true. 
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5.11.157.1 Solution. Now, since lim; 5o |f (a 4- h) — f(a)| = 0, so for every e > 03 r > 0 such that 
|/ (a +h) — f(a)| < €/2 whenever |h| < e, hence 


|f(a +h) — f(a — h)| = |f(a +h) — fla) — f(a — h) + fa) 
| 


S |f(a * h) — f(a)| + |f(a — h) — f(a) 
« e/2 4 e/2 =e. 
Hence the result. 
: : |x| ifa 40 
For the other part, for a 4 0, consider the function f(x) = i 0 
a ifxr=0. 


Now, |f (0+ A) — f(0 — h)| 2 0 but |f (0 + A) — f(0)| = |h| — a does not tend to 0 as h > 0. 


5.11.158 Problem. Give an alternative proof of the covergence of the sequence (vn) given by 
v; = V2, v,41 = VUn + 2 using the inequality (to be established) 2 — v,,4 = 3(2 — Un). 


5.11.158.1 Solution. v,,; = V/v, +2 => 2 — Un41 = 2 — Von t2 = aes < i2-w)« 
az (2 — v1) as required. 


5.11.159 Problem. For what real values of z do the sequences (cos nz), (sin nx) converge? 


5.11.159.1 Solution. Let f,(r) = cos(nx). Suppose for some x € [0,27], that f&(x) — l as 
n — oo.Then fi41(x) + fu ci(x) = 2cosnzsinz => 2l = 2lcosz as n — oo, so either | = 0 or 
cosg = 1. But fo,(x) = cos 2ng = 2cos? nz — 1 and so | must satisfy | = 2/? — 1 and in particular 
l #0. Hence for convergence we must have cost = 1 > x = 2ka for k € Z then f,(x) 21 Vn € N 
and (fn) converges. Hence cos nz has a limit iff x = 2k. 

If g,(z) = sinnz — m as n — oo, then gn+1 — Gn-1 = 2cosnzsinz — 0,so either sinz = 0, or 
cos nz — 0 which is impossible. Hence sin nx has a limit iff x = km. 


5.11.160 Problem. A sequence (xn) defined by z4,41 = yaz? +b with x; = c. Show that £n 
converges whenever 0 « a < 1 and b > 0, hence find its limit. 


5.11.160.1 Solution. Let f(r) = Vax? + b, then 
I(x) — f) = | Vas? +b- Vay? t) 


|. (zty) — y) 
vaa? +b + yay? +b 


Since Var? + b+ ay? + 7 > Va|vz| + Jaly| > Vala + y|, 
then | f(x) — f(y)| € Valx—y| where va < 1 i.e., f is a contraction mapping, hence the limit of the 
sequence (£n) is simply the fixed point of f. So solving x = Vax? + b we get 


li 2 
im £n = . 
noo l-a 


5.11.160.2 Solution. We see that 


Ing = Vare +b(1+a+a?2+..4+a"-1) 
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Since 0 < a < 1,a” — 0 as n — oo, thus 


b 


1—a 


lim z441 = 
n— oo 


5.11.161 Problem. Show that the following three are equivalent: 


A. Let (£n) be a bounded sequence in R. A real number U is said to be the limit superior or 


limsupz,, if U satisfies the following conditions: 


(a) Given e > 0 d m € N such that n > m => ztn < U +e. 


(b) Given e» 0 and Y p E N 3n > p such that z, > U — €. 


. Let (£n) be a bounded sequence in R. A real number V is said to be the limit superior if 


V = inf sup zn. 
k2l1m-k 


. If S be the set of all subsequential limits of (x), then limit superior of (xn) is defined by 


W = sup S. 


5.11.161.1 Solution. 


T; 


(A) implies (B) 
For each k € N. Let 
Hk = [zk, Ek+1, Aud and sup Hk = hy, 
then 
Hı 2 Hə 2 Hg 2..— hj > ha 2 ha 2... 


Claim 1: U is a lower bound of (h,;n € N}. If possible, let hp < U for some p € N. Then, 
let € < U — hy, in this case by (b) 3 q € N such that q > p > ry > U — e > hy that is, 
hq > £q > hp contradicts that hn is a decreasing sequence. Hence hn > U V n € N. Thus U is 
a lower bound. 

Claim 2: U is the greatest lower bound of (h,;n € N}. Let e > 0, then d m € N such that 
n > m > ty, < U +e. ie. supH, = hm < U +€. Thus ha, < U 4 e V n > m. Hence 
infysi hy =U i.e., U= infk>1 hk = infk>1 SUPyp>E Un = V. 


. (B) implies (C) 


Let S be the set of all subsequential limits of (xn). Suppose s € S, then 4 a subsequence 
(£n) of (£n) such that £n, — s. Since H4, C Hp implies hn, € hy and tn, € Hn, Vk EN, 
hence £n, € sup Hn, = hn, ie. limy oo x4, < limgsoohn, > s < V. Which means that 
V is an upper bound of S. Again, since V = infn hn, so fork € Nd hk «V i and 
a. >hh-~>V-Z. Then 


1 1 1 
V= Sleg Sin < hn <I cV. 


Hence limyz_,. tar = V > V € S. Thus W =supS = V. 
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3. (C) implies (A) 
Suppose W = sup S, then Ve > 0 3 sı € S such that sı > W — $ and there exists a subsequence 
(Enp) Of (£n) such that £n, > s1, i.e., 3 m € N such that k > m > za, > 51 — 5 > W — e. We 
claim T = {£n;£n > W-Fe) is finite. Suppose that T is infinite. Since T is bounded and infinite, 
by B-W theorem there exists a subsequence that converges to l € T, i.e., | > W +e > W, which 
contradicts that W = sup S. Now, consider the set P = (n € N; £n € T} and let max P = m. 
So for n > m, z, < W + €. Thus W is the limit superior of (xn). Hence W = U. 


5.11.162 Problem. If (un) is a bounded sequence of real numbers, then for each e > 0 the inequal- 
ities 


uk > lim sup Un + e and um € liminf un — € 
hold for finitely many k and finitely many m. 


5.11.162.1 Solution. Assume that u; > lim sup Un +€ holds true for infinitely many k. Then there 
exists a subsequence (vn) of (un) satisfying v, > limsupu, for each n. Since (un) is a bounded 
sequence, there exists a subsequence (wn) of (vn) (and hence of (u,)) satisfying wn > w € R. We 
know that w > limsup u, + e, i.e., w is a cluster point of (un) which is greater than the largest 
cluster point (lim sup un) of (un), a contradiction. 


5.11.163 Problem. Let (u,,) be a bounded sequence of real numbers. 


1. If m X u, € M Vn 2 N, then liminfu, > m and lim sup un < M. 


2. If 8 > limsupup, then d N € N such that un < 8 Vn 2 N. 


3. Ifa < liminf un, then 3 N € N such that un » « Vn » N. 
4. The sequence (un) converges iff lim inf un = lim sup un. 


5. Both limsup(c+ un) = c + lim sup un and liminf(c+ un) = c+ lim inf un are valid for any real 
number c. 


6. If c > 0, then lim sup(cun) = clim sup un and lim inf(cu,) = clim inf un. 
7. If c< 0, then limsup(cu,) = climinf un and liminf(cu,) = clim sup un. 


8. For each e > 0, both sets (n € N; un < liminf un + €} and (n € N;u, > limsup wu, — e) are 
infinite. 


5.11.163.1 Solution. Left to the reader. 


5.11.164 Problem. Let N = {1,2,3,....}. Show that there exists an uncountable family A of infinite 
subsets of N, such that for A, B € A; AN B is finite. 


5.11.164.1 Solution. Let S = [ri,r2,..,r4,...] be the fixed enumeration of rationals in [0,1] and 
t € [0, 1] and consider a fixed sequence of rationals converging to t. Now we define N; = (i € N; ri > 
t}. Clearly N; is infinite for each t € [0, 1]. Again, if tı A te, then Nz, N Ni, is a finite set, since the 
corresponding sequences are converging to distinct real numbers. 


5.11.165 Problem. Suppose that (an) is a sequence converging to a and assume b is an accumu- 
lation point of {an : n € N}. Prove that a = b. 
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5.11.165.1 Solution. Assume that a 4 b. Let € = |b — a|/2. Hence N(a;e) à N(b;e) = 0. As (an) 
converges to a, so d m € N such that n > m implies an € N(a;c). i.e. J finite number of points an 
are outside N (a; e) Thus N(b; e) contains atmost finite number of points of an. Suppose a;,...ag are 
in N(b; e). Let 6 = min{|b — apl, ..|b — ag|} so no a, € (b — 0, b + 0). Thus this nbhd of b contains no 
points of an. Hence b cannot be limit point of {an}, consequently a = b. 


5.11.166 Problem. Let zr, = 14 3 di +..4 i and show that £n < 3 — lav n € N. 


5.11.166.1 Solution. Hint: Use induction. 


5.11.167 Problem. Show that f(x) = O(|x— zo|?) as x > zo implies f(x) = o(|z — zo|) as x > zo, 
but give an example to show that the converse is not true. 


5.11.167.1 Solution. By the definition of "big" O, 3M > 0,n € N such that 
lf (x)| 


1 
v css M as |z- to| < s 
|x — zol n 


for some n > 0, which implies 


MG) — le = roll f(@)| 


= = = 2 < M|z — zo] , 
|z — ao |z — zo| 


for all x such that |x — zo| < 7 which implies f(x) = o(|x — xo|) as x > zo. 
Consider f(x) = |x — xo|?/3. 

5.11.168 Problem. Define s, by sn = 14+1/V2+..+1/,/n and prove that Y n € N, Vn < s, € 2n. 
5.11.168.1 Solution. Hint: Use induction. 


5.11.169 Problem. Let (an) be a sequence of positive numbers. If there exists a sequence (bn) of 
positive numbers and a constant A > 0 such that 


ün 


bn 


= bn+1 >A 
An+1 


show that the series $77 , ay is convergent. 
5.11.169.1 Solution. We have anbn — an+1bn+1 > Aan+ı for n > 1. Hence 
ab, > a,b, — anyibn41 


N 
= X (anbn ja an+1bn+1) 


n=1 


N 
> AD an +1. 
n=1 


5.11.170 Problem. If 


n S k+1 
5, y C2 
k=1 
show that 
LoT 
Son = : 
: n+k 
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5.11.170.1 Solution. We have 


2n 
(—1)*+1 
San =), k 
k=1 
aes 1 2 TS NT 1 2 FEE 1 2 
H 2 2 3 4 4 (2n 2n 
2n n n n n 
1 2 1 1 1 
E k y» pU ET k 
k=1 k=1 k=1 k=1 k=1 
De 
a nc 


5.11.171 Problem. Find lim, ,44 V/nl. 
5.11.171.1 Solution. 


, ANT : n n/2 . : = 
lim Vn! > lim Vy (n/2) Jim Vn/2 oo. 


5.11.172 Problem. Let a; = 0 and a» = 1, and for n > 3, 
an = (n — 1)(an—-1 + an-2). 
Find 
1. a formula for ap and 
2. lima ,oo $5. 


5.11.172.1 Solution. 


1. From ay, = (n — 1) (an-ı + Gn—2), we get 


An — NGn—1 = —[Gn—1 — (n — 1)an-2] 


= (-1)"[an—2 — (n — 2)an—3] 
= (—1)?[an—3 T. (n = 3)an—a] 


= (-1)"-? = cay 
Hence 
An anı (091) 
n! (n-1)! nl 
and 
i Gr Gpr—1 “~ ( 1)” Z ( 1)” 
X B eus) =>, r! E r! 


n -1) 
Since a1 = 0, so we get an — n! @2 c) ; 
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qu an _ 1; n (-1)" x 
2. Hence lim, m lim, ee ) =e}, 


5.11.173 Problem. Let a; = 1 and aj41 = Vai + a2+.. + ai, for i > 0. Determine lim, 44, “. 


5.11.173.1 Solution. We can write say =a, + a2 + .. + às 1d an = a2 + an, thus 


icf Ao 
An+1 — An = V Q7 + an — An 


(| a4 + an — 02 


V/a2 + an + Gn 
an 
\/a2 + dn +a 
n n n 
1 


L— 
1+—+1 
an 


Since a, = 1 and a, is increasing, so an — oo, hence a44,1 — dy — 1/2. Let by = a444 — a4, now by 
TL 
=. b a 1 — a, 
2 r= r = it > 1/2. 
n 


Cauchy’s limit theorem 
n 
an4ı— 1 n+1 
n+1 


Hence, lim, 


» 1/2 implies lim, “"+* — 1/2. 
n+1 
5.11.173.2 Solution. Since a2,, = a2 + an, show that 


n/2 — vn < an < n/2. 


Hence “" > 1/2. 
n 


5.11.174 Problem. Prove that 3 = j: + "T + a/7 +3V8+4V94+.... 


5.11.174.1 Solution. 


3=V9=\/54+VI16 
=\/5+ V6 -- o+ay74sv30 


edere 
eres ert 


Next, we present a famous identity of S.A. Ramanujan. 
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5.11.175 Problem. Prove that 


ee PEERS E 


5.11.175.1 Solution. Consider the function f : [1,00) — R defined by 


pomi fien nire 


All we need to show is that this sequence is bounded above. 


Pays "TR 1) (x 4 2) VEF) 


« assai < nf ani. = 
k 1 


91 OR 9k < obediens 


up. 


This shows that f(x) < 2x, for x > 1. Note also that 


f(a) > y oy zv. = a. 


For reasons that will become apparent, we weaken this inequality to f(x) > $(a+1). We then square 
the defining relation and obtain the functional equation 


(f(x)? 2 zf(x 4-1) 4- 1. 
Combining this with 


set) € fle +1) € 2G 1), 


(a + 1) 
2 


we obtain zr. +1< (f(x))? < 2z(z +1) + 1, which yields the sharper double inequality 


(a +1) 
V2 


Repeating successively the argument, we find that 


€ f(x) € V2(x +1). 


< f(x) < 22" (y + 1) for n > 1. 


If in this double inequality we let n — oo, we obtain x +1 € f(x) € x+ 1, and hence f(x) 2 x 4- 1. 
'The particular case z — 2 yields Ramanujan's result 


Em 
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5.11.176 Problem. Determine whether 


En =4\1+ TENE 


converges or diverges. 


5.11.176.1 Solution. Since n + yn 4-1» n,z444 > Tn 


z2—1-4 TENE 


2 3, Hs Oe ae. Li n 
XN 22 + 24 T \ z T 216 Foe 92n-1 
evene ae oe ie ei 


< 1+2rn-1 € 14+ 224. 


Thus 22 — 2a, +1 € 2 => a, < V2 + 1, hence (£n) is bounded and increasing. Therefore (£n) is 
convergent. 


5.11.176.2 Solution. (Matematika v škole, 1971, solution from R. Honsberger, More Mathematical 
Morsels, Mathematical Association of America, 1991) 

The sequence is increasing, so all we need to show is that it is bounded. The main trick is to factor 
a V2. The general term of the sequence becomes 


En =all+ TEN 

2 3 M | [n 

ES 4 8 16 " V2» 
eee 


Let b, — j: + " 4 yı +vV1+..+ V1, where there are n radicals. Then bui = VI +bn. We 


see that bı = 1 < 2, and if b, < 2, then bn+1 < V1 +2 « 2. Inductively we prove that bn < 2 V n. 
Therefore, a, < 2 V n. Being monotonic and bounded, the sequence (an) is convergent. 


S 


A ae 
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5.11.177 Problem. Let 


prove that z441 — Zn < 4 for n = 2,3,. 


5.11.177.1 Solution. For fixed n > 2, let 


m "aen fus "Yn +1 
TEM UI (à +1)... Vn 


ci — aj + ai ?b, +.. + abi? + bt. 


Then 
kl k+l 
a —b 
k k k+1 k+1 
ay — bg = angi — Oki = — | ;; k = 2,3,..,n — 1, 
Ck+1 


2 2 
2 b2 an — b7, 
ag — 92 
C3C4...Cp 
So 
2 2 2 2 1/(n4+1 
= 4, 91-0, HHH (nr 1) ) 
Intl — In = Q2 2 — = = . 
C2 C23C3...Cp C23C3...Cp, 
Since 


ki/(n1) < kt Ed < Qk, Ck > ge are aaa 


z (n+ VD . 
— nin (n-1)/(n1) 


Intl In 


Since (n + 1)/n?-! < 2n/n? for n > 2, the inequality is true in this case. In the case for n = 2 can 
be checked easily. Thus 2,41 — £n < 4 


nl 


5.11.178 Problem. Compute 


ism e. 


5.11.178.1 Solution. Left to the reader. 


5.11.179 Problem. For an arbitrary number zo € (0,7), define recursively the sequence (£n) by 
X444 = SiN Tn, n 2 0. Compute lim, ,55 nz. 
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5.11.179.1 Solution. We compute the square of the reciprocal of the limit, namely lim,_,.. —. 
n 


To this end, we apply the Cesáro-Stolz theorem to the sequences an = and b, = n. First, note 


FPN 
Tn 

that limna £n = 0. Indeed, in view of the inequality 0 < sing < x on (0,7), the sequence is 

bounded and decreasing, and the limit L satisfies L = sin L, so L = 0. We then have 


: 1 1 : 1 1 
lim ocu lim cU RES 
TL— oo T5431 Tn n— 0o sin ias Xn 


az —3(1- I 


II 


$40 ( 22 1(1— cos2z,) 
En)? Zn | 
i 2c [e qe | 
= lim PEU "EU 
n—0 x2 [e zn) (2 n) 1 | 
1 
8 


We conclude that the original limit is v3. 
(J. Dieudonné, Infinitesimal Calculus, Hermann, 1962, solution by Ch. Radoux) 


5.11.180 Problem. Determine all subsequential limit points of the sequence £n = cos n. 


5.11.180.1 Solution. Clearly, no number larger than 1 or less than -1 could be such a limit. Show 
that in fact the interval [-1,1] is the set of all such limit points. If x € [-1, 1] there must be a number 
y so that cosy = x (by Intermediate Value Property as f(x) = cosa is continuous). Now consider 
the set of numbers 


G = {n+ 2mm;n,m € Z}. 


and this is dense. Hence for every e > 0 there are pairs of integers n,m so that 
ly — n 4 2mm| < e. 


From this deduce that 
| cos y — cos(n + 2mm)| < € 


and so 
|x — cosn| < e. 


5.11.181 Problem. Prove that the lim sup and lim inf preserve inequalities. That is, show that if 
two bounded sequences (£n) and (yn) of real numbers satisfy £n < y, for all n > no, then 


lim sup £n € limsupy, and liminf £n € liminf yn 


that is, lim zn € lim yn and lim x, < lim yn. 
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5.11.181.1 Solution. First, we shall show that if two sequences of real numbers (x,,) and (yn) 
converge to x and y respectively in R and £n < yn for all n > no, then x € y. If x > y, then let 
e = ?5* > 0, then there exist m4, m2 € N such that 


arty 3xu— 
n 2m; >n € (x e2+9=( A r) and 


2 2 
3y — + 
n2 mine y-eu te =( E z a). 


That is, n > m = max{m1, M2} > Yn < zty < Zn, Which is impossible. Hence, x < y. 


Now, assume that two bounded sequences of real numbers (£n) and (yn) satisfy £n < yn for all 
n > no. Put 


Sn = inf £k and tn = inf yy. 
k>n k>n 


If n > no, then notice that for each r > n we have s, = infk>n zy < £r < Yr and so Sn € infr>n Yr = 
tn for each n > no. By the discussion of the first part, we infer that 


liminf z, = lim sn < lim tn = lim inf yn. 


The lim sup case can be established in a similar manner, or by lim sup x, = — liminf(—z,). 


5.11.182 Problem. If (xn) and (yn) are two bounded sequences of real numbers, then the following 
inequalities hold. Give examples in each case to show that the equality need not occur. 


1. 


lim £n + lim yn 


lim zn + lim yn € lim (£n + yn) € | 


lim zn + lim yn 


< lim (£n + yn) < lim £n + lim yp. 
2. Assume that £n, Yn >O0Vn € N, then 


lim zn - lim yn € lim (a+ Yn) € § — ; 
lim zn - lim yn 


< lim (£n: yn) € lim z, lim yp. 


3. Assume that lim yn = y. Then 


lim (£n + Yn) = lim an + y. 


lim (£n + Yn) = lim zn + y. 


5.11.182.1 Solution. Let 


A = lim zn, B = lim y; and C = lim (£n + ya), 


P = lim zn, Q = lim y,, and R = lim (£n + yn). 
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1. Since (xn) is a bounded sequence, there exists a subsequence (£n,) of (£n) that converges to 
x and (Yn, ) of (yn) that converges to y. So A € a, and B < y, and since C is the least of all 
subsequential limits of (£n + yn) and there exists a strictly increasing sequence (m,) of natural 
numbers such that x = lim £m, and y = lim y»,. Hence, 


lim (z + Yn) = lim(@m, + Ymx) 
= lim Em, + lim ym, =x+y>A+B 
and similarly for other parts. 
2. Left to the reader. 


3. Since lim £n = P, so, there exists a subsequence (ap, ) of (£n) such that limp... £n, = P and it 
is the greatest of all subsequential limits of (xn). Again, lim yn = y implies every subsequence 
(Yn, ) of (Yn) converges to y and thus 


lim(an, + ya) € lim(z, + Yn) 
>P +y € lim(z, + yn) X lim z + lim yp. by (1) 
>P +y < lim (£n t yn) € P + y. (lim yn = lim yn = y) 


Hence lim (£n + yn) = P + y = lim £n + lim yp. 
5.11.183 Problem. Let a > 0 and a444 — a^", n = 1,2,....,a4 = a. Show that 
1. an — oo when a > e'/e. 
2. Gn converges iff e° < a < e'/*, 
3. an does not tend to limit when a < e *. 
Moreover, in (3), zo, > A,z2441 — B where A, B satisfy a4 = B,aP = A. 
5.11.183.1 Solution. We have 


ani _ qn 


An aln- 


Suppose a > 1, then an41 > Qn if an > a4 1. Now ag = a^ = a^ > a = a; so that an increases with 
n and must tend to a limit L or to infinity. Suppose k exists such that a* = k. Clearly k > a and 


k 


An+1 


k-an 


Thus k > an41 if k > an. But k > a = ay. Hence if 3 any root k of a^ = x it follows a, > L < k. 


But 
L= lim anı = lim a^" = ar: 
n"n—oo noo 
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Thus if there is any real root of the equation a” = z, £n tends to the least root; if there is no root, 
x 


a 
Ln — oo. The equation a” = x (x > 0,a > 0), putting y = — we have 
x 


: dy « « 
Thus if a > 1, im 0 according as x = mm 
a > 1, then for large x, and for small positive z, y > 1. Hence a” = x has 2,1,0 roots according as 


1 
and « = —— gives a minimum value elog a for y. If 
loga 


a = ez. Ifa< 1, » is always negative, and the equation a? = x has one and only one root. 

x 
The case a = 1 gives z, — 1. We now turn to the case a < 1. Our original equation shows that if 
an > an—1 then an41 < an and so a445 > Gn41. We are lead to consider seperately the odd and 
even sequences 44, 03, 05, ... and ag, a4, a¢,... The equation 


An+2 = qnt an-ı = qo ares? 


an 


? 


shows (by induction) that these are respectively increasing and decreasing. Since a, is essentially 
positive it follows that x2,_,; — B and hence that zo, — A > B. We have 
2 


. . a?2n a^ oe aP 
A= lim a42 = lim a =a" and similarly B —a^ . 
n"n—oo n— oo 


If k is any root of a% = we have clearly 0 < k < 1. Also 


k = ge enn? 

an 
so that an = k according as an—2 = k. Thus A, B are respectively the greatest and least roots of 
a% =r. 


The equation a^' = x (a < 1,2 > 0). 
There is always one root of this equation - the root k of a^ = x which have been known to exist. 
For convenience we put a = e~°. Taking logarithms twice we have 


1 
—bx + log b = log (os z) . 


1 
Put y = bx — logb + log (toe z) , so that 


dy 1 


=b ; 
dx x log(1/x) 


Now j ; i 
-— («tor ) = log — — 1, 
dx x x 
d 
so that x log i has a maximum value 1/e when log i —lié.r-— i, Hence T has a minimum value 
x 


d 
b — e. If b € e, T is always negative and there is one root only of the equation y = 0. Thus A = B if 
a 


270 CHAPTER 5. SEQUENCE OF REAL NUMBERS 


d à 
a > e *.]1f b > e consider CU at the point x = k, where k is the root a” = x (and therefore a^ = x) 
already referred to. Then zloga = log k i.e. —kb = log k, and so, 
dy 1 1 


x log — 
x 


To decide the sign of the expression we note that the increasing function br + loga is negative 
when x = 1/b and b > e. Thus 1/b < k, the only valueof x for which bx + logz = 0. Thus, when 


r=k, dy > 0. It follows that y > 0 for x = k +ô and y < 0 for x = k — ô, ô being small. But y > 0 
for small values of x and y < 0 when x approaches 1. Thus there is a real root of the equation y = 0 
in each of the intervals (0, k), (k, 1), and it follows that A > B. Thus zn does not tend to a limit. 
the properties (1), (2) and (3) are therefore proved. 
From these results and the fact that 

an41 =°", 


it follows at once that A = a? and B = a^. 


5.11.184 Problem. 
1. If a sequence (an) has the property that liMmn—oo(@n+p — an) = 0 (p € N is fixed), then (an) 
converges. True or false? 


2. Prove that the condition liMmp—oo(@n+p — an) = 0 for every positive integer p is necessary but 
not sufficient for the convergence of the sequence (an). 


5.11.184.1 Solution. 
1. Consider the sequence (an) defined by an = 1 + 3 +... + 1. Now, 


1 1 
Agr = 1 7 F OR 

V" 1 ds d. DR PRU s 
B 2 3 wg 6 7 

1 1 1 
+ E 

2k-1 41 2k-1 4 2 9k 
1 1 1 xcd 1 
14 2 4 xu =1l+k 

» 2 VT 2 57 00 


Therefore, the chosen subsequence is divergent, that implies the divergence of the original 
sequence. At the same time, the condition of the statement is satisfied: 


— + ED = 0. 
noo \n+1 n+2 n+p 


Remark: This is a wrong reformulation of Cauchy's criterion: a sequence a, converges if, and 
only if, for any e€ > 0 there exists N € N such that Vn > N and all p € N, then |an+p— an| < e. 


Jim (an+p — an) = lim 


2. Left to the reader. 


5.11.185 Problem. Show that the sequence (£n) defined by £n = 1+ 4 + 4+... + does not 
converge. 
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5.11.185.1 Solution. Suppose that (£n) converges to x, then zo, — x, but we observe that 


— 1 | 1 | | 1 

Ln Vc cus] 1 RR EIL Merge 
ME EN 
>m mn Tees 


So we have 0 = lim, ss (224 — £n) > Z, a contradiction. 


5.11.185.2 Solution. We claim that rg. > 1+ $, and prove it by induction. For n = 1, we have 
zu > 1+ Z. Now, if we assume the inequality is true for some n, then 


— + 1 I 1 | I 1 
Lon+1 = LQn 2n E 1 T Qn + 2 [^ «se Qn gs 2n 
n 1 n+1 
21 + 2”, =1 
aa 2 2:21 d 2 
1 
and, we get ®on+1 — Lon > z 


So we have 0 = lim, o (Zon+1 — 224) > i. a contradiction. 


5.11.185.3 Solution. Note that 


10"—1 
1 1 1 1 1 1 1 
mp = = |14 E | + ..4 + ..4 + .. 4 
ie: 2. k | 2E ] ls | Fo 10" —1 

1 1 1 

> 9.— + 90.— +.. + 9.10”71.— 

S os 10” 

9 9 P 9 9n 

"dO ^ 40. 10. 10 ; 


5.11.186 Problem. Determine the limits of the following sequences: 


" 1 


- 1 
2. dn = IL (: a ses 


2 
n k? 1 
3. tn = Jk- es 


4. Ws (1 +a”) ;a € (0,1) 


1 n 
5. m= (1-5) : 
n 


n Gk ; $ i n 
6. pu = ai ICR, where (an) is an increasing sequence and Sp = )>,_) ax, So = ao. 


a” 


ioir rasr 4 


Te De 
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5.11.186.1 Solution. 


1. 
: : 1 1 1 
Bs im (-2)0- gz) (3) 
1.3 2.4 (k-—1)(k+1 1 1 1 
= lim 2 aA iier) = lim a =- 
noo \ 22 32 n? n>? m 2 
2. 
lim rz, = lim TN qc : 2 
n— o0 n— o0 3 6 n? +n 
og (1428 n-D0+)\_ ym 1n*2 1 
Taho (2334 nintl) jJ «a3 n 3 
3. 
li — ji 23 —1 33-1 n? —1 
noo” ao (B F1) (33 F1) "A31 
7 1.7 2.13 3.21 4.34 (n — 1)(n? +n +1) 
~ noo 4 33 47 513 621 (n + D((n— 1? 4 (n- 1) € 1) 
. 2 (nĉ+n+1) 2 
= lim =. =>. 
4. Here 
2, =] (1 +07) = (1+ a) (1 a2)... (1 +a") 
k=0 
1— 1 
=i (1+a)(1+a’).. (12) = —— (1-a?) (14)... (12^) 
a = 
1—a2""" 
Zossen = l—a 
. 1 
Hence lim, ,4, 1, = as a € (0, 1). 
1—a 
5. Now, 
n n—1N ` —1 
n n 14 1 n-—1 n—1 
n—1 n—l1 
Hence limno £n = e^. 
Se Ak 1 1 
6. Use the equalities = xe 152, 
* Sk-19k  Sk-ı1 Sk 
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7. Case 0<a<1,a=1,a>1 
If 0 « a « 1, we have 
a” 
0 > li n = 0. 
< Ga +a%)..(0 +a) ~ 9 74 


If a > 1, we have 


a” a” 
0 = => lim zp =0. 
i (l+a)(1+a?)...1 +a”) 5 aaar — gn(n1)/2 77 noo” 


If a = 1, we have 


a ; 
Ön = = => lim zr, =0. 
noo 


(l+a)(1+a?)...(1+a") 2" 


5.11.187 Problem. Find the largest term in the sequence (£n) defined by 
1000” 


n! 


da = 


10007! .. nti _ 1000 


5.11.187.1 Solution. Since z,41 = , SO = , which shows that £999 = 71000. 
(n 4 1)! Ln, n+1 
Thus (zn) is increasing when 1 € n < 999 and (xn) is decreasing when n > 1000. Hence maxn>1 £n = 
10001000 E 
oda =F OGL 


5.11.188 Problem. Suppose that (xn) and (yn) are Cauchy. Prove that (|£n — ynl) is also Cauchy. 


5.11.188.1 Solution. Let € > 0. Since (£n) and (yn) are Cauchy, 3 N € N such that |Em—£n| < €/2 
and |Ym — Yn| < €/2 whenever m,n > N. Hence, by using the inequality ||a| — |b|| € |a — b|, we get 


| [Em — Ym| — |En — Yn| | < lm — Ym — Ln + ynl 
« e/2 4 e/2 — e. 


Hence (|%n — Yn|) is Cauchy. 


5.11.189 Problem. A Cauchy sequence that contains a convergent subsequence is convergent. 


5.11.189.1 Solution. Let (an) be a Cauchy sequence with an, — £. We show that an — £. Let e > 
0. Since (an) is a Cauchy sequence, there exists an N, € N such that m,n > Ny => |am — an| < €/2. 
Since an, — £ there exists an Na € N such that k > No > |an, — 4| < e/2. Let N = max{ N1, No}, 
then as nj > k we get 


n,k > N > |an — L| < lan — Gn,|+ lan, — l| < €, 


which shows that an —> £. 


5.11.190 Problem. Let zı be a real number, 0 < 2, < 1, and define a sequence by n41 = 
£n — z?*!. Show that lim inf x, > 0. 
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5.11.190.1 Solution. It is clear that z4,41 = z4(1 — 2") € £n <... € z1. Thus 
En+1 = £a(l— £7) z&(l— x7), 
and therefore 


nog do - 5b ineo Drs (ab). 
k 


Since log(1 — a) = O(zxf) as k — oo, the sum converges to a finite value L as n — oo and we get 
lim inf z, > zı exp L > 0. 


5.11.191 Problem. Let x, be a sequence of real numbers so that 
lim (2z444 — Zn) = T. 
n—oo 

Show that limpo £n = zc. 


5.11.191.1 Solution. First we show, by induction, that the sequence (xn) is bounded. For that, 
choose M large so that max (|zi|, |2z541 — £n|} < M, Vn € N. Now 


Ln — (23441 — Ln 1 
baa = aN 
2 2 


showing that (z,,) is bounded. Now to compute the limit we write 


Ln — (22544 — Ln) 
Tn+1 = 2 


and taking the lim sup, we have 


lim sup £n + x 
2 


lim sup £n < 
showing that lim sup £n < x. In the same way we obtain lim sup £n > x showing that lim, 555 x4 = T. 
5.11.192 Problem. For which values of the real number a does the series 
— — sin — 
f X n 


converge? 


5.11.192.1 Solution. If a < 0, the general term does not go to zero, so the series diverges. If a > 0, 
we have, using the Maclaurin's series for sin z, and, therefore, 


_ 3 
n DS = and o(n ^) (n — oo) 
1 E 1 —3a 
> sin = (n-°*) (n — co) 
n 623a 


Thus, the series converges if and only if 3a > 1. 
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5.11.193 Problem. Let a € R such that |a| < 1. Show that lim,_,. a” = 0. 


5.11.193.1 Solution. If œ = 0, then the conclusion is obvious. Assume first that 0 < a < 1. Then 
the sequence (o?) is decreasing and bounded below by 0. So it has a limit L. Let us prove that L = 0. 
We have a" *! = aa” so taking limits we get limg_,.. o^*! = alimp,..a" > L = aL > L = 0. If 
—1«a«0then0« —a < 1 2 (—o)" = (—1)"a", and then we use the fact that the product of a 
bounded sequence with a sequence which converges to 0 also converges to 0 to get limn_...(—a)” = 0. 
Therefore, for any a, with |a| < 1 we have lim, ,s; a” = 0. 


5.11.194 Problem. Let (x,,) be a sequence such that there exist A > 0 and 8 € (0,1) for which 
x44 — $4| € AB” for any n > 1. Show that (x,) is Cauchy. Is this conclusion still valid if we 
assume only lim, o5 |@n41 — z4| = 0? 


5.11.194.1 Solution. Let n > 1 and p> 1, then we have 


p-1i p-1 
(tagy = Ln| EE 5 Tn+k+1 — Un+k < 5 |En+k+1 — Int+tk|+ 
k=0 k=0 
By the condition, we get 
p—1 E 1- BP p" 
Me —2,|< Ap"™T* = AB” <A ; 
lEn+p exei Ba *^1-8 


By the previous problem, 8” > 0 > |£n+p — Z| can be made to less than arbitrary e, showing that 
(£n) is Cauchy. 

No. As for example, consider the sequence (£n) defined by x, = 1+ i + i Teo E is divergent, but 
|En+1 — $4| = i — Q0. 


5.11.195 Problem. Discuss the convergence or divergence of a sequence x, defined by 


[o] + [2a] +.... + [na] 


dn = 
TL 


where [x] denotes the greatest integer less than or equal to the real number z, and a is an arbitrary 
real number. 


5.11.195.1 Solution. By definition of the greatest integer function [.], we have [zy] < x < [z] +1 
for any real number x which implies x — 1 < [a] < x. So 


(o — 1) + (2a D esc (na D p eC eee me 
n "m 
142+.. — " 
ad +2+ ES n quur: +n)a 
n n 
1 1 
aes M mn P 
Lu -—— en 
nt UEFA ae sentio 
2n n 2n 


(n+1)a 1 a (n+l)a 
2n n > 2 and 2n 


Since 


> 3, so by Sandwich theorem, we get £n > $. 
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5.11.196 Problem. The real line R is complete, i.e. every Cauchy sequence is convergent. 


5.11.196.1 Solution. Let (z,,) be a Cauchy sequence of real numbers. Define the sequence (nx) 
of integers by induction in the following way: ng = 1 and nj44 is the smallest integer greater than 
nj a such that, for p > nj41 and q > Nnk+1, |xp — z4| < 1/2**?: the possibility of the definition 
follows from the fact that (£n) is a Cauchy sequence. Let Ip = [an, — 27", an, -- 27^] be the closed 
interval; we have I,41 C J, for ; on the other hand, |En, — Engil < 2-8-1) for M > ese Ík, 
by definition. Now from Cantor’s theorem it follows that the nested interval theorem, /; have a 
nonempty intersection; let a € Ij; V k € N. Then it is clear that |a — z,,| < 2-**! V m > ng, hence 
a = lima os Tn. 


5.11.197 Problem. Does there exist a nonconstant function f : (1,00) — R satisfying the relation 


f(z)-f (==) Va > 1 and such that lim, soo f(x) exists? 

2 
5.11.197.1 Solution. For x > 1 define the sequence (xn) by zo = x and z441 = Zati, The 
sequence is increasing because of the AM-GM inequality. Hence it has a limit L, finite or infinite. 
Passing to the limit in the recurrence relation, we obtain L = L+ 1: hence either L = 1 or L = oo. 
Since the sequence is increasing, L > x9 > 1, so L = oo. We therefore have 


f(x) = f(xo) = f(a) = f(x2) =.. = lim f(an) = lim f(a). 


n—-> Co z— 00 


'This implies that f is constant, which is ruled out by the hypothesis. So the answer to the question 
is no. 


5.11.198 Problem. Examine whether the following implications are true. 


; ERES, ; = 
1. limy 40 27 = z^ => limp Ln = c. 


3 


; a: ; M 
2. lim, 455 2, = z* > lim, 4,5 Ln = c. 


5.11.198.1 Solution. 
1. False. Consider x, = (—1)". 


2. True. 


5.11.199 Problem. Show that there exist sequences (an) and (bn) such that limp... dn = oo and 
limy 300 bn = —oo, but 


1. limp—co(Gn + bn) converges. 


2. limn+so0(@n + bn) = oo 


3. limn—+oo(Gn + bn) = —oo 
4. the sequence (an + bn) neither converges nor diverges to oo or to —ooc. 


5.11.199.1 Solution. 


1 1 
l. an= z +n, bnr=5 zn. 


2: An = —1 + 2n, b, — L—nm. 


5.11. 


3. 


4. 
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An = —1 2n, b, = + —3n. 


an = (-1)" +n, b, = —n. 


5.11.200 Problem. Examine whether the following are Cauchy sequences. 


1 =1+ : + : Tuc i. 
. ün = 1g tu 
E AE sin 1 | sin 2 ae mo, 
2 22 2n 
cosl! |cos2! cos n! 
3. Cn = + — ; 
1.2 2.3 n(n + 1) 
1 
4. dí — 1d zc zd F— 
n 
1 1 1 
5. e, — 1 "E : 
E n l1n2  1n3 A Inn 
5.11.200.1 Solution. 
) 1 1 1 1 
1. Hint: For any n € N, we get « = , hence 
n? n(n—1) n-1l n 
1 P 1 " 1 
An an = sc 
ii (n+1) (n+2)? (n + p)? 
- 1 A! Lx ; 1 1 
n n+l n+1 n+2' 7 n+p-1 n+p 
1 1 1 
< — o> 
n n+p n 
2. Left to the reader. 
3. Left to the reader. 
4. Left to the reader. 
5. Since In z « z for z » 1, we have 
| ja 1 P 1 ee 1 
Rage = Sale In(n +1) ]1n(n-2) ^"  In(n4 p) 
p > P 


In(n+p) n+p 


For p = n, we obtain 


T 
lengip eu] > 5 


Thus it cannot be made less than e < 3. Hence (£n) is not a Cauchy sequence. 
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5.11.201 Problem. Consider the sequence (un) defined by uy = ug = u3 = 1, and 


Unt+1 Un 


det je pu =n n> 1 


Prove that un is an integer for all n. 


5.11.201.1 Solution. The condition gives us 


Un+3Un — Un+2Un+1 = n! 
Un+2Un41 +n! 


= Unt3 = i 
Substituting n = 1,2,3, ...n, we get 

ie suir -2 

us = uno —3 

ug — SEU 2-05 
U7 = m 2 = 5.3 
ug = 2 $9 adque 
ug = “ete 2753 


We claim that u441 = (n — 1)(n — 3)(n — 5)(n — 7)... and our claim can be established easily by 
induction and left to the reader. 


5.11.202 Problem. Find a formula for the general term of the sequence 
1, 2, 2, 3, 3, 3, 4, 4, 4, 4, 5, 5, 5, 5, 5,.... 


5.11.202.1 Solution. 


—1 1 

ae i Dn c enmt) 
2 1 2 1 
>n znt a tntg 


1 
PS MARS pU 


1 
—nc«V2kr; «nel. 
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1 
Now this happens if and only if n = E 2k + ] , which then gives the formula for the general term 


of the sequence i.e. 
1 
An = |V2n+ ae L] 
5.11.203 Problem. (Russian Mathematical Olympiad, 1995) The sequence ao, à, a2, ....... satisfies 


1 
Am+n + Amn == (dom + an) 


2 


for all nonnegative integers m and n with m > n. If a4 = 1, determine a. 
5.11.203.1 Solution. The given relations produces the following by putting n = 0,n = m 


1 
5( 


am + Am = 


1 
a2m + a0) and adam + ao = 2 (dam + a2m) 
imply dam = 4am, as well as ag = 0. We compute a2 = 4,a4 = 16. Also, a1 + a3 = (a2 + a4)/2 = 10, 
so ag = 9. At this point we claim that aj = k? V k > 1. We prove our claim by induction on k. 
Suppose that a; = j? V j < k. The given equation with m = k — 1 and n = 1 gives 


an = = (a2n—2 + a2) — Gn—2 


2 
2an—1 + 201 — an-2 


= 2(n? — 2n -- 1) -- 2 — (n? — 4n 4- 4) =n’. 


I 


'This completes the proof. 


5.11.204 Problem. Let (£n) be a sequence with £n > 0 V n € N, show that 


i x 
< liminf 7/z, < lim sup 7/z, < lim sup AS 
noo n— 0o 


n— oo Tn 


r à n+ 1 
lim inf 
noo Tn 


Ln+1 


Deduce that if limp—oo exists, then lim, ,55 Q4 exists. What happens to the converse? 


TL 


5.11.204.1 Solution. Assume first that limpo Sari 


= l € R. So for any e > 0, there exists 


n 


N € N such that for any n > N, we have | — e < info» N xiu: 


, which implies (l — e)z, € x441 for 
a 


n 
)'-Nzrzy < an > 1—e, for any n > N. Hence 


any n > N. This clearly implies (l — € 
(l— gum m Sue 
Since (1 — e) -M/^a V" — (1— e) as n — oo, we get 
I — e € liminf z1/^, 
n—oo 


Since € > 0 is arbitrary, we get 


eo. p Ent) mI 
lim inf ^^. < lim inf Yin- 
n—00 Ln n— o0 
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A similar proof will lead to 
x 
lim sup 4/z,, € lim sup Due 


n—00o n—0oo0 Tn 


If (zi 41/25) is convergent, then we have 


RAE . In+1 
lim inf = lim sup ; 
n> Tn n—oo Tn 


Ln+1 


which obviously implies 


" T " EE a — r Tn+1 — 4: p 

lim inf Uan = lisp Uta: = im "MEE im Oba: 
The converse is not true. Indeed, take £n = 2+(—1)",n € N. It is easy to check that limp... q/z, = 
1. But 


Tn+1 En+1 


= 3. 


1 
lim inf = — and lim sup 
n> Tn 3 noo Tn 


5.11.205 Problem. Given two natural numbers k and m, let a1, a2, .., ak, 61, b2, .., bm be positive 
numbers greater than 1 such that 


V1 + VWa2+...+ Van = V by + V bo +...+ 4% by 
for all positive integers n. Prove that k = m and a41a2....aj = b1b2....bm. 


5.11.205.1 Solution. Using the fact that lim, ... (/a = 1, taking the limits in the relation from 
the statement to obtain 


1+1+....+1{k times} =1+1+...+1{m times) 
ey A 


Hence k = m. Using L'Hópitals theorem, one can prove that lim,_.9 gl = Ina, and hence 
limps 2( %/a — 1) = Ina. Transform the relation from the hypothesis into 


n(x/ai — 1) +.... +n( Yak — 1) = n(Vby — 1) +... + n( Vbi, — 1). 
Taking the limit with n — oo, we obtain 


Ina; +Inag+.... + lnag = ln bı + ln bz +... + In by. 


This implies a4a2....aj = b1b2....bk. 


5.11.206 Problem. Prove that for any sequence a1, ag, ..., à, of positive real numbers, 


1 2 i 3 i n 
rer a ae cp ee ie < 2(a1 + a2 +... + an). 
ay a, ' ag a1 ' a2 ' ag a1 ' ag as Y an 


(K6MaL N. 189., November 1998) 
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5.11.206.1 Solution. Applying the weighted AM-HM inequality, 


: k 2 14+2+..+k 
Wate Mu aM I mS 


k=1 di a> ! " ' ak k=1 m 2a9 ! c! 


< X 2 1.a4 + 2.2a3 + .. + k.kay 


tA 14+2+.+k 
n k 
4 2 
=>, z Pa 
2+ k(k 4 1 2 
T NT 
i: 2 
« V fai T. = (a, 4- aa +... + an). 


5.11.207 Problem. Calculate lim, ,44 1/2" — n. 


T 
5.11.207.1 Solution. Hint: 2 — V2" > V2" =n > Y2 —2n-1=2 V: for large n. 


5.11.208 Problem. Is Wn? + cosn convergent? 
5.11.208.1 Solution. Hint:1 < Yn? +cosn < Vn? = (m. 
5.11.209 Problem. Prove that 


1 n+1 1 n+2 
(iei) > (14 ) 
n n+1 


in other words the sequence (an) given by 
1 n+1 
An = (1 + 9 
n 


5.11.209.1 Solution. We observe that the above inequality is equivalent to 


is strictly monotone decreasing. 


ips n NH T nal | (n+) +11 
n+1 n+2  (n+1)+1 ` 


Thus applying weighted AM-GM inequality to the the numbers 77, 1 with respective weights n+1, 1, 
required result follows. 


5.11.210 Problem. Suppose that f is a real-valued function of a real variable, and that f(a+y) = 
f(x) f(y) for all z and y, f(1) Z 0, and limz_,9 f(x) exists. Prove that lim; ,o f(x) = 1. 


5.11.210.1 Solution. Since for all x € R,x = 2y for some y, we have f(x) = f(2y) = f?(y) > 0. 
Further, f(1) = f(0+ 1) = f(0)f(1), and since f(1) Z 0, f(0) = 1. Now let L = lim; ,o f(x). Then 


1 = f(0) = f(c - z) = f(x) f(—«) > L’. 


Since L cannot be equal to —1 since this would imply f(x) < 0 for some x, we have L = 1. 
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5.11.211 Problem. Given a > 0 and x > 0, show that there exists one and only one sequence of 
positive numbers (zo, £1, £2, ...., Zn, ...) such that 


oo 
Ln = > ue 


i=n+1 
for n = 0,1,2,.... 
5.11.211.1 Solution. First note that for a > 0,y > 0, the equation x + z^ = y has a unique 
solution with x > 0. This is because x + z^ is a continuous, monotonic increasing function of x with 


lim; 555 ("+2") = oo and is equal to zero at x = 0. Thus it assumes every positive real value exactly 
once for x € (0,00). Now, if the sequence (zn) satisfies the conditions given in the problem, then 


oo oo 
-— a__ a a 
Zu = 1 Ti = X441 J T; 


i—n-4-1 i—n-4-2 


a 
= n41 + In+1 


So %n+41 must be the unique solution of this equation. If follows that the sequence (£n) is unique. 
Further, if we define x, inductively by taking £n+1 as a solution of £x + z^ = x4, then it is clear that 


In = X444 TUn4+1 


— a — 
= n41 t ly to F n42 S 


5.11.212 Problem. Find two decreasing sequences (an) and (b,,) of positive numbers such that 


oo oo oo 
Ya, = œ and X bn = oo but X ee o0; 
n=1 n=1 n=1 


where cn = min(a,, bn}. 


5.11.212.1 Solution. Consider any two sequences (c,) and (dn) each tending monotonically to 
zero, with d, > Cy, and $c, converging while X` d, diverges. Since X` d, diverges, for each n 
there exists an integer ó(n) such that SPUR d; 2 p where p is any fixed positive number. Define 
the sequence n; recursively by nı = 1 and d4,,, < Cd(n,)- It is clear that ny < (nk) < ny44. Now 


consider the sequences 
(a4) = (Cni »Cnytloes Có(ni): dns ; da, 1 oy denz)» Cng; Có(na)» dng; m ) 
(bn) = (du, E dn, 41; tU) de(n)» Cn5  Cn3-F1; ++) Có(n3): dng; dg(ns)» Cna5 eee n 


Clearly, each of the series X` an and J` bn diverge since they contain infinitely many stretches of 
terms adding up to more than p, and $5 min{an, bn} converges by comparison with X` cn. 


5.11.213 Problem. Determine the limits of the following sequences £n: 


Vn! 


l. £n = ——, Ans:1/e. 
n 


5.11. PROBLEMS AND SOLUTIONS ON CHAPTER 5 283 


V (Kn)! 


k 
21 dn = = yh keN Ans: Ëx. 


3. en = E CEST CESO NK tn), 


5.11.213.1 Solution. 


! 
1. Denote yn = Z then find 2” 
n” n—1 

kn)! 
2. In this case put yn = ( 2) and proceed. 

n T 
See. 

5.11.214 Problem. If U, = in Tac) | 31-3) b. H , prove that lim Un = 0. 


5.11.214.1 Solution. Hint: 


n+ 10, - (ie) e (3 ^ hos (221). 


5.11.215 Problem. Suppose lim,_,. f(z) = L and lim, ,7g(y) = M and suppose that the 
lim; ,c(f o g)(x) exists (it might not!) Show that the limit of go f at c must equal either M 
or g(L) (or both).! 


5.11.215.1 Solution. Hint: Choose a sequence (xn) such that (go f)(£n) is defined, x, Z c, and 
Ln c; either f(z,) Æ L ultimately, or f(x,) = L frequently. 


5.11.216 Problem. Study the convergence of the sequence: 


BAR e EE e EE 


5.11.216.1 Solution. Let f(x) = v1+ x. Then the above sequence can be represented as the 

recurrence z,44 = f(£n), xo = V2. We claim that the sequence (xn) is convergent. Define g(x) = 

14 v5 
2 


1 
g(x) =1- REST > 0 for x > 0. Thus g(x) < 0 on [0, o) and g(x) 2 0 on [a,oo). Now for 
x 


t € [0,a), g(t) < 0 means t < f(t), so if zn € [0,a) then £n < f(£n) = z&41. On the other hand, 
as f is increasing and £n < o, we get £n41 < o. Combining these observations, we conclude that 
if z, € [0,a), then z, < z441 « o. Since zo = V2 is in this range, (rn) is an increasing sequence 
which is bounded above by a.To find the limit, let G6 > 0 be this limit and solve the equation 
B — 1-4 8, which would yield 8 = a. This proves the claim. 


x — f(x). Then g(x) = 0 has the unique solution a = 


, and g is increasing on [0, 00) since 


5.11.217 Problem. Let [ai, 51], [a2, b2], .... [@n, bn] be subintervals of [a,b]. Assume that each point 
x € [a,b] lies in at least q of these subsets. Prove that there exists k € {1,2,..,n} such that 
(bk — ay) > (b — a)2. 


TL 


1P. Ramankutty and M. K. Vamanamurthy [American Mathematical Monthly 82 (1975), 63]. 
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5.11.217.1 Solution. The $77 ,(b; — a;) must be at least q(b — a) since the intervals cover the 
whole interval [a,b] at least q many times. Thus $5; (b; — ai) > q(b — a) from which it follows that 
there is a k so that (by — az) > (b — a)2. 
5.11.218 Problem. Show that the set S = (x,;n € N} U (x) is closed in R if (£n) is a sequence 
in R that converges to x € R. 


5.11.218.1 Solution. Fix y € R,y ¢ S. Let r = |y — x|(» 0) and rn = |y — z4|(» 0) for n EN. 
Since £n — x, there exists ng € N such that rn < r/2 V n > no. Put 6 = min(ri, ro, .,T4,,7/2]). 
Clearly, (y — ô, y + ô) N S = 0, hence RV S is open. 


5.11.219 Problem. Let a, > 0 V n €N, and lima, = 0. Show that there is an unbounded sequence 
(bn) of positive numbers such that lim, anbn = 0. This shows that there is no “slowest” convergence 
to zero. 


5.11.219.1 Solution. Hint. Consider bn = 1/,\/an. 


5.11.220 Problem. Assume that a, > 0 V n € N, that a; = 1, and that a9 < 1. Assume also that 
the sequence (an) is decreasing, and that 


ünk € ana, V n,k EN. 
Show that there is € > 0 such that 
1 
an € —VneEN. 
ne 


5.11.220.1 Solution. Given n € N,n > 2, choose k € N so that 2° < n < 2**!. We have 
An € Agr < ak. Therefore, due to the monotonicity of the function In z, we get Ina, < klnag. Thus, 
since k1n2 € Inn, we have 


Put 


Then, for n € N we have a, <n“. 


5.11.221 Problem. Show that 
lim sin(sin(sin ...(sinz))) = 0 


for every x € R, where sin(sin(sin ...(sin z))) denotes the function sin applied n times to x. 


5.11.221.1 Solution. Let x > 0, and an = sin(sin(sin...(sinz))) then 0 € a441(z) € a&(x) € 1 for 
each n. Thus limpo Gn (x) exists, denote it by o € [0,1]. We have sin(a,(x)) = a@n41(x) for each 
n € N. Take the limit for n — oo in this last equality, and use the continuity of the function sin x. 
We get sina = a. Thus, we get a = 0. 
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5.11.222 Problem. Define ro = 0,24 = 1, and 


n 1 
Ini = Ln De 
un" +1 n+1 1 
Prove that (r4) converges and determine its limit. 
5.11.222.1 Solution. Note that 
n — (n 4 1) 1 " 
In Tn = Ga ne 
TÉ n+l mne 
ER = 1 
n+ pe ae 1 n—1 
—1 
a n4 1 (Ln Tai) 
(ele 
= (n+ Dn (2-1 Ln—2) 
B" (-1)* k ) (-1)* 
(pp O nt! 


and thus 


<S p} i 
m= P OD» ^ n 


k=0 
5.11.223 Problem. Prove that (n/e)” « n! V n €N. 


5.11.223.1 Solution. We prove by induction on n. It is clearly true for n = 1. Assuming for 
n =m, (m/e)™ < ml, we have 


fe 1 qx m 1 
Ce Te (o ) (2) < ™ em! = (m 1) 
€ 


€ € 


Hence it is true for n = m + 1. The result follows. 


5.11.224 Problem. For n € N, write n = 2?~!(2q— 1) where p,q € N and write 
1 1 

i p dq 
Find all limit points of the sequence (sn). Evaluate lim, s, and lim, Sn- 
5.11.224.1 Solution. We show that the function f(p,q) = 2?-1(2q— 1) is a bijection from Nx N > 
N. Let 
f(p,q) = f(h, k) 
-—92-!(26—1)22^!(2k — 1) 
=> 2?-"(2q — 1) = (2k — 1) 
=>p=handq=k 


(p,q) = (h, k) = f is one-one. 
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We show that f is onto. Let n € N be odd, then n = 2k — 1 for some k € N, hence f(1,k) = 2k — 1 
and if n is even, we can write n = 2P(2k — 1) some p, k € N, so n = f(p + 1, k) implies f is onto. 
Therefore, 


1 1 
5- [sine N) - [5 e ipae n]. 
Dp q 


Thus S’ = {0, 1, i. n i ah , and every member of S" is the subsequential limits of S greatest and 
least of them are 0 and 1. Hence lim, s,, = 1 and lim, sn = 0. 
5.11.225 Problem. Let a € R,a ¢ {0,1,2} and define z; = a,%n41 = 2 — 2/z, for n € N. Find 


the limit points of the sequence (£n). 


5.11.225.1 Solution. Note that £n+4 = £n V n € N. Therefore the sequence takes on the values 
(21, 22; £3, £4} only. 


5.11.226 Problem. Find a divergent sequence (xn) in R such that lim, ,55 |@n2 — z,| = 0. 


F1 


5.11.226.1 Solution. For n > 4, let k(n) be the unique integer such that 22 <n < 22" 
and define £n = SEU l/r. Note that k(n) — oo and k(n?) = k(n) +1. Therefore £n — oo and 
|En? — z4| = 1/(k(n) +1) ^ 0. 
5.11.227 Problem. Let S be the set of all sequences {X = (21,22, ....) € (0, DN , that is, for all 
n, £n € {0,1}. Prove that there does not exist a one-to-one mapping from the set N onto the set S. 


5.11.227.1 Solution. Suppose that there exists a bijection f : N — (0,1), i.e., f(n) = Z and 
Z : N > {0,1} Define the sequence Y = (yn) so that for all natural numbers n, 


0, ifZ(n) — (f(n)) (n) 
1, if Z(n) = (f(n)) (n) 


Then Y = (yn) € S. Hence there exists some natural number m such that f(m) = Y. But this means 
Y (m) = ym = (f(m)) (m) 


which contradicts the construction of Y (m). Thus no such f exists. 


1 
0. 


Il 


Y (n) — Un — | 


5.11.228 Problem. Let S, be the sum of first n terms of the sequence (xp) where 


3 ifnis even 
Zn-— $5.3 . x 
"> ifnis odd 
Show that if x and y are positive integers and x > y then xy = f(a + y) — f(x — y). 
5.11.228.1 Solution. It is easily verified by induction that 
ne ifnis even 
Sn =S 42-1 we. 
eo Ifnis even 
Therefore, since x + y and x — y always have the same parity, in any case we must have 
(ry) = («= yy 
4 


f(z*y-f(x-v- = ry. 
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5.11.229 Problem. Let 0 < xı < 1 and z441 = z4(1 — £n), n € N. Show that limp. nz, = 1. 


5.11.229.1 Solution. Multiplying the defining relation by (n + 1) we get 


(n+ 1)g444 = NEn + Tn — (n + 1)22 


— NEn + z4[l — (n+ 1)2,] 


To prove that ngn is increasing, we need to show that 1 — (n+ 1)z,, > 0. From the graph of z(1— x), 
we note that z» < 1/4 and that x, < a < 1/2 implies z441 € a(1 — a). So by induction, 


(n+ they < (n 7 (1 EE a. 


Ty 


Furthermore, nz, < (n + l)r, < 1 and so nz, is bounded above by 1. Thus nz, converges to a 
limit a, with 0 < nz, < a < 1. Now, summing (1) from 2 to n we obtain 


1 > (n+ Dany 
= 279 + £2(1 — 322) + z3 (1 — 423) +... + z4[1 — (n + 1)zn] 


If a Z 1 then [1 — (n + 1)z,] > (1 — a)/2 for all large n and thus (2) would show that Y, is 


convergent. However nz, > xı and so $]z4 2 21 >> (4), a contradiction. 


5.11.230 Problem. Let a sequence (xn) be given, and let yn = x4 1-- 2r4,n = 2,3,4,.... Suppose 
that the sequence (yn) converges. Prove that the sequence (£n) also converges. 


5.11.230.1 Solution. Let limno y, = y, and let x = y/3. We will show that limno £n = x. 
Now, for any € > 0 there is an N such that for all n > N, |y, — y| < €/2. Again, 


€/2 > |y — y| = |En-1 + 224 — 32| = |2(x4 — x) + (xai — 2)| 
> 2|£n —2| — |£n-1 — z| 
1 
>|Tn — x| < e/A4- gl*n-1 — q|. 


1 
Thus, ates m x| < €/4 E gl nem-1 E x| 


1 1 
<e/4+ 5 c 9 nem-2 — 2 B 


1 1 
< e/A (: + 5) + 2g n m-2 — «| 
1 1 1 
< €/4 (1 nn 2 + =) + 33 tntm—3 = x| 


m E 1 

« e/AN 72 + 3máilfn-i — e| 
i=0 

«ema gg rs 


By taking m large enough, 2- "*|r, ; — x| < €/2. Thus for all sufficiently large k, |x, — | < c. 
Hence the result. 
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5.11.231 Problem. The terms of a sequence (xn) satisfy z,z,41 = n,n € N and limp. roe Sal 
Show that ma? = 2. 


5.11.231.1 Solution. The first relation shows that 
(n — 1)(n — 3)..3 1 


if n is even 


M (n — 2)(n — 4)...221 
(n — 1)(n — 3)..2 1 ifn is odd. 
(n — 2) (n — 4)...1 zı 
If n is odd, 
Ln, 222446 n—1m-1 


"DP "Lau ‘n-2 n 


'The Wallis product 


After an even number of factors the partial product is less than 5 and after an Bond Hos of factors 
the partial product is greater than 5. . A similar 
calculation shows that, when n is even 


« ud Since lim, 55 P = 1 1 is Rem than or equal 


*omu 


to both 3722 and its reciprocal. This oles that nae = 2, 


5.11.232 Problem. The sequence (xn) defined by £n = 35; sink; n = 1,2,.... is bounded. Find 
an upper and lower bound. 


5.11.232.1 Solution. We observe that 


x usps mY e^ < 
k=1 


edi 2 
B PEE CES 


Hence the result follows. 


5.11.233 Problem. If a sequence a, is bounded, positive and (a@n41 — an) — 0, then an is conver- 
gent. True or false? 


5.11.233.1 Solution. Consider the sequence (an) defined by an = 2+ sin /n$ bounded (located 
between 1 and 3) and 


Qn41— An —sinVntl, -sin yns 
= 2cos 7 (Vn 14 vn) sin (Vi - vn). 


Since /n + 1 — yn —> 0, so a441 — an —> 0. 

At the same time, this sequence is divergent, because for n = (2k)?, k € N one has an = 2--sin2kZ = 
2 , while for n = (4m + 1)?, m € N one gets an = 2 + sin(4m + 1) = 3. 

The converse is true: if DE is cpuvereent; then an is bounded and an+1 — an — 0. Another example 
for unbounded sequence is a, = >>” 


re 
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Aan+1 


5.11.234 Problem. If a sequence (an) is bounded, positive and — 1, then (an) is convergent. 


True or false? 


5.11.234.1 Solution. Consider the sequence (an) defined by an = 2 + sin /n$ bounded (located 
between 1 and 3) and we see that 


Qn41 ' | Sin Vn -F 15 — sin /n$ 


= > 0. 
2+ sin /n$ 


An 


And by the previous problem, we that the sequence is divergent. 


5.11.235 Problem. 


1. If lim, +06 £n = x, then x is the only cluster point of (£n). 
2. Give an example that the converse is not true. 


5.11.235.1 Solution. 
1. Left to the reader. 


(ayn 


2. For the sequence (xn) where £n =n . Here 0 is the cluster point of (£n), but (£n) does 


not tend to 0. 
5.11.236 Problem. Let a; = 1 and a4,41 = an + PM for n > 1. Prove that 
l.n&€a2 «n4 n. 
2. lim4 5s, (a4, — yn) = 0. 
5.11.236.1 Solution. 
1. We have that 


1 
2 2 

ün+1 = ün +1+ 4a2 ` 

In particular, a2 , , > a2 +1 and it follows by induction that a2 > n. We shall prove the other 
inequality by induction again. It is obvious for n = 1. Suppose that it is true for n = m that 


is, a2, < m + %/m. Then 


1 
ahy =a d lt Aa « m4 ym-ctlt1 
and it is enough to check that 
1 
Ym + Ns « Vm-41 
m 


1 1 
e— <V¥m4+1-Y¥m= 
4m vm V/(m + 1)? + ¢/m(m +1) + Vm? 


& (m 4- 1)? 2m + Vm? < 4m 


eq (iz + lt 41 <4ym 


This inequality follows by the inequalities 1 + l <2 and 1 4- 42 4- W4= 


1 
yaa <4. 
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2. The statement is a consequence of the inequalities 


v 3 3 1 
0 X a4, — Vn = \/n+ ¢n-— vyn = vn pees 7 
Jor jaisa vn Yn 
5.11.237 Problem. Let a > 2 be a real number. Denote x; and z2 the roots of the equation 
x? — az +1 = 0 and let Sp = z? + z2,n— 1,2,.. 


1. Prove that the sequence ( = 5 3 is decreasing. 


2. Find all a such that 


$1 So Sn 
+... 
S3 S41 


for any n = 1,2,... 


5.11.237.1 Solution. If a > 2 then the roots xı and x2 of the equation z? — ax +1 = 0 are positive 
and z12z2 = 1. In particular, Sn > 0 for n = 1,2, ... 


1. We have 
Sn-1 Sn n—1 n—1 n4-1 n4-1 n n\2 
2 S (xi + ay J)(xp +297") > (a +29) 
Sn Sn41 
ep ut kg Dyttcepgpgn 
T (2122)! (zi — 73)? > 0 
holds. 


2. Let a > 2 have the desired property. Then (1) implies 


$1. a Se Sn 
n= > | +...4 >n-l, 
x $3 $441 


i.e., r3 »1—1-1,and we get S1 = a, S2 =a? — 2 and therefore 


a (a+ 1)(a — 2) 
Ts <. 
a2 —2 - a? —2 <0 


Since a > 2 we get a= 2. 
Conversely, if a = 2, then x, = x2 = 1 and S, = 2 for any n = 1,2,.. Hence 
Si $5 Sn 


+ +...4 =n>n-l. 
S2 83 Sn41 


5.11.238 Problem. Consider the sequence 
£1 = T2 = l, n42 = (Ak — 5)angi — Zn +4—2k,n > 1. 


Find all integers k such that any term of the sequence is a perfect square. 
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5.11.238.1 Solution. Let k have the given property. We have 73 = 2k — 2 = 4a?,a > 0 i.e., 
k = 2a? +1. Further z4 = 8k? —20k+13 and x5 = 32k? — 120k? + 148k — 59 = 256a° — 96a* + 8a? +1, 
If a = 0, we get k = 1 and the given sequence is 1,1,0,1,1,0,.... Hence k = 1 is the solution of the 
problem. 

Let a > 0. It is easy to check that 


(16a* — 3a)? > x4 = 256a9 — 96a^ + 8a? +1 > (16a? — 3a — 1)?. 


Since z5 is a perfect square, the first inequality must be equality. i.e., a = 1 and then k = 3. 

We shall prove that k = 3 is a solution of the problem. In this case the sequence is defined by 
£1 = £2 = l, £En42 = 7€n41—-Tn—2,n > 1. Since v3 = 227, 4 = 57, a5 = 137, it is natural to conjecture 
In = ul, 4 for n > 2 where (un) is the Fibonacci sequence: uj = uz = 1 and u442 = us41 t+ Un 
for n > 1. To prove this, we first note that Un+2 = 3u, — Un—2 and Un+2Un-2 — u2 — ] for any odd 
n > 3. It follows that (1,42 + u4 3)? = 9u2 and thus 


2 2 2 2 2 
Uny = IU), — us.» — 2Un43Un-2 = Tu, — w, 9 — 2. 


2 
Hence £n = u$, 4 for n > 2. 


5.11.239 Problem. Let xı 0. The sequence (£p) is defined by z,41 = £n + 7- for n > 1. Prove 
that 


1. £n > n for n > 2; 
2. the sequence (£x) converges to a limit and find its limit. 


5.11.239.1 Solution. 
1. We have, za = £1 + z. > 2 and if £n > n, then 


n 
tayi = n= LSE n-1l= * 
n n 


and the assertion follows by induction. 
2. Let n > 2. It follows from (1) that 2,41 € £n+1 then x, € z3--n—1 whence 1 € Ss 14-22, 


Therefore the sequence (£x) is convergent and its limit is 1. (One can prove a stronger 


statement lim, ,s5(x& — n) = 0.) 
5.11.240 Problem. For any positive integer n the sum 1 4- 4 Lec + is written in the form = 


where pn and qn are coprime numbers. 
1. Prove that 3 does not divide pe;. 
2. Find all n, for which 3 divides py. 
5.11.240.1 Solution. 
1. Let Sn 2 1-- 2 --..4- 4 and we have Sz = 3,57 = 3420 


1 1 1 1 1 1 1 1 1 


1 
S2- 37 =; t 35 t ip t 29 * ap 39 14 16 ^ 13 I 
1 
9 


1 jJ 1 1 30a 51 3c 
12 


15-18 2L b 
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where (a,b) = (c,d) = 1. It is easy to see that a = b (mod 3). Hence 3 { c,d,c zd 
(mod 3), p22 = 3p. and 3 { pho. Similarly, we have S67 — S22 = ove + $ where 3 { f. It 


follows that 3 { por, qe7- 


2. Let Sn = #2 where 3{ kn, In. Then 


Ge i ae oa : : 
3 P dO RE. 3n—1 3n+1 
= kn | 3 2n = kin bn saa an 
gmeH b 3m» Lb, 


where 3 { bn. Therefore ifm, > —1, then ma, = m; +1. Analogously, we have m3n42 = Mn +1 
for m, > —1 and mM3n41 = Mn + 1 for m, > 0. Since mı 0, M2 = m; = M22 —] and 
me7 = 0, It is easy to see that the answer is n = 2, 7,22. 


5.11.241 Problem. Define f : [0, oo) > R by 


(x) an +sinng if a € [2n,2n 4 1] 
qt] = 
bn +cosre if a € (2n -— 1,2n),Y n € NU {0}. 


Find all possible sequences (a4) and (bn) such that f is continuous on [0, oo). 


5.11.241.1 Solution. We write the function explicitly in the form 


ao t Sin zz if x c [0,1] 
by + cos 7x ifee (1 
2 


a, +sin7e if x c [2, 
by + cos 7x if x c (3,4) 

b, + cos Tx if x € (2n — 1, 2n), 

an + sin Te if x € [2n, 2n + 1] 

bn41 +cosmg ifz € (2n-1,2n +2), 


Since the function is continuous at 0, 1,2, ..., 2n — 1, 2n, 2n + 1,... we get 


/(0) = lim F(x) = lim f(x) = ao + sin 70 = ao 
f(1) = lim f(z) = lim f(a) 

=> ao = bı + cost = bı — 1 (1) 
and f(2) = lim f(z) = lim f(e) 

>a, = bı + cos27 = bı +1 (2) 


and lim f(x) = lim, f(x) = f(3) 
— a1 + sin 3r = bo + cos 3m 
=> @ı =b2— 1 (3) 
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and lim f(x)= lim _F@) = f(2n) 


r—(2n)— z—(2n) 


=> bn + cos2nm = an + sin2nm 


=>b,+1l=any 
and 


lim lim x)= f(2n 41 
a—(2n+1)— a—(2n+1)+ f ) Fl ) 
— an +sin(2n + 1)r = bn4i + cos(2n + 1)r 


=> ün = bn41 — 1, 


Thus, we get by (1) and (2) ag + 1 = a4 — 1 implies a, = ag + 2 and bı = ag + 1 b2 =a, +1 = 
ao + 3,a2 = b» + 1 = ao + 4 and hence an = ao + 2n, bn = ag + 2n — 1 where ag = f (0). 


5.11.242 Problem. The sequences (an), (bn) are such that an+ı = 2bn — an and bn+1 = 2an — bn. 
Prove that 


1. Qn41 = 2(ai + bı) — 3an. 
2. if an > 0 for every n, then a; = by. 


5.11.242.1 Solution. 


1. Since an+1 + 6444 = 2bn — an + 2an — bn = an + bn, we have 


an+1 = 2(an + bn) — 3an = Gn41 = 2(a1 + b1) — 3an. 


2. Using (1), we obtain 


2 2 


b b 
which produces a444 — GEE ri (-3)* (o = as") . 


ay + bi "E ( ay + 2) 
An+1 = 3 An 5 


2 


Since liM 3" = oo, it follows that if ay > bı, then lim4.,55 a3, = —oo, a contradiction. 
Analogously it is not possible to have a, < bı. Thus a4 = bı. 


5.11.243 Problem. The sequence (an) is defined by a4 = 0 and a4,44 = an +4n+3,n> 1. 
1. Express a, as a function of n. 


2. Find the limit 


lim yan Ap Vaan EE V/a42n a 4/ A410 
n>% ün + yan + yan + .. + a207 


5.11.243.1 Solution. 


1. Using recurrence relation, we get 
Qk = Qk—1 +4(k — 1) +3 = dp_2 


=a, +4(14+2+4+...4+(k-1))+ 
= (2k + 3)(k — 1). 


) - 4(k — 1) +23 — ... 
k — 1)3 = 2k(k — 1) + 3(k — 1) 
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2. We have lim, ,4, = limpo y Gk +2)(k-+)= V2k. Therefore required limit is 


144447 +... +4 
1+2 422+... 4- 210 


= 683. 


5.11.244 Problem. Define the sequence z1, £2, .... inductively by x1 = v5 and In41 = z2 — 2 for 
each n > 1. Show that 
3 2122...X3m 
lim ——— —— 


n— oo In41 


zu 


5.11.244.1 Solution. Let y, = z2. Then 
Ynti = Tapi = (25 — 2)? = (Yn — 2)? 
=Yn+1 — 4 = Yn(Yn — 4). 


Since y2 = 9 > 5, we have y3 = (y2 — 2)? > 5 and inductively y, > 5 for n > 2. Hence ya41 — Yn = 
y2 — by, — 4 > 4 for all n > 2 so yn — oo. Now by y41 — 4 = Yn(Yn — 4). 


ee) — YAY2--Yn 
Tn+1 B Un4-1 
Unzi— 4 Y1Y2--Yn — Ynt1 — 4 YrY2--Yn—1 _ 
Yn+1 Oa -4 Yn+1 l Yn — 4 u 
E Yn+1 — 4 l _ Ynt Eun 

Yrti W1—4 Yn+ 


Hence 


L1XQ...Uy 


lim 


"n—0o Tn+1 


=1. 


5.11.245 Problem. 


1. A sequence (£n) of real numbers satisfies z441 = Zn COS £n V n > 1. Does it follow that this 
sequence converges for all initial values x1? 


2. A sequence (yn) of real numbers satisfies yYyn+1 = Yn sinyn V n > 1. Does it follow that this 
sequence converges for all initial values yi? 


5.11.245.1 Solution. 


1. No. For example, for xı = 7 we have x, = (—1)^-1 


7, and the sequence is divergent. 

2. Similar to the first solution, |yn| — a for some real number a. Notice that t. sint = (—t) sin(—t) = 
[t| sin |t| V t € R, hence yn+1 = |yn| sin |yn| V n > 2. Since the function t > tsin t is continuous, 
Yn+1 = |Yn| sin |yn| > |a|| sina|. (For continuity see chapter 6) 


5.11.246 Problem. Let (an) be a sequence with 1/2 < an < 1 for all n > 1. Define the sequence 
(4) by 
An+1 + In 


E A ie 
14+ Qn412n ) 


Ti = Q1, Tn+1 = 


What are the possible values of lim, ,44 £n? Can such a sequence diverge? 
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5.11.246.1 Solution. We prove by induction that 


Then we will have (1—2,,) — 0 and therefore zn — 1. The case n = 1 is true since 1/2 < xı = a1 < 1. 
Suppose that the induction hypothesis holds for n, from the recurrence relation we get 


Qn--1 + Xn uH J= An+1 
1+ An+1Tn 1+ An+1Tn 


1—2441—1 1— zn) 


By the relation 1/2 < an < 1, we get 1 — an < 1/2 and 


ie 
Qn4-1 «1 


0 « ; 
1+ Gn412n, 2 


we obtain 


1 1 1 


In) < 5 babi s 


1 
0<1-aty1< 50 


Hence, the sequence converges in all cases and £n — 1. 


3- 


5.11.247 Problem. Find lim, ,55 n v^. 


2 
5.11.247.1 Solution. Hint: x, —nV* = (vm) ' 


5.12 Additional Exercises on Chapter 5. 


5.12.1 Exercise. For each x € R, let (x) denote the distance from x to the integer nearest x and, 
recall that [a] denotes the greatest integer < x. Find each limit if it exists. If it doesn’t, explain 
why! 

1. limy_,..[2] 

2. lims (a — [x]) 

3. lims =! 

4. limg-yo0 (x) 

5. limy+oo (x — (x)) 
(x) 


6. lims +3 


5.12.2 Exercise. Find all limit points of the following sets: 
1. {Vm — //n;m,n € N}. 


2- {m,n EN}. 


3. [m + n2; m,n € Z}. 
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4. {sinn;n € N} 
5. {tann;n € N} 
6. (cotn;n € N} 


5.12.3 Exercise. Give a counterexample to the statement: if sequences (an) is convergent and (bn) 
is divergent, then the sequence (a;,/b,) is divergent. 


5.12.4 Exercise. If (£n), (Yn) € (0,00)N and (x,/yn) is monotone, then the sequence (z,,) defined 
by 

234 des 

Yı +... + Yn 


Zn = 


is also monotone. Hint. a/b € c/d > a/b € (a+c)/(b+d) € c/d. 


5.12.5 Exercise. Let A = {a1, a2,..,a,} be a set of positive reals and a = max{a1, a2, .., ar}. Prove 
that for any positive integer n, 


a” < (at -- a5 +.. +ar) € ra". 


and deduce that . Y 
a € (at -- a3 +.. +a)” € ra. 


and hence show that 
Jim (at +a? +.. +a?) =a. 
5.12.6 Exercise. Give an example where lim,_,, f(x) = b and lim,_,, g(x) = c but lim, ,4 g(f(x)) Z 
C. 
5.12.7 Exercise. Show that 
1. sing = o(4/x) as x > 0, and that sin x Z o(x) as x > 0. 
2. sing = O(x) as x > 0. 


5.12.8 Exercise. Suppose that every subsequence of (z,,) has a subsequence that converges to 0. 
Show that lim, £n = 0. 


5.12.9 Exercise. Let / be an interval, and let zo € J. Suppose that f, g and h are functions defined 
on I (except possibly at xo). Then, as x — xo the following are true. 


1. If f = o(h) and g = o(h), then f +g = o(h) and fg = o(h?). 


2. If f = o(h) and c € R; then cf = o(h) and (if c Z 0) cf = o(ch). 


. If f = o(g) and if g = O(h) (e.g., if g = o(h), then f = o(h). 
5. If f = o(1) then 1/(1 + f) 2 1— f -- o(h). 
6. If f = O(h) and g = O(h), then f +g = O(h) and fg = O(h?). 


) 

) 
3. If f = o(h) and g is bounded away from zero (x — zo), then f/g = o(h). 
4 ) 

) 
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7. If f = O(h) and c € R; then cf = O(h) and (if c 4 0) cf = O(ch). 

8. If f = O(h) and g is bounded away from zero (x — zo), then f/g = O(h). 
9. If f = O(g) and if g = O(h) , then f = O(h). 

10. If f = O(1) and if g = O(h) , then fg = O(h). 

11. If f = o(1) and if g = O(h) , then fg = O(h). 


5.12.10 Exercise. Show that every point of a closed set S is either an accumulation point or an 
isolated point. 


5.12.11 Exercise. (Bolzano-Weierstrass theorem) Every bounded infinite subset of real numbers 
has at least one accumulation point. 


5.12.12 Exercise. A real-valued function f of a real variable is said to satisfy a Holder condition 
with exponent a if there is a constant c such that |f(x) — f(y)| < cla — y|* for all x, y. Wherever 
these functions are used, a is restricted to be « 1. Can you explain why? 


5.12.13 Exercise. Let (zn) be a Cauchy sequence such that £n is an integer for every n € N. Show 
that (£n) is ultimately constant. 


5.12.14 Exercise. Let (r,) and (yn) be sequences of positive numbers such that lim(£n/Yn) = oo. 
1. Show that if lim yn = oo, then lim £n = oo. 
2. Show that if (£n) is bounded, then lim y, = 0. 

5.12.15 Exercise. Show that if lim(a,/n) = L, where L > 0, then lima, = oo. 


5.12.16 Exercise. Let (aj) be given by the following recurrence formula: 


ak+1ı = — — —j1- Vk22. 
ap—1 + — 
ar, 
Show that this sequence is convergent and find its limit. 


5.12.17 Exercise. Let (xn) be properly divergent and let (£n) be such that lim(£nyn) belongs to 
R. Show that (yn) converges to 0. 


5.12.18 Exercise. Is the sequence (nsinn) properly divergent? 


5.12.19 Exercise. Give an example of a function f : [0,1] — R for which f((0,1]) is a countably 
infinite union of disjoint intervals. 


5.12.20 Exercise. Let f : [a,b] > R be monotone. Let c € (a,b) and assume that lim; ,c f(x) 
exists. Show that lim, ,« f(x) = f(c). 


5.12.21 Exercise. Consider the definition of a, —^ b as n — oo as 


(V € > 0) (d no) (V n 2 no) (lan — b| < €) 


Changing the quantifiers and their order we can produce the following statements: 
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1. (Ve > 0) (E no) (n 2 no) (lan — b| < €); 
2. (Y € > 0) (V no) (Y n > no) (lan — b| < €); 
3. (de > 0) (3 no) (An > no) (lan — b| < €); 
4. (Ano) (V € > 0) (Vn > no) (lan — b| < ©); 
5. (Vno) (E€ > 0) (3n > ng) (Ja, —b| < €). 


Which properties of the sequence (an) are expressed by these statements? Give examples of sequences 
(if they exist) satisfying these properties. 


5.12.22 Exercise. Consider the definition of an —^ oo as n > oo as 


(V P) (3 no) (V n 2 no) (a, > P). 


Changing the quantifiers and the orders we can produce the following statements: 


1. (VP) (3no) (3n > no)(as > P); 
2. (VP)(Vno)(Vn > no)(as > P); 
3. (3P)(3no)(Vn > no)(a, > P); 
4. (AP)(Ano)(An > no)(an > P); 
5. (Ano)(VP)(Wn > no)(as > P); 
6. (Vno)(SP)(An > no)(a, > P). 


Which properties of the sequence (ap) are expressed by these statements? Give examples of sequences 
(if they exist) satisfying these properties. 


5.12.23 Exercise. Let r be a rational number, say, r — p/q where p and q are integers with no 
common divisors. Define x, = nr — [nr], where [x] denotes the greatest integer in x. Determine the 
cluster points of (£n). 


5.12.24 Exercise. If aj,a1 > 0 and a4,41 = Va, + ,/Gn—1, then (an) is convergent. 
5.12.25 Exercise. Let (£n) be a sequence of real numbers defined as follows: 


34+ 224 


TEF YnEeN. 


zı = 1,@n41 = 


1. Show that 3 A € (0,1) such that for all n > 2, 


|En+1 = Tni sz Aia — In-1}- 


2. Prove that lim, ,55 x, exists and find its value. 


5.12.26 Exercise. Show that if (an) is a sequence that does not converge to L, then there exists 
an € > 0 and there exists a subsequence (a4, ) of (an) such that for all k € N, |an, — L| > e. 


5.12. ADDITIONAL EXERCISES ON CHAPTER 5. 299 


5.12.27 Exercise. Let a, = 0,a2 = 1, and 


(n + 2)a441 — an 
n-—1 : 


An+2 = 


Prove that lim, a, = e. 


5.12.28 Exercise. If a; = a? = 1 and an = z L te z show that (a4) converges. 


5.12.29 Exercise. Show that the sequence (an) converges and find its limit. 


T. a, = 2, Qn41 = 2+ 
34 — 


an 


_ E E 3 
2. a1 = 0,a5 = 5, àn42 = 3(1+Gn4i1 + 95). 


5.12.30 Exercise. A sequence (£n) is said to be eventually or ultimately bounded if 3 a 
positive number M and a positive integer N such that |v,| < M for all n > N. Prove that a 
sequence is bounded iff it is eventually bounded. 


5.12.31 Exercise. A sequence (an) is a decimal sequence in case a, is an integer (positive or 


negative), and 
An+1 = An E 10"? 


where bn is one of the numbers 0,1,2,...,9. A decimal sequence is normal in case Vk € Nd m » k 
such that b, Æ 9. 


1. Show that every decimal sequence is bounded and nondecreasing. 
2. It has a limit in the real number system. 


3. Using the Archimedean property, prove that every real number is the limit of exactly one 
normal decimal sequence. 


5.12.32 Exercise. A sequence (r,) is said to be eventually or ultimately monotone if d a 
positive integer N such that z,41 > £n for all n > N. 

Give an example of a sequence that is not eventually monotone and give an example of a sequence 
that is eventually increasing but not increasing. 


5.12.33 Exercise. Let (r4) be a bounded sequence and suppose that every convergent subsequence 
of (£n) converges to L. (This statement does not guarantee that every subsequence converges!) Prove 
that (£n) converges to L. 


5.12.34 Exercise. Let (xn) be a bounded sequence that does not converge. Prove that (r4) has 
at least two subsequences that converge to different limits. 


5.12.35 Exercise. Prove the following statement about Cauchy sequences without using the fact 
that a Cauchy sequence of real numbers converges: if a subsequence of a Cauchy sequence converges, 
then the Cauchy sequence converges. 


5.12.36 Exercise. Let r, be any enumeration of rational numbers in the interval (a,b). Find with 
proof, limpo inf r,, and lim, ,55 sup Tn. 
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5.12.37 Exercise. If a is limit point of a set S = {a,;n € N}, where (an) is a sequence in R, then 
1. there is a subsequence (ay, ) that converges to a. 
2. if a € an Vn EN, then there is a decreasing subsequence (ay, ) that converges to a. 


5.12.38 Exercise. Let (pn/qn) be a sequence of rationals, each being expressed in its lowest terms 
and let p,/q, tend to a finite limit £ as n — oo. Prove that if € is irrational, then qn — +00 as 
n — oo, if £ > 0, then pn > +œ as n > oo. 


5.12.39 Exercise. Let (an) be a sequence of real numbers such that 2an < @n—1+@n41 for n > 1, 
show that an converges. 


5.12.40 Exercise. Let X C R and a € X, let 6: X — X and a sequence an be given by 
ao = 4,An41 = lan) Vn 2 1. 
Prove that 
1. if $ is increasing, then (an) is increasing or decreasing according as ¢(a) > a or $(a) < a, 
2. if @ is decreasing, then the sequences apn and azn+ı are monotonic in opposite senses, 
3. if $ is continuous on X and if a, > l € X, then 9(l) — I. 


4. Use the results of (i) and (ii) to discuss the behaviour of the sequence (an) for different values 
of a when X = {x € R; x > 1) and g(x) 2 3 - 2. 


5.12.41 Exercise. Suppose that the sequences (£n), (Yn) converge to x,y respectively. Then 
1. (£n + Yn) converges to z + y, 
2. (4nYn) converge to xy, 
3. (1/y4) converge to 1/y provided y Æ 0. 

5.12.42 Exercise. Let (x,,) be a sequence and let (x,,) be any of its subsequences. Show that 


liminfz, < liminf £n, < limsupz,, < lim sup z,. 
n—> o0 nk —> 00 ng-—oo noo 


In particular, if (£n,) is convergent, then 


liminf zn < lim Tn, < lim sup zn. 
n— o0 Nk — 0 n- 00 


Is the converse true? That is, for any l between lim inf, ,5, £n and limsup,,_,,, Zn, there exists a 
subsequence (z,,) which converges to l. 


5.12.43 Exercise. Let xı € R and z4,41 = (2 + +) £n — 1. For what values of x; does the sequence 
diverge? For what values of x; does the sequence converge? What is lim £n? 


5.12.44 Exercise. Suppose b € R,a, —^ a € R and p41 = an + b£n. Prove that: 


1. £n > if |b| < 1. 


m 
1-b’ 
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2. tn> o> if || > Land 2, +E E=. 


5.12.45 Exercise. Let (ap) be a sequence of real numbers such that an41 — an —> 0. Prove that 
the set of limit points of its convergent subsequences is the interval with endpoints liman, liman. 


5.12.46 Exercise. Let (an) be a sequence of real numbers such that an+ı + an — 0. Prove that 
the set of limits of its convergent subsequences is either infinite or contains at most two points. 


5.12.47 Exercise. The sequence (xn) is defined by 


Prove that £n # E or 0 for all n and the terms of the sequence are all distinct. 
5.12.48 Exercise. If a,4. = ant nth for all n > 1, show that a, —^ ekz 


5.12.49 Exercise. If z; € (0,1) and z441 = 1 — 1 — zn for all n > 1, show that (£n) is decreasing 


with limit 0. Show also that Tuti — i. 


5.12.50 Exercise. If |a,| < 2 and Jan41 — an| < &|a2,, — a2] for all n > 1, show that (an) 
converges. 


5.12.51 Exercise. Establish which of the following statements are true. 
1. A sequence is convergent if and only if all of its subsequences are convergent. 
2. A sequence is bounded if and only if all of its subsequences are bounded. 
3. A sequence is monotonic if and only if all of its subsequences are monotonic. 
4. A sequence is divergent if and only if all of its subsequences are divergent. 
5.12.52 Exercise. Establish which of the following statements are true for an arbitrary sequence 
(tn). 
1. If all monotone subsequences of a sequence (x,,) are convergent, then (x,,) is bounded. 
2. If all monotone subsequences of a sequence (£n) are convergent, then (£n) is convergent. 


3. If all convergent subsequences of a sequence (£n) converge to 0, then (£n) converges to 0. 


4. If all convergent subsequences of a sequence (£n) converge to 0 and (xn) is bounded, then (£n) 
converges to 0. 


5.12.53 Exercise. Establish which of the following statements are true. 
1. Every subsequence of a convergent real sequence is convergent. 
2. Every subsequence of a divergent real sequence is divergent. 
3. Every subsequence of a bounded real sequence is bounded. 


4. Every subsequence of an unbounded real sequence is unbounded. 
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Every subsequence of a monotone real sequence is monotone. 
Every subsequence of a nonmonotone real sequence is nonmonotone. 
If every subsequence of a real sequence converges, the sequence itself converges. 


If for a real sequence (an), the sequences (azn) and (a2n41) both converge, then (an) converges. 


a Oe 2o 


If for a real sequence (an), the sequences (azn) and (a2441) both converge to the same limit, 
then (an) converges. 


5.12.54 Exercise. Show that if a sequence (r4) converges to a finite limit or diverges to +00, then 
every subsequence has precisely the same behavior. 


5.12.55 Exercise. Suppose a sequence (£n) has the property that every subsequence has a further 
subsequence convergent to L. Show that (£n) converges to L. 


5.12.56 Exercise. Let (£n) be a bounded sequence, let 
y = inf{r,;n € N}, z = sup(z,;n € N}. 


Suppose that, moreover, y < £n < x for all n. Prove that there is a pair of convergent subsequences 
(z5,) and (Lm, ) so that 


lim |En, — zm,| = £ — y. 
k—oo 


5.12.57 Exercise. Describe all sequences that have only finitely many different subsequences. 
5.12.58 Exercise. Let (an) be a bounded sequence in R. 


1. Prove that if b = limsup a, then b satisfies the following condition: (V e > 0) an < b+e 
ultimately and a, > b — e frequently. 


2. Show that the condition in (1) characterizes the limit superior, in the sense that if b € R 
satisfies the condition then necessarily b = lim sup a. 


5.12.59 Exercise. Let (an) be a bounded sequence in R. 


1. Prove that if c = liminfa, then c satisfies the following condition: (V € > 0) an > c— € 
ultimately and an < c + frequently. 


2. Show that the condition in (1) characterizes the limit inferior. 


5.12.60 Exercise. A subset A of real numbers is a closed subset of R if, whenever a convergent 
sequence has all of its terms in A, the limit of the sequence must also be in A. That is, if £n > x 
and zn € A for all n, then necessarily z € A. 


5.12.61 Exercise. Let J be an interval, (£n) a sequence in J that converges to a point z € I. Prove 
that there exists a closed interval J C I that contains x and every Zn. 


5.12.62 Exercise. Prove that if (an) is a monotone sequence in R that has a bounded subsequence, 
then (an) is convergent. 


5.12.63 Exercise. If (an) is a sequence in R and a € R, the following conditions are equivalent: 
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1. Ve>0, |a, — a| < e frequently; 
2. there exists a subsequence of (an) converging to a. 


If the word “frequently” in (1) is replaced by “ultimately”, how must (2) be changed so as to remain 
equivalent to (1)? 


5.12.64 Exercise. Prove: If the sequences (£n) and (yn) are null then so is (zy; ). 
5.12.65 Exercise. Prove that the sequence (xn) is null if and only if (z2) is null. 


5.12.66 Exercise. True or false (explain): If (zx) and (yn) are sequences in R such that (£nYn) is 
null, then either (£n) or (yn) is null. 


5.12.67 Exercise. Let r, = yn + 1 — yn. True or false (explain): (xn) is null. Hint: Consider 
Yn = Vn 4- 1-4 yn and calculate (£nyn). 


5.12.68 Exercise. Prove that lim; 55 [ai /n +1 +ayn 4-2 4- a3 /n + 3] = 0 where aj, a2, 43 € 
R and a4 + ag +a3 = 0. 


5.12.69 Exercise. Show that 


L ein ST gin [Z c in (Z cos Z zy ANa 
im 1 sin [2 sin [Z sin .. sin (2 cos £z)]) - (5 ) 


n— 0o xN 


where ‘sin’ occurs n times in the functional symbol and N = 2°+1, 
5.12.70 Exercise. Obtain the limit 


T" log{log|.. log(a + 1)]) 
n—9o  logílog[..logz|]) 


where ‘log’ occurs n times in the functional symbol. 
5.12.71 Exercise. Prove that xo(x) = lima 55 [ims sc {cos(m!nz)}?"] VzrcR. 


5.12.72 Exercise. Prove that sign(x) = limp. 2 tan-! (nz) V x €R. 


5.12.73 Exercise. Prove that 1 — xo(z) = limo sign (sin?(m!mz)) V x € R. 
5.12.74 Exercise. Let a and 8 be positive numbers. Show that 


lim Va" + 6" = max{a, 6). 
noo 


5.12.75 Exercise. Let x, = 0 and define a sequence recursively by 


Tn 
Ensi = 
Pet F Ly /2 
For what values of @ is it true that z, — 0? 
5.12.76 Exercise. If 
. Sn— Qa 
lim =0 


n> Sn +Q 


what can you conclude about the sequence (sn)? 
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5.12.77 Exercise. A sequence of real numbers (£n) has the property that (2 — z4)z441 = 1. Show 
that limy_.. £n = 1. 


5.12.78 Exercise. Suppose that the sequence whose n-th term is Sn + 28,41 is convergent. Show 
that (sn) is also convergent. 


5.12.79 Exercise. Show that the sequence 


VT, YT- v1, A T- T + V7, deii. 


converges and find its limit. 


5.12.80 Exercise. Recall that a real number a is a cluster point of a sequence (a,,) in R if there 
is a subsequence (a,,,) of (an) such that an, > a. 


1. Show that if an — a, then a is the only cluster point of (an). 


2. Show that the converse of (1) is not true. In other words, show that there is a divergent 
sequence that has a unique cluster point. Hint. (1,1, 2,2, 5,3, 5.4, T. n, ...) 


59393 SIMs 41 Um? 


3. Show that if an — oo or if an — —oo, then (an) has no cluster point. 


4. Show that the converse of (3) is not true. In other words, show that there is a sequence without 
a cluster point that neither tends to oo nor tends to —oo. Hint. Any finite set. 


5.12.81 Exercise. Let (xn) be a sequence in R with no convergent subsequence. Prove that 
{zn;n € N} is a closed subset of R. 


5.12.82 Exercise. Prove that for a > b?, 


je ba + b\/a — ba m= ya- SP zb 


5.12.83 Exercise. Let A and B be two sets. Let (An) be the sequence of sets defined by 


B ifnis even. 


T e if n is odd, 
Then lim sup A, = AU B and liminf A, = AN B. Thus lim A, exists if and only if A = B. 


5.12.84 Exercise. Find the lim sup and lim inf of the sequences (Isin nf") and (|cos n|^ ^). 


5.12.85 Exercise. Suppose a sequence (£n) in IR satisfies the following condition: for each p € N 
and each e > 0 there exists N € N such that if n > N, then |tn4p — z,| < e. Is (£n) necessarily a 
Cauchy sequence? 


5.12.86 Exercise. Prove that 


1. lim, 44, 1 {(2n + 1) (2n + 2)..(2n 4 n))* = Z. 
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2. limno + {(a + 1)(a + 2)...(a+n)}" 21, a» 0. 


5.12.87 Exercise. Prove that the sequence (an) is convergent by showing that the subsequences 
a2n and azn—ı converge to the same limit. 


1. 0< a, < az and an+2 = 5 (Gn41 c- a4). for n> 1. 


2.0 «a4 < a» and an+2 = V/dn4-10n.- for n> 1. 


3. 0 < a, < az and — Lb... forn>1. 


n+2 Qn+1 an 


5.12.88 Exercise. Prove that the sequence 


1. (2. ics. i, ees ) converges to 1. 
i+ 


2. (o. iie ie ves ) converges to 2. 


5.12.89 Exercise. Prove that the sequence (£n), where 


MONEO MMC EH 


UNS x 23 ^" n(n41) 


is a Cauchy sequence. Note that for any real number a, a = [a] + {a} where [a] is the integral part 
and (a) is the fractional part. 


5.12.90 Exercise. Assume that an — a and a < an for all n. Prove that (an) can be rearranged 
to a monotone decreasing sequence. Hint: Study the sequence bn = max(ay; k > n]. 


5.12.91 Exercise. Let r € R and consider the sequence ([nz]) , where, as usual, [t| denotes the 
greatest integer < t. Show that 


Deduce, in particular, that Q is dense in R. 
5.12.92 Exercise. Prove or disprove each of the following assertions: 
1. Every monotonic sequence converges. 
2. Every bounded sequence converges. 
3. If (sn) is bounded then so too is the sequence (|s; |). 
4. If (sn) is monotonic then so too is the sequence (s2). 
7. If (sn) is bounded but not monotonic then it is divergent. 


( 
( 
5. If (sn) is bounded then so too is the sequence (s2). 
( 
( 


) 
) 

6. If (sn) is monotonic, s, > 0 then so too is the sequence (1/s;,). 
) 
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5.12.93 Exercise. Give a complete proof for the statement that 


| 1 
lim — = - 
Sn lms, 


for a sequence (sn) under some appropriate hypotheses. (Include an example to show that your 
hypotheses cannot be dropped.) 


5.12.94 Exercise. A sequence (xn) is defined by xı = p and 


x? —2z4--3 
2 


Tn+1 = 


Discuss the behaviour of convergence. (Hint: the cases u < 1,1 < u < 3, etc. should be considered 
separately.) 


5.12.95 Exercise. Give an example of a sequence (s,,) having the stated property or else explain 
briefly (using appropriate theorems) why no such example can exist. 


1. Each s, < 0 and (sn) has no convergent subsequence. 
2. Each —2 < (s„) < 0 and (sn) has no convergent subsequence. 


The sequence (s,,) diverges but every subsequence converges. 


i pu 


) 
The sequence (s,,) diverges and every subsequence diverges. 
5. The sequence (sn) converges but every subsequence diverges. 

6. The sequence (sn) diverges and every subsequence either diverges or else converges to 2. 
5.12.96 Exercise. Prove (or disprove) directly from the definition of a Cauchy sequence: 

1. Every bounded sequence is Cauchy. 

2. If (sn) is Cauchy then so too is (|s,|). 

3. If (||) is Cauchy then so too is (sn). 


5.12.97 Exercise. If xo, — L and zoy41 — L as k — oo then zk > L. 


5.12.98 Exercise. A sequence (xn) is said to be contractive if there is some constant u < 1 so that 
|En+2 — @n4il € u|zas41 — £n] for all n € N. Show that every contractive sequence is convergent. 
Give an example of a contractive sequence. Give an example of a non-contractive sequence. Is every 
convergent sequence contractive? 


5.12.99 Exercise. Does every divergent sequence contain a divergent monotonic subsequence? 
5.12.100 Exercise. Does every divergent sequence contain a divergent bounded subsequence? 


5.12.101 Exercise. What relation, if any, can you state for the lim sups and lim infs of a sequence 
(an) and one of its subsequences (an, )? 


5.12.102 Exercise. If a sequence (an) has no convergent subsequences, what can you state about 
the lim sups and liminfs of the sequence? 
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5.12.103 Exercise. Let S denote the set of all real numbers t with the property that some sub- 
sequence of a given sequence (an) converges to t. What is the relation between the set S and the 
lim sups and lim infs of the sequence (an)? 


5.12.104 Exercise. Let a; and a> be positive numbers and suppose that the sequence (an) is 
defined recursively by 


An+2 = y OGn4-1 AE y Qn- 


Show that this sequence converges and find its limit. 
(Problem posed by A. Emerson in the Amer. Math. Monthly, 85 (1978), p. 496.) 


5.12.105 Exercise. Let a sequence be defined by the phrase “consider the sequence of prime 
numbers 2, 3, 5, 7, 11, 13,.. ". Are you sure that this defines a sequence? 


5.12.106 Exercise. One frequently encounters statements such as “what is the next term in the 
sequence 3, 1, 4, 1, 5,...?” In terms of our definition of a sequence is this correct usage? (By the 
way, what do you suppose the next term in the sequence might be?) 


5.12.107 Exercise. Give two different formulas (for two different sequences) that generate a se- 
quence whose first four terms are 2, 4, 6, 8. 


5.12.108 Exercise. Give a formula that generates a sequence whose first five terms are 2, 4, 6, 8, 
T. 


5.12.109 Exercise. The examples listed here are the first few terms of a sequence that is either an 
arithmetic progression or a geometric progression. What is the next term in the sequence? Give a 
general formula for the sequence. 


1. 75,4, 1, ... 
2. .1, .01, .001,... 
DOs Bly es 
5.12.110 Exercise. If x, — x and y, — x, show that the sequence (zn), where 
Z»41, ifnis odd 
zu cs 2 
yz, if n is even 
also converges to x. 


5.12.111 Exercise. Show that there is a sequence (nj) of distinct integers such that lim, sin nk 
exists. 


5.12.112 Exercise. 
1. Show that, if 0 < a € b € c and b > 0, then 
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2. Let m = min{a1, a2, .., an} and M = max{a1,a2,.., an}, where a, > 0 V k = 1,2,..,n. Show 
that we have 


3. With notation as in (2), prove the inequalities 


n? < (Ea) (>: +) a 


a 
aes 


5.12.113 Exercise. Let (£n) be a sequence of real numbers > 0 such that lim zn = 0. Show that 
there are infinitely many indices n such that £n > £m for every m > n. 


5.12.114 Exercise. Suppose that x is a point of accumulation of both A and B and that f : A —> R 
and g : B > R, and that f(x) = g(x) if x € An B. 


1. What conditions on A and B ensure that if lim; ,4, f(x) exists, then lim, ,4, g(x) exists? 


2. What conditions on A and B ensure that if lim; 4, f(a) and lim, ,4, g(x) both exist then 
they must be equal. 


5.12.115 Exercise. Using your definition prove that if (sn) is a convergent sequence of positive 
real numbers then the limit must be nonnegative. 


5.12.116 Exercise. Let E be a closed set and let (sn) be a sequence of real numbers converging 
to a number L. Suppose that s, € E for every n € N. Prove that L € E. 


5.12.117 Exercise. Prove that if a sequence (s,,) of real numbers converges to a positive number 
L then there must exist an integer M so that sn > 0 for every n > M. 


5.12.118 Exercise. Let G be an open set, F a closed set and (£z) a sequence of real numbers 
converging to a number x. Prove (or disprove): 


1. If x € G then there exist an integer m so that £n € G for all n > m. 
2. If x € F then there exist an integer m so that £n € F for all n > m. 
3. If every x, É F then necessarily x ¢ F. 
4. If every £n € G then necessarily x € G. 


5.12.119 Exercise. Let (xn) be a convergent sequence and let E be the range of the sequence. 
What is the closure of E? 


5.12.120 Exercise. Prove that the following definitions for ^accumulation point" are equivalent: 


1. A point zo is an accumulation point of a set A provided that every deleted neighbourhood of 
zo contains some points of A. 


2. A point ro is an accumulation point of a set A provided that every neighbourhood of zo 
contains two points of A. 
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3. A point xo is an accumulation point of a set A provided that every deleted neighbourhood of 
Xo contains infinitely many points of A. 


4. A point zo is an accumulation point of a set A provided that there is a sequence (£n) of distinct 
points of A such that liM poo £n = xo. 


5.12.121 Exercise. Define a sequence of real numbers recursively by writing zo = a and 


ab? + £n 
MN IS ee 


Prove that if 0 < a < b then the sequence (£n) is convergent and obtain its limit. 


5.12.122 Exercise. Let (2n,Yn)(nn)eNxn be a sequence in X x X and A and B be two infinite 
subsets of N. Is the sequence (£k, yp)(x,p)eAx B a subsequence of (£n, Yn)? 


5.12.123 Exercise. Show that for x > 1, 


5.12.124 Exercise. Evaluate lim, ,5, ((V/2 + 1)?^) where {a} denotes the fractional part of a, i.e. 


{a} =a — [a]. 


5.12.125 Exercise. If (z,,) is a sequence in R such that |x4 41 — z4| € 2^", then (£n) is a Cauchy 
sequence. 


5.12.126 Exercise. 


ELMO n 
1. For any positive sequence (£n), prove that lim (at) >e. 


n 
2. For any number z > e, determine a positive sequence (£n) such that (at) — c. 


5.12.127 Exercise. If a > 0 and £n = a+ a+t+....+/a (n roots). Prove that £n — la = 


3(1+ V1-4 4a). 

5.12.128 Exercise. Let E be any subset of R. Prove that the following statements are equivalent: 
1. Any bounded monotone sequence in E converges to a point of E. 
2. For any A C E (A £z 0, A bounded), sup A and inf A both belong to E. 
3. Every sequence (xn) in E satisfying 


lim [sup(|z, — ml; m,n > N}} 20 
Noo 


converges to a point in E. 


5.12.129 Exercise. Find a sequence (an) of real numbers such that limno à, = 0, but nan 
converge to a transcendental number. 
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5.12.130 Exercise. Let (zn) be a sequence in [0,1]. Assume that 2%, < @p,-1+%n41 V n > 1, then 
which of the following is true? 


1. lim, ,55(z4441 — £n) does not exist. 


( 

2. lim, iss (Za41 — Ln 
( 
( 


3. lima os (241 — Ln 


4. lima. 5oo (25441 — Ln 


5.12.131 Exercise. Prove that 


1, ifa > 0 
lim zz = 0, ifr—0 
noo 

—1, ifz«0 


5.12.132 Exercise. Suppose that zo = 1, yo = 0, 


In = Xni 2Yn-1 


and Yn = fn—1 + Yn-1 


for n € N. Prove that z2 — 2y? = +1 for n € N, and 


lim Ti = V2. 


TL,— oo Un 
5.12.133 Exercise. Let (xn) be a sequence in IR. Prove that lim; ,55 £n = 0 iff 
lim limsupz, = 0. 
n— oo 


5.12.134 Exercise. Let f : (0,1) — R be bounded but such that lim,_,9 f(x) does not exist. Show 
that there are two sequences (£n) and (yn) in (0,1) with lim(z,) = 0 = lim(yn), but such that 
lim(f(£n)) and lim(f(yn)) exist but are not equal. 


5.12.135 Exercise. Let I = (a,b) be a bounded open interval and f : I — R be a monotone 
increasing function on I. 


1. If f is bounded above on J then limy»— f(x) = supze(a,p) f(x). 
2. If f is bounded below on J then lim; ,44. f(x) = infze(a, f(x). 
3. If f is unbounded above on J then lim,-,,_ f(x) = 

4. If f is unbounded below on J then lim,-.44 f(x) = — 


5.12.136 Exercise. Let I = (a,b) be a bounded open interval and f : I — R be a monotone 
decreasing function on I. 


1. If f is bounded above on J then lim; 5 f(x) = infze(a, f(x). 
2. If f is bounded below on J then lim, ,44 f (£) = supze(, f(x). 
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3. If f is unbounded above on J then lim; ,44. f(x) = oo. 


4. 


If f is unbounded below on J then lim, 45 f(x) = —oo. 


5.12.137 Exercise. Let | = (a,b) be a bounded open interval and c € (a,b). If f: I —> R bea 
monotone function on J, then lim; ,«, f(a) and lim; 4... f(a) both exist. 


5.12.138 Exercise. Let a € R and I = (a,oo). Let f : J — R be a monotone increasing function 


on Í. 


1. 


2: 


3. 


4. 


If f is bounded above on J then lim; 5; f (£) = SUPze(a,00) f(x). 
If f is bounded below on J then lim; ,44. f(z) = infre(a,co) f(x). 
If f is unbounded above on J then lim, f(x) = œ. 


If f is unbounded below on J then lim, ,44 f(x) = —oo. 


5.12.139 Exercise. Let a € R and I = (—o0,a). Let f : I — R be a monotone increasing function 


on Í. 


1. 


2. 


If f is bounded above on J then lim; 4 f(x) = supze(. 55,4) f(x). 


If f is bounded below on J then lim, , 45 f(x) = infze( 55,5) f(x). 


. If f is unbounded above on J then lim; 4,4. f(x) = oo. 
. If f is unbounded below on J then lim, -o f(x) = —oo. 


.140 Exercise. Let a € R and I = (a,oo). Let f : I — R be a monotone decreasing function 


. If f is bounded above on J then lim;.,55 f(x) = infze(a,oo) f (x). 
. If f is bounded below on J then limya+ f(x) = SUPre(a,o0) f (£). 
. If f is unbounded above on J then lim, ,,5 f(x) = oo. 

. If f is unbounded below on J then lim4.,44. f(x) = —oo. 


.141 Exercise. Let a € R and I = (—00,a). Let f : I > R be a monotone decreasing function 


. If f is bounded above on J then limga- f(x) = sup,e( 55,4) f(x). 
. If f is bounded below on J then lim; 55 f(x) = infse(—o,a) f (2). 
. If f is unbounded above on J then lim; 4,4. f(x) = oo. 


. If f is unbounded below on J then lim, 44 f(x) = —oo. 
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5.12.142 Exercise. The set of all rational numbers can be listed in a sequence r1, r2, T3, ...... (in 
other words, there exists a surjection N — Q. [Hint: First list the positive rational numbers in a 
sequence 2,22, 23, ..., for example, 


Li 432-1 2 3 


(the fractions m/n with m+n = 2, then m+n = 3, then m+n = 4 and so on); the list 
0, £1, —21,22, —22, 2, 23, —13...,. then the list contains every rational number.] 


5.12.143 Exercise. There exists a nested sequence of closed intervals [an, bn] such that for every 
n, there exists a real number rn € [an, bn]. 


5.12.144 Exercise. If x,y € R, and 0 < z < y then J/y — y£ < Vy — x. 


5.12.145 Exercise. If x = .2847 then x € [.284, 285] C [.28,.29] C [.2,.3]. Interpret a ‘decimal’ 
.d1doda... as the intersection of a nested sequence of closed intervals. 


5.12.146 Exercise. Let (an,bn) be a nested sequence of open intervals, where an < bn for all n, 
and let A = (an, bn) be their intersection. 


1. It can happen that A = Ø. (Example?) 


2. If (an) is strictly increasing and (bn) is strictly decreasirig, then A is a closed interval (in 
particular, A Æ Ø). 


5.12.147 Exercise. Let [a,b] be a closed interval in R, a < b, and let (£n) be any sequence in R. 
Prove that [a,b] contains a real number not equal to any term of the sequence. 


5.12.148 Exercise. Let (a,,) be a sequence in R and let b = limsupa,. Then 

1. r >b = an <r ultimately. 

2. r < b => an > r frequently. 

3. the condition r = b is inconclusive. For example, if (an) is the sequence 

—1,0, —1/2, 0, —1/3,0, ...... 
then b = 0 but neither of the conditions “a, < 0 ultimately" or “a, > 0 frequently" holds. 

5.12.149 Exercise. Let (a,) be a sequence in R and let a = lim inf ap. Then 

1. r <a = an > r ultimately. 

2. r >b => an < r frequently. 
5.12.150 Exercise. For a subset A of R, the following conditions are equivalent: 

1. A is open; 

2. if x4, > x and xz € A, then x, € A ultimately; 


3. if zr, > x and x € A, then £n € A frequently. 
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5.12.151 Exercise. Let (xn) be a sequence of distinct elements in R, and suppose that x; > x. 
Let f be a one-to-one map of the set of z;'s into itself. Prove that f(x;) > x. 


5.12.152 Exercise. Define sı =a > 0 and 54,441 = 4/ iron ;n > 1. Which of the following is true? 


1. If s2 < i, then (sn) is monotonically increasing and limp... Sn = Ja 
2. If s2 < i, then (sn) is monotonically decreasing and lim; ,55 Sn = l. 
3. If s2 > i, then (sn) is monotonically increasing and limp... Sn = Ta 
4. If 32 > i, then (sn) is monotonically decreasing and lim; ,55 Sn = 


5.12.153 Exercise. Let ap = n + 1,n € N. Then the sum of the series 357 ,(—1)"*! = is (1) 
el-1 (2e! (31-e'! (41-e't. 


5.12.154 Exercise. Let a, — en where bj = 1,069 = 1 and 5,4,» = bn + b,41,n € N. Then 


1 
limno an is (1) E-Y9. (2) 1. (3) =. (4) =, 


24 C3 7 inis odd 
5.12.155 Exercise. Let a, — n for n € N. Then which one of the 


] 3e. if n is even, 


following is true? 
1. sup{a,;n € N} = 3 and inf{a,;n € N} — 1. 
2. sup(a,; n € N} = 2 and inf{a,;n € N} =1. 
3. liminfa, = lim sup an = 3. 


4. liminf a, = 1 and limsupa, = 3. 


5.12.156 Exercise. Let S be the set of all limit points of the set [3 + 32) . Let Q* be the set 


of all positive rational numbers. Then which of the following is true? 
1.Q*cs 
2, 8 6 Qt 
3. SA(R\ Qt) z 0. 
4. 8n Q* 40. 


5.12.157 Exercise. Let (x,,) be a sequence in IR, defined by 
{ _ nT a ic 
n = max 4 sin —,cos — > n > 1. 
“ 3 3 


Then which of the following statements is/are true about the subsequences ao; 1 and agn+44? 
1. Both the subsequences are convergent. 


2. Only one of the subsequences is convergent. 
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3. Aen—1 converges to -i. 


1 
4. d6544 converges to 5. 


5.12.158 Exercise. Let (an) be a sequence of real numbers such that 
a; —1, Ong. = à, F a2 Vn 7 1 

Then which of the following statement is true? 

1. a4 = a1 = a1(1 + a1)(1 + a3)(1 + aa). 

2. lim, 4o, = = 0. 

3. limye 1- = 1. 

4. iMrs An = O. 
5.12.159 Exercise. Define the sequence (sn) by 


Qn j=0 


Ly 24 ifn > 0 is odd. 


Qn 


I pas 223 ifn > Ois even 
Sn = 
j=0 

Define om = PRO Sn, Find the number of limit points of the sequence om. 


5.12.160 Exercise. 


a. Suppose that f and g have limits in R as z — oo and that f(x) € g(x) V x € (a, oo). Prove 
that lim, soo f(x) € imzo g(x). 


b. Let f be defined on (0,00) + R. Prove that limz_,.. f(x) = L if and only if lim; 445 f(1/x) = 
L. 


c. Show that if f : (a, oc) > R is such that lim, 5; x f(x) = L where L € R, then lim,_,., f(x) = 
0. 


d. Suppose that lim, f(x) = L where L > 0, and that lim,.. g(x) = oo. Show that 
lim; 5s f(x)g(x) = oo. If L = 0, show by example that this conclusion may fail. 


e. Find functions f and g defined on (0,00) such that lim, ,55 f(x) = oo and lim, ,5;, and 
lim;.,5,. Can you find such functions, with g(x) > 0 V x € (0, co), such that lim, ,.(f/g)(a) = 
0? 


f. Let f and g be defined on (a, oo) and suppose lim,.,5; f(x) = L and lim, 55 g(x) = oo. Prove 
that lim, ;55(f o g)(x) = L. 


Chapter 6 


Continuity 


6.1 


It isn’t that they can’t see the solution. It is that they can’t see the problem. 
- G.K.Chesterton, The scandal of Father Brown “The point of a Pin.” 


Introduction 


Notion of continuity, informally, is that f(x) is near to f(a) provided x € X is sufficiently near to 
a. The degree of nearness to f(a) (namely €) is specified in advance (and arbitrary); the degree of 
nearness to a (namely 6) has to he found. If a smaller e is specified, the chances are that 6 will also 
have to be taken smaller (but not necessarily; for a constant function, whatever the given e > 0, any 
ô > 0 will do). In other words, for a € S, if x € X is ó-near a then f(x) is e-near to f(a). 


6.1.1 Definition. Let X C R and a € X. Let f : X — R. Then a function f is said to be 
continuous at a point a € X iff V e > 0, 3 ô > 0 such that x € X and |x—a| < ó = |f(z)—f(a)| < € 
and is continuous on X iff it is continuous at each point of X. Equivalently, f is said to be 
continuous at a point a € X iff V e > 0, 3ó > 0 such that f(B(a;0) X) € B(f(x);e). 


6.1.2 Theorem. Let X C R, and f : X —> R. Then the following are equivalent: 


1. 
2. 
3. 


f is continuous on X. 
V z € X, and VV a nbhd. of f(x) in R => f^ !(V) is nbhd. of z € X. 


For x € X and for each nbhd. V of f(x) in R, there exists a nbhd. U of x € X, such that 
f(U) € V. 


. V is open in R = f-!(V) is open X. 


. (Heine's characterization of continuity) Each sequence (£n) in X converging to x implies the 


sequence (f(x,,)) in R converges to/ (x). 


 £O0)e Q7 (D Y PER. 
. V is closed in R > f~1(V) is closed in X. 


f(A) € f(A),Y A € X, where A denotes the closure of A. 
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9. f(A’) € f(A), V A € X where A’ is the derived set of A. 
10. 0(f-! (P)) € f" (O(P), VP CR. 
11. f-1(P) C f! (P, V PCR. 


6.1.3 Example. Let a function f : R V {0} — R, defined by f(x) = 4, it can be seen to be 
continuous on its doain. For if Q is an open subset of R, then we can show that f~1(Q) is open as 
follows. Suppose that x € f-!(Q), i.e., 1/z € Q. Since Q is open, there is some e > 0 such that 
(i—eli-e)C Q. We may assume that e < |1/z|, so that € > 0 so that (1 — e, 1 + €) does not 
contain 0. Then 


ee ae ee ee NN E. 
"E" B lreli-e E 1c-z€ 1—-meJj^ 


Let ó — min { ae ae ) , so that 


l+maxe? 1— zre 


(x — 6,2 +6) Tft (i-«i Sino 


ax 


Hence f~!(Q) is open. 


6.2 Lipschitz Functions 


6.2.1 Definition (Lipschitz functions). Let X C R. A function f : X > R is called Lipschitz 
function or f satisfies the Lipschitz condition if there exists a real constant L > 0 such that 


f(x) — f(y)| S Lie - y| Vv, y € X. 


'The Lipschitz constant of f is defined by the formula 


Lipf) = sup HO) f) 
vy |a y| 


and represents the smallest number L > 0 for which f satisfies the Lipschitz condition. 


6.2.2 Definition (Point-wise Lipschitz Functions). Let us say that a real-valued function f 
defined on an interval I is Lipschitz at a € I if there is a constant C > 0 such that | f(x) — f(a)| < 
C|x — a| V x € I. We say that f is pointwise Lipschitz on I if this happens for each a € I. 


6.3 Uniform continuity 


While continuity has a pointwise character, the property of being uniformly continuous has a global 
character, reflecting the behavior of the function on the entire domain. The simple characterization 
of the uniform continuity on bounded intervals does not have an analog for the case of unbounded 
intervals. In other words, we do not have a theorem that tells us which continuous functions on 
an unbounded interval are uniformly continuous and which ones are not. Therefore the study of 
uniform continuity on unbounded intervals is simply harder, we dicuss it in several problems below. 
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We consider the function f(x) = 4 the function is continuous on (0,1), but as the point xo becomes 
closer to 0, the number 
sle) . [zo exe 
€) = min 4 —, — 
2:2 


becomes even with e becomes fixed. Furthermore, we see that no value of ó(c) can work for every 
xo € (0, 1) even with e becomes fixed. 


Suppose that we restrict our set to be [5, 1) instead of (0,1). Then 


(taking zo = 4, the smallest it can be.) Now we have a situation where it is possible to get ó(c) 
that works for every x in the set, once e is chosen. This difference of behavior turns out to be very 
important. One use of it occurs in the study of Riemann theory of integration, but we shall not 
discuss it here. 


6.3.1 Definition (uniform continuity). Let f : S — R is said to be uniformly continuous on 
S if for every e > 0 there exists ô > 0 such that whenever x,y € S and |æ — y| < à it follows that 
f(x) = fl < e 

Equivalently, f said to be uniformly continuous on a set S if for every sequences (xn) and (yn) in S 
such that |£n — yn| > 0, implies |f(x4) — f(y4)| ^ 0. 


Now, by attaching to a function f : A — R the so called modulus of continuity, 


ws) = sup — |f(z)— f(y)| 


1,y€A |v—a|«ó 
we can express the property of uniform continuity of f as 


2. gno 

Geometrically, the property of uniform continuity means that whenever B is a subset of A with 
diameter less than 6, the diameter of its image should be less than e. Clearly, the Lipschitz functions 
(particularly, the polynomial functions of the form ax + b) are uniformly continuous. The set of all 
uniformly continuous functions f : A — R is a vector space with respect to pointwise operations of 
addition and multiplication by scalars. However, it is not generally an algebra. In fact, the product 
of two uniformly continuous functions may not be an uniformly continuous function. For example, 
the function f(x) = z?,x € R, is not uniformly continuous since 


wr(ó) = sup |(a +6)? — ae] — sup [22:6 + 6?| — oo 
ze€eR xER 


for every 6 > 0. 


e (Non-uniform Continuity) f fails to be uniformly continuous on a set S if there exists 
€ > 0 such that for any 6 > 0, tere exist two points 41,22 € S such that |a1 — x2| < 6, but 
|F(a1) — f(22)] > e. Equivalently, 

f fails to be uniformly continuous on a set S if there exist two sequences (£n) and (yn) in S 
such that |z,, — yn| > 0, but |f(an) — f(y«)| ^ 0. 
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6.3.2 Remark. Note that uniform continuity is truly a stronger property than continuity, consider 
the map f : R > R defined by f(x) = z?. It is continuous but not uniformly continuous. One can 
easily check that f is not uniformly continuous. The existence of a function on IR that is continuous 
but not uniformly continuous is directly linked to the fact that IR is non-compact. 


A few results are given below: 


1. A real valued function f on (a,b) is uniformly continuous on (a,b) if and only if it can be 
extended to a continuous function f on [a,b]. 


2. Let f be a continuous function on an interval J [I may be bounded or unbounded]. Let 7° be 
the interval obtained by removing the end points of J. If f is differentiable on I? and if f’ is 
bounded on /?, then f is uniformly continuous on J. 


3. Suppose that f : [1,00) > R is uniformly continuous. Then there is a real number M > 0 
such that Vol < M for x € [1, oo). 


Proof. By uniform continuity of f on [1,oo) there exists ô > 0 such that |f(z) — f(y)| < 1 if 
jc — y| < 6. Any x > 1 can be written in the form z = 1 + nó +r where n € NU {0} and 
0 zx r «6. Hence 


f()| S LAO] IE) -= FO) 
S fq 1I. 


Dividing by x gives 


MG) lO enu fO) 2 


— M. 
x l+nédé+r ` ô 


4. If a function f : (0,00) — R be continuous and satisfies the condition that lim; ,9 f(a) and 
lim;.,s5 f(x) are finite, then the function f is bounded on the interval (0, oc). 


5. If a function f : (a, oo) — R be continuous and lim,-,. f(x) is finite, then the function f is 
uniformly continuous on the interval (0, oc). 


6. If f is uniformly continuous on a set S and (x) is a Cauchy sequence in S, then (f(a,)) is 
also a Cauchy sequence. 


6.3.3 Theorem. If f is continuous on a closed and bounded interval J, then on this interval 
1. f is bounded, 
2. f has a maximum and minilnum, 
3. f is uniformly continuous. 

Each has the form: Local property of f on J > Global property of f on J. 


6.3.4 Theorem (Bolzano). Let f be real-valued and continuous on a compact interval [a, b] in R, 
and suppose that f(a) and f(b) have opposite signs: that i.e., assume f(a)f(b) < 0. Then there is 
at least one point c in the open interval (a,b) such that f(c) = 0. 
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6.3.5 Definition (The Intermediate Value Property). Let f : S 5 R and a,b € S. Let y bea 
number that lies between f(a) and f(b). If there is a number c between a and b such that f(c) = y, 
then we say that f satisfies the intermediate value property. 


6.3.6 Theorem. Assume f is real-valued and continuous on a compact interval S in IR. Suppose 
there are two points o, 8; a < B in S such that f(a) 4 f(8). Then f takes every value between 
f(a) and f(8) in the interval (o, 8). 


6.3.7 Lemma. (Cousin) Let C be a collection of closed subintervals of [a,b] with the property 
that for each x € [a,b] there exists ô = s > 0 such that C contains all intervals [c,d] C [a,b] that 
contain x and have length smaller than ô. Then there exists a partition a = zo < £1 < .... < Zn =b 
of [a,b] such that [r; 1, xi] € C for i = 1,2,...,n. 


This lemma makes precise the statement that if a collection of closed intervals contains all “suf- 
ficiently small" ones for [a,b], then it contains a partition of [a,b]. We shall frequently see the 
usefulness of such a partition. This is the most elementary of a collection of tools called covering 
theorems. Roughly, a cover of a set is a family of intervals covering the set in the sense that each 
point in the set is contained in one or more of the intervals. We formalize the assumption in Cousin’s 
lemma in this language: 


6.3.8 Definition. (Cousin Cover) A collection C of closed intervals satisfying the hypothesis of 
Cousin's lemma is called a Cousin cover of [a, b]. 


6.4 Darboux Continuous functions 


6.4.1 Definition. Let f : [a,b] > R, then f is called Darboux continuous if for any p,q with 
a<p<q<bandanyc € R between f(p) and f(q) there is an s between p and q such that f(s) = c. 


6.4.2 Definition. A function s : [a,b] > R is called a step function if [a,b] is the union of a 
finite number of nonoverlapping intervals J1, I5, ..., In such that s is constant on each interval, that 
is, s(x) = cy for all z € Ij, k = 1,2,...,n. 


6.4.3 Definition. Let F be a set of functions, each defined on a set E C R. Let f be a given 
function defined on E. Then f is said to be uniformly approximated on E by the functions of 
F,ifVe»03gc€ F such that |f(z) — g(z)) «eVx € E. 


6.4.4 Definition. Let f : [a,b] — R be a continuous function. We say that f has a horizontal 
chord of length A if there is a point x such that both of z,x +A € [a,b] and f(x) = f(x +A). 


6.4.5 Theorem (The Horizontal Chord Theorem). Suppose that f : [0, 1] > R has a horizontal 
chord of length A; say f(0) = f(1), ie., A = 1. Then there are horizontal chords of lengths 
1/2,1/3,1/4,..., but not necessarily a horizontal chord of any other length. 


6.5 Semicontinuity 


6.5.1 Definition. Let D C IR. A real-valued function f : D — R is said to be upper semicontin- 
uous if for each a € R, the super level set {x; f(x) > a} is closed. It is lower semicontinuous 
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if every sublevel set {x; f(x) € a} is closed. We can also define about semicontinuity at a point. 
The real-valued function f is upper semicontinuous at the point a if 


Ve» 0Hó»0such that |x — a| <6 => f(x) « f(a) +e. 


Similarly, The real-valued function f is lower semicontinuous at the point a if 


Ve»03ó6»0such that |x — a| < ó => f(x) > f(a) — €. 
Equivalently, f is upper semicontinuous at the point a if 


f(a)2limsup/f(x)-— inf sup f(x). 
r>a €>0 0<|xr—a|<e 


Similarly, f is lower semicontinuous at the point a if 


f(a) €liminf f(x) 2sup inf f(x). 
14a e>0 0«|z—a|«e 


6.6 Discontinuity 


6.6.1 Definition. The function f is said to be discontinuous at a point a € X it fails to be 
continuous at the point a, i.e. if there exists an € > 0 such that for every 6 > 0 there exists x € X 
such that |x — a| < 6 2 |f(x) — f(a)| 2 e. 


We denote the limits lim; ,4— f(x) and limz_,-+ f(a) by f(c+) and f(c—) respectively. 
6.6.2 Definition. Let f : [a,b] > R. If f(c+) and f(c—) both exist at some interior point c, then: 
1. f(c) — f(c—) is called the lefthand jump of f at c, 


2. f(ct+) — f(c) is called the righthand jump of f at c, 


3. f(c+) — f(c—) is called the jump of f at c. 
If any one of these three numbers is different from 0, then c is called a jump discontinuity of f. 


6.6.3 Theorem. A function f : [a,b] — R is continuous at a point c € (a,b) if and only if both one 
sided limits of f at c exist, the limit of the function f at c also exists, and all these three limits are 
equal to f(c), i.e., 

f(ct) = f(e) = fe. 


In view of this theorem, one can classify the discontinuities of a function f defined on an open 
interval. Namely, if a function f : (a,b) — R is discontinuous at a point c € (a,b), then there are 
three possibilities. 


e If the limit lim,_,. f(x) exists and equals to some number L Z f(c), then f has a removable 
discontinuity at the point c; 
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e If both one sided limits 
lim f(r) = Lı and lim, f(x) = Lp. 
«wc 


1—c— 


exist, but are unequal, Lı Z Lə, then f has a first order discontinuity at the point c; we call 
c an irremovable discontinuity because the discontinuity cannot be removed by redefining f 
at c. 


e If at least one of the two one sided limits in the above does not exist, then f has a second 
order discontinuity at the point c. 


6.7 Oscillation of a function at a point, on a set 
6.7.1 Definition. If p € [a,b], then the oscillation w;(p) of f at a point p is defined by 


wr(p)— im, wr (N (p; h) N [a, b]). 


where N(p;h) = {a € R; |x — p| < h} = (p — h, p + h). Equivalently, 
w)g(p) = inf{ws (N (p; h) A [a, 5]); h > 0]. 


6.7.2 Definition. Let f : [a,b] + R and D C [a,b]. The oscillation w;(D) of a function f on a set 
D is defined by 


ws(D) = sup{| f(x) — f(y); m y € D} 
= sup f(x) — inf f(z) 
zcD rec 


6.7.3 Note. Suppose S = (|f (x) — f(y); x, y € D). Let sup,cp f(z) = M, and inf;ep f(x) = m. 
Now 


f(x) € M and f(y) 2 mVz,yceD 
—|f(z) - f| < M-m 


ie. M — m is an upper bound of S. Let e > 0. Then d 2’,y’ € D such that f(z') > M — e/2 and 
fly’) < m + e/2, so |f (zx) — f(y')| > M — m — e. Hence M — m is the supremum of S. 


6.7.4 Note. This limit always exists, since wy (N (p; h) A [a, b]) is a decreasing function of h. In fact, 
AC B implies w;(A) € wş(B). Also, wr(x) = 0 & f is continuous at x. 


6.8 Category 


6.8.1 Definition. A subset A of IR is said to be of first category if it is a countable union of 
nowhere dense sets. If the set A is not of first category, it is said to be of second category. 
Observe that a subset of a set of first category is itself of first category. In other words, B is a 
second category set in R if, whenever we write B =>, En, some En fails to be nowhere dense 
in IR; that is, (En) # Ú for some n. The complement of a first-category set is called a residual set. 
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6.8.2 Note. Consider the subspace N of R. As a subset of R, N is of the first category, since {n} is 
nowhere dense in R for each n € N. But as a space in itself, N cannot be expressed as a countable 
union of nowhere dense sets, since each set (n) is dense in B(n; $). In fact, the only residual set in 
N is N itself. 


For example, it follows that Q is a first category set in R. Some authors refer to first category 
sets as “meager” or “sparse” sets. In the language of category, we say that R is a second category 
set in itself. And by saying that R \ Q is a second category set in IR. The two categories of subsets 
of R provide yet another measure of “big” versus “small”. A first category set in IR, such as Q, is 
“small” while a second category set in IR, such as IR Q, is “big.” 


6.8.3 Definition. A point x is called a point of the second category of a set S if for every 
neighborhood U of x the set UMS is of the second category. 


6.8.4 Theorem (Baire's Theorem). Let (G4) be a sequence of open dense subsets of IR. Then 
NZ Gn is dense in R. 


n=1 


6.8.5 Theorem (Baire Category Theorem). Let F be a nonempty closed subset of R. Let (Gn) 
be a sequence of open dense subsets of F. Then (7 , Gn is dense in F. 


6.8.6 Definition (Borel set). A set that can be obtained as the union and intersection of an 
enumerable collection of closed sets and open sets in R is said to be a Borel set. 


6.9 Points of continuity and discontinuity, 


C(f) and D(f) 


Given an arbitrary function, how can we describe the nature of the set of points where f is contin- 
uous? Can it be any set? Given a set E C R, how can we know whether there is a function that is 
continuous at every point of E and discontinuous at every point not in E? 

We shall see that a function (Thomae’s function) exists whose set of points continuity is exactly the 
irrationals. Can a function exist whose set of points continuity is exactly the rationals? By charac- 
terizing the set of such points we can answer this and other questions about the structure of functions. 


Let f : R — R, and we denote D(f) for the set of points at which f is discontinuous. We 
investigate that what kind of set it is. 
Now we see that 


a E€ D(f) & 3e > 0 such that Y ô > 03x € B(a;ó) > f(x) ¢ B(f(a);€) 
ec de> 0 such that V ô > 0, 
we have |f (x) — f(a)| > e for some x with |x — a| < ô. 


Which implies that given any bounded, open interval J containing a, we always have 


oscillation of f on J =sup{| f(x) — f(y)|;2,y € I} > 
—diam(f(I)) > € 


We now state an important result of this section using primarily the notion of oscillation introduced 
in (6.7). 
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Result: Let f be defined on a closed interval 7 (which may be R). Then the set C(f) of points 
of continuity of f is of type Gs, and the set D(f) of points of discontinuity of f is of type Fo. 
Conversely, if H is a set of type Gs, then there exists a function f defined on R such that C(f) = H. 


6.9.1 Note. For each e > 0, define the set A, as Ae = {x;x € [a,b], wp(x) > e). If f is discontinuous 
at some c € [a,b], then c € A, for some s > 0. So for f : [a,b] — R, the set of discontinuities D(f) 
is can be written as D(f) = UZ; Ai/n- That is, the set of discontinuities of f : [a,b] > R is a 
countable union of closed sets. Such a set is said to be F5. One can also show that, more generally, 
if f : R — R, then the set of discontinuities is an 7 set. 

An F, set will be discussed in the next section. 


6.10 Fp, Gs sets: 


6.10.1 Definition. Let E C R. Then 
A set E is a Gs set if E is a countable intersection of open sets. 


A set E is an F, set if E is a countable union of closed sets. 


6.11 Problems and Solutions on Chapter 6 


Warning! Never Never Ever read this solution unless you tried problems quite long time and gave 
up. Doing so may impair your ability to think and solve problems. 


6.11.1 Problem. Let f : X — R, X C R. Then the following are equivalent conditions for continuity 
of f: 


1. f is continuous on X. 
2. V z € X, and V V a nbhd. of f(z) in R => f^ !(V) is nbhd. of x € X. 


3. For x € X and for each nbhd. V of f(x) in R, there exists a nbhd. U of x € X, such that 
f(U) € V. 


4. V is open in R = f^ !(V) is open X. 

5. Each sequence (zn) in X converging to x implies the sequence (f(x,,)) in R converges to f(z). 
of UPVC PPV PCER. 

. V is closed in R — f^! (V) is closed in X. 

f(A) € f(A), V A € X, where A denotes the closure of A. 

f(A) € f(A),V A € X where A’ is the derived set of A. 

10. 0(f-(P)) C f (0(P), v P C R. 

11. FUP) CHAP) PCR. 


6.11.1.1 Solution. 
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): Let V be a nbhd. of f(x) in R i.d e > 0 such that B(f(x);e) € V and by (a), 
> 0 such that f(B(z;ó)) C B(f(z)c) C V ie. B(z;ó) C f (V), which shows that 
-1(V) is a nbhd. of x. 


—(3): For z € X, let V be a nbhd. of f(x) in R by (2), f^! (V) is a nbhd. of z, this means 
t J e 0 such that B(z;e) C f^ (V). Set U = B(z;e), so U C f-!(V), which shows 
)c V. 

—(4): Let V be open in R, and z € f^ !(V) implies f(x) € V, and V is a nbhd. of f(z), 
Ja nbhd. U of x such that x € U C f~1(V) implies that x is an interior point of 
=1(V), ie. f-!(V) is open. 
4)=(5): For all e > 0, B(f(z);ce) is open in R. By (4), f! (B( ;€)) is open in X, so 

6 > 0 such that B(z;ó) C f !(B(f(ze) > f(B(z;0) C B(f(x);6). Let (an) bó a 
sequence converges to x, so V 6 > 0 d m € N such that n > m => £n € B(z;ó) which 
shows that z, € B(z;0) C f !(B(f(x);c)) which implies f(z,) € B(f(z);e) V n > m. Hence 
f(n) > F(a). 
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. (5)=>(6): Let PCR, and z € f~!(P°). Then f(x) € P? > Je > 0 such that B(f(x);€) C P. 
5 


Suppose (xn) is a sequence converges to x. By (5), f(an) — f(x), so d m € N such that 
n > m => f(x.) € B(f(x);ce) € P implies f(z,) € P V n > m > (n;z, € f !(P)) is finite 
=x € (f (P). 

(A sequential criterion for open sets: A set E C R is open iff V (£n) in X that converges to 
x € E, the set {n; £n ¢ E] is finite.) 


. (6)=(7): Let V be closed in R, then VC is open in R, hence V€ = intV©. So by (6) 


fol (intV?) € intf (V9) 
 f^V9) € intf- (V9) € FVS) 
= f-1(V°) = intf- (v9) 
=> f-1(V°) is open 
=> (f-(V))€ is open 
=> f (V) is closed. 


(7) (8): Since f(A) C f(A) =A 
A, so A C f! (f(A)), hence f(A) 
‘VE 


(8)=+(9): Since A’ C A so f(A 
(9)=(10): Let BC Rand f-1(B) = 
OACA=AUA' 


f-'(f(A)) and f-1(f(A)) is closed by (7) and contains 


= f(04) € f(AU A) f(A) U f(A) € F(A) U F(A) = F(A) by (9) 
Kc d 
—0ACf A )) U FT (8/(A)) € int AU f" (Əf(A)) by (6) 


- ic 
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10. (10)=+(11): Let P C R, and f-!(P) = Q then 


FP) = int f- (P) U of (P) 
C f (P)u f^ (9P) = f (Pu ðP) by (10) 
-f P. 
11. (11)>(4): Let V be open in R then V€ is closed in R and V€ = VC, so by (11) f(v9)c 
JVE) = f-1(V9) = f-1(V9) = fX (V9) is closed which shows that X V f^! (V) is closed, 
ie. f !(V) is open. 
12. (4)2(1): Let e > 0, and a € X then by (4), f^! (B(f(a);e)) is open in X as B(f(a);e) is 
open in Y, soa € f! (B(f(a);€)) is an interior point, therefore, 3 ó > 0 such that B(a;6) C 
[f (B(f(a;e) = f(B(a;9)) € (B(f(a);e)) shows that f is continuous at a. Since a is 
arbitrary, so f is continuous on X. 


6.11.2 Problem. Show that f : R > R is continuous iff for each a € R, {x € R; f(x) < a} and 
{x € R; f(x) > a} are open sets in R. 


6.11.2.1 Solution. Note that {x € R;f(r) < a} = f !(—oo,a) and (x € R;f(z) > a} = 
f i(a,oc). Note also that every nonempty open set S in R is the union of a countable collec- 
tion of disjoint intervals of the type |I = (—co,a), (a, b) or (b,co)] of S. We also observe that if 
a «b daos (a,b) = (—co, a) N (b, oo). Thus if U be any open set in R, then U = U%,J; implies 
f-1\(U) = uc, f 1 (1;). Hence f^! (U) is open, since each f^! (1;) is open. Thus f is continuous. 


6.11.3 Problem. Can R be the continuous image of [0,1)? Justify the answer. 
6.11.3.1 Solution. Yes. Consider the function f : [0, 1) —> R, defined by 
1 1 


f(a) = i-s™i 3 


Evidently f is continuous and f ([0,1)) = R. 


6.11.4 Problem. Show that a surjective continuous function f : R — R carries a dense set to a 
dense set. 


6.11.4.1 Solution. Let D be dense in R. We show that f(D) is dense in R. Let V be an open set 


in R, since f is continuous, so f^! (V) is open in R and f^! (V) D #0. Hence f (f-!(V)n D) = 
Vn f(D) z 0 implies f(D) is dense in R. 


6.11.5 Problem. If two real-valued continuous functions f and g with a common domain D C R 
agree on a dense subset S of D, then f = g on D. 


6.11.5.1 Solution. Let x € D then 3 a sequence (sn) in $ such that s, — x which implies 
f(sQ) > f(x) and g(sn) > g(x) and since f(sn) = g(s5) so 
(f — 9)(8n) = f(sn) — (sn) > 0 and 
(f — g)(sn) > (F — 9)(x) 
=(f — g)x) = f(z) - g(a) = 0 
= f(x) = g(x). 
Thus f(z) = g(a) Vr € D f ^ g. 
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6.11.6 Problem. Let f,g be strictly increasing on an interval J C R and let f(x) > g(a) Va € I. 
If y € f(I) n g(1), show that f^!(y) < g^ (y). 


6.11.6.1 Solution. Let y € f(I) n g(I), then 3 1,29 € I such that f(z1) = y = g(x2). Thus we 
get 


g(zi) < f(z1) = y = g(z2) < f(z2). 


6.11.7 Problem. Let f : R 5 R be continuous. If S = (f(x); x € R} is neither bounded above nor 
bounded below, prove that S = R. 


6.11.7.1 Solution. Obviously S C R. We now show the reverse inclusion. Let y € IR. As S is not 
bounded above, so, y is not an upper bound of S, that is, there exists an zo € R such that f (xo) < y. 
Similarly, since S is not bounded below, so, y is not a lower bound of S, and so there exists an zı € R 
such that f(x1) > y. Now consider the restriction of f to the interval with endpoints xo and xı with 
the endpoints included in the interval. Applying the intermediate value theorem to this continuous 
function, it follows that there exists a real number c such that f(c) — y. This shows that S — R. 


6.11.8 Problem. Suppose that f : R — R and there exists a M > 0 such that for all x € R, | f(a) 
M|x|. Prove that f is continuous at 0. 


< 


6.11.8.1 Solution. Hint: Find f(0). 


6.11.9 Problem. If f is continuous at 0 and f(0) = 0, then the inequality |f(x)| € |v| holds at 
least in some neighborhood of 0. True or false? 


6.11.9.1 Solution. If f(x) = 4/z then f is continuous at 0 (since lim;.,o 4x = 0,) however &/z > x 
for any x € (0, 1). 


6.11.10 Problem. If f is continuous on R and limno f(n) = A, then lim; 55 f(x) = A. True or 
false? 


6.11.10.1 Solution. The function f(x) = sin x is continuous on R and 


lim f(n) = lim sinnz = 0, 
TL— 0o noo 

but this is only one of the partial limits when x approaches + coo. 

Another partial limit lim; 55 f (2n + i) = limps sin (2nn + 7) = ] gives a different result, so 

lim, 555 f(x) does not exist. 

Remark: The converse is true: if lim, ,55 f(x) = A and f is defined on N, then limno f (n) = A. 


6.11.11 Problem. A function f is said to be symmetrically continuous at a point x if 


lim [f(e +h) — f(x- h)] = 0. 


Show that if f is continuous at a point, then it must be symmetrically continuous there and that 
the converse does not hold. (Example: Consider f(x) = |x|, and it is symmetrically continuous.) 


6.11.11.1 Solution. 
e Left to the reader. 
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e Counterexample: Let 
1, ifteZ 
Tes n frg Z. 
We see that 
lim [f(n +h) — f(n - h)) 20V n € Z. 


h—04- 
But it is not continuous at any integer. 


6.11.12 Problem. If f is continuous and bounded on an interval and f(x) 4 0 for every x in this 


interval, then f is also continuous and bounded on this interval. True or false? 


6.11.12.1 Solution. Consider the continuous function f defined by f(a) = x which is bounded 
and different from zero on (0,1). Evidently, fij = + is unbounded on (0,1). 
6.11.13 Problem. Let f : R > R be an increasing function. Suppose there are sequences (£n) 
and (yn) such that y, < 0 < a, for all n > 1 and f(x4) — f(y,) —^ 0 as n > oo. Prove that f is 
continuous at 0. 


6.11.13.1 Solution. We first prove that f(a») — f(0) and f(yn) > f(0). Let €» 0. So 3 no > 0 
such that n > no > f(an) — f(yn) < e. since y, < 0 and f is increasing, f(y,) € f(0) implies 
f(0) — f(yn) 2 0. Hence for 


n 2 no, f (En) — f(0) € Flan) — f(0) + f(0) — Fn) = Flan) — Fyn) < € 


Therefore f(r4) + f(0). Similarly, f(y4) —^ f(0). We next show that if (zn) is a sequence such that 
Zn > 0 and zn > 0 then f(z,) > f(0). This will prove that f is right continuous at 0. Let e > 0. 
Since f(z4) + f(0),3 m such that f(x,,)—f(0) < e. Since zn > 0,3 no such that n > no > zn < $a 
and since f is increasing this implies f(zn) € f(x) => f(zn) — f(0) € f(@m) — f(0) < e. This 
shows that f(z,) — f(0). Similarly, for left continuity at 0, and thus f is continuous at 0. 


6.11.14 Problem. If f is continuous and unbounded on (0,00), and f(x) > 0,V x € (0,00), then 
limy-3o6 fü = 0. True or false? 


6.11.14.1 Solution. Let f be defined by f(x) = xsinx-Fz--10n (0,00). Evidently, f is continuous 
on (0,00) due to the arithmetic properties of continuous functions and f(x) = z(sing +1)+1>0 
for all x € (0,00). Also, choosing £n = nz, V n € N we obtain the following partial limit 


lim f(r4)-— lim (nz(sinnz + 1) + 1) = oo, 
Ln — 00 n—0o 


implying that f is unbounded on (0,00). On the other hand, for the same sequence £n = nz we 
obtain 

lim m = lim : 
tno f (£n) noo (n (sin nm + 1) + 1) 


, 


T 


while for x, = 2kr — 5,k € N, the partial limit is different: 


: 1 1 
ne fk) od (2kr — T /2)(sin(2ka — 1/2) +1) - 1 


It means that the limit lim,_.., Fis) does not exist. 
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6.11.15 Problem. If f is continuous on a bounded set, then its image is also a bounded set. True 
or false? 


6.11.15.1 Solution. The function f defined by f(x) = tanz is continuous on (0,7/2), but its 
image is the interval (0,00), which is not bounded. 


6.11.16 Problem. If f is continuous on § and its image f(S) is a compact set, then S is also a 
compact set. True or false? 


6.11.16.1 Solution. False. Let S = (0,1) and f : (0,1) > [0,1] be a function defined by 


0 ifücrzi 
f(zx)—-43rz-1 if }<a<3 
1 if $«r«l 


is continuous and f(S) = [0, 1] is compact but S is not compact. 


6.11.17 Problem. If f and g are not uniformly continuous on a set S, then f.g is uniformly 
continuous on S. True or false? 


6.11.17.1 Solution. True. Let f,g: (—1,1) — R defined by 


| eet ifxe(-—1,0) Oed aie (10) 
joad if x € [0,1) end ge) =|) if x € [0,1) 


These functions are uniformly continuous on (—1,0) and [0,1), but they are not uniformly continuous 
on (—1,0) U [0, 1) = (—1, 1), because both have a jump discontinuity at the point 0. At the same 
time, 


-x+1 ifze(-10) 


r-c1 ifzc]l0,1) a 


ie) = fea - | 


is a uniformly continuous function on (—1,1). In fact, for any pair 21,22 € (—1,1) such that 
$4 — L2| < ô, it follows that 


|h(z1) — h(z3)) = |1 + |i] - 1— [2| S |a1 02] < ô = € 


shows that h is uniformly continuous on $. 


6.11.18 Problem. If f is continuous on X, and g is uniformly continuous on f(X), then the 
composite function g(f(z)) is uniformly continuous on X. True or false? 


6.11.18.1 Solution. Consider the functions f(x) = 4+ defined on X = (0,00) and g(x) = sinz 

defined on f(X) = (0,00). The first function is not uniformly continuous on X, can be verified. 

'The second function is uniformly continuous on IR and, consequently, it is uniformly continuous on 

(0, oc). At the same time, the composite function h(x) = g(f(r)) = sin 4 is not uniformly continuous 
n (0,00), because for x, = 1/2km and yp = 2/(4k + 1)r, one gets 


i 2 
2kr (4k+1)r 


[te — ys] = > 0 but |h(a~) — h(yx)| = 1 > 0. 
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6.11.19 Problem. Find two discontinuous functions f and g so that fog is continuous everywhere. 


6.11.19.1 Solution. Hint. In [0,1, g = x41}, f = X(0,1); where x stands for the characteristic 
function. 


6.11.20 Problem. Find two sets A C R and B C R?, and an everywhere continuous function 
f: A B that is one-to-one and onto, such that f^! : B — A is not everywhere continuous. 


6.11.20.1 Solution. Hint. Consider f : [0,27) — St defined by f(t) = (cost,sint). Note that 
S! = ((z, y) € R? £? +y? — 1). 


6.11.21 Problem. Find a function f : R — R such that f is continuous nowhere but |f] is 
continuous everywhere. 


6.11.21.1 Solution. Consider a function f : IR — R defined by 


1 if z is rational, 
f(x) = 


—1 if z is irrational. 


6.11.22 Problem. Let f and g be two continuous functions mapping the interval [0,1] into itself. 
Show that if f o g — go f, then f and g agree at some point of [0,1]. 


6.11.22.1 Solution. Let x € [0,1]. Now consider the sequence 


soft On S Eoo inus.) 


in [0,1] and then it converges to a for some a € [0, 1]. Again, since g is continuous, so the g( f^ (x)) 
converges to g(a), but g(f^(z)) = f"(g(x)) implies g(a) = a. And f"(x) converges to o implies 
f(f"(2)) = f(f"*!(z)) converges to f(a) which again implies f(a) = a. ie. f(a) = a = g(a). 
Thus f and g agree at a € [0,1]. (Here f” = f o fo...o f(n copies of f).) 


6.11.22.2 Solution. Hint. Argue by contradiction. Show that we may suppose, without loss of 
generality, that f(x) — g(x) > 0 V x € [0, 1]. Now try to show that there is a number a > 0 such that 
f" (x) > g" (x) + na for every natural number n and every x € [0, 1]. 


6.11.23 Problem. Let f,g : [0,1] — [0,1] be two continuous functions. If g is non-decreasing and 
fog=gof, prove that f and g have a common fixed point. 


6.11.23.1 Solution. Let F = (z;x € [0,1] such that f(x) = x] and G = (x;x € [0,1], g(x) = x}. 
It can be shown that F,G are closed non-empty subsets of [0,1]. Since f og = go f, we have 
g(F) € F. Let a = sup F. If g(a) = a, we are done. If not, g(a) < a and so (g"(a)) is a decreasing 
sequence in F. Hence 8 = limno g” (a) is a common fixed point of f and g. 


6.11.23.2 Solution. Hint: Use previous problem. 


6.11.24 Problem. Let f be continuous on [a,b]. Suppose that f has a local maximum at zı and 
a local maximum at x2. Show that there must be a third point between x; and x2 where f has a 
local minimum. 


6.11.24.1 Solution. Let xı < z2. Suppose that, no points in (z1,22) can be a local minimum of 
f. Since f is continuous on [z1, £9], then inf{ f(x); x € [x1, x2]} = f (21) or f(x2) by hypothesis. We 
consider two cases as follows: 
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1. If inf{ f(x); x € [x1, v2]} = f (21), then 


(a) f has a local maximum at xı and f(x) > f(zi1) V x € [z1, £2]. 
(b) By (a), there exists a 6 > 0 such that x € [ri, z1 +ô) € [a1, z2], we have f(x) € f (x1). 


So, by (b), as x € [z1, 21 + ô) we have f(a) = f(z1) which contradicts the hypothesis that no 
points in (£1, £2) can be a local minimum of f. 


2. If inf(f(z);z € [x1, r2]} = f (v2), it is similar to above, so, we omit it. 


Hence, from (1) and (2), we have there has a third point between zı and x2 where f has a local 
minimum. 


6.11.25 Problem. Let I be a nondegenerate interval and let f : J — R be an injective function 
with intermediate value property. Then, f is strictly monotone. 


6.11.25.1 Solution. Suppose that f is not strictly monotone. Then, there exist a,b,c € I such 
that a « b « c and f(b) is not between f(a) and f(c). In other words, one of the following cases 
may occur: 


f(b) < f(a) < fle) 
f(a) < fle) < f(b) 
f(b) < f(c) < f(a) 
fle) < f(a) < f(b). 
Suppose the case (1) and let A = f(a). Since f has the intermediate value property, there exists 


a € (b,c) such that A = f(a). Since a Z a, this fact contradicts the injectivity of f. The other cases 
treat similarly. 


6.11.26 Problem. Let f be defined in the open interval (a,b) and assume that for each interior 
point x € (a,b) there exists a ball B(a;r) in which f is increasing. Prove that f is an increasing 
function throughout (a, b). 


6.11.26.1 Solution. Suppose that, there exist p,q with p < q such that f(p) > f(q). Consider 
[p,q] € (a,b), and since for each interior point x € (a,b) there exists a ball B(x, ô+) in which f 
is increasing. Then [p,q] = U, et, B(£; 45x), (The choice of balls comes from the hypothesis). It 
implies that [p,q] = U¢_, B(£k; ôk) = Bn(by compactness.) Note that if B; C Bj, we remove such 
B; and make one left. Without loss of generality, we assume that xı < £2 € .. < £n. Then 


TO) SF i) Sees < f(za) € f(a) 


which is absurd. So, we know that f is an increasing function throughout (a, b). 


6.11.27 Problem. Let f be continuous on [a,b] and assume that f does not have a local maximum 
or a local minimum at any interior point. Prove that f must be monotonic on Ja, b]. 


6.11.27.1 Solution. Since f is continuous on [a,b], we have 


sup (f(x); z € [a, b]} = f(p) where p € [a,b] and 
inf(f(z);x € [a, b]} = f(q) where q € [a,b]. 
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So, we have {p,q} = {a,b} by hypothesis that f does not have a local maximum or a local minimum 
at any interior point. Without loss of generality, we assume that p = a, and q = b. Claim that f is 
decreasing on [a,b] as follows. Suppose f is increasing, then there exist x,y € [a,b] with x < y such 
that f(x) < f(y). Consider [r, y] and by hyothesis, we know that f|; has the maximum at y, and 
f\fz,y) has the minimum at x. Then it implies that there exists a ball B(x; ô) such that f is constant 
on B(z;ó)n|[r,y], which contradicts to the hypothesis. Hence, we have proved that f is decreasing 
on [a,b]. 


6.11.28 Problem. Let f be a continuous function on the interval [a, b]. Then there is a continuous 
function g such that g(f(x)) = x for all x € [a,b] if and only if f is strictly monotone. In this case 
we also have f(g(y)) = y for each y between f(a) and f(b). 


6.11.28.1 Solution. Let f be a continuous function on [a,b]. Suppose f is strictly monotone. We 
may assume f is strictly monotone increasing. Then f is one-to-one. Also, by the Intermediate 
Value Theorem, f maps [a,b] onto [f(a), f(b)]. Let g = f^! : [f(a), f(b)] > [a,b]. Then g(f(x)) = 
x V z € [a,b]. Let y € [f(a), f(b)]. Then y = f(x) for some x € [a,b]. Given e > 0, choose ô > 0 such 
that ô < min(f(x) — f(x — €), f(x - e) — f(z)). When |y — z| < 6, z = f (xo) for some zo € [a,b] with 
lay) — 9(2)| = le (f (2) — g(f(0))| = læ — zol < 6. Thus g is continuous on [/(a), f(b)]. 

Conversely, suppose there is a continuous function g such that g(f(x)) = x V x € [a,b]. If x,y € [a,b] 
with x < y, then g(f(x)) < g(f(y)) so f(x) Z fly). We may assume x Z a and f(a) < f(b). 
If f(x) < f(a), then by the Intermediate Value Theorem, f(a) = f(x’) for some z' € [r, 0] and 
a = g(f(a)) = g(f(z')) = x', a contradiction. Thus f(a) < f(x). Now if f(x) > f(y), then 
fla) < fly) € f(x) so f(y) = f(x") for some z” € [a,x] and y = g(f(y)) = g(f(z")) = x”, a 
contradiction. Thus f(x) < f(y). Hence f is strictly monotone increasing. 


6.11.29 Problem. If f is one-to-one and continuous on [a, 0], prove that f must be strictly mono- 
tonic on [a, b]. 


6.11.29.1 Solution. Since f is continuous on [a,b], we have 


sup (f(x); z € [a, b]} = f(p) where p € [a,b] and 
inf(f(z);x € [a, b]} = f(q) where q € [a,b]. 


Assume that p € (a,b), then there exists ô > 0 such that f(y) € f(p) for all y € (p— ô, p + ô). 
Choose y € (p — 6,p) and y2 € (p,p + ô) then we have by 1-1, f(yi) < f(p) and f(y2) < f(p). 
And thus choose r so that f(y1) <r < f(p) > f(a) =r, where z; € (y1, p) by Intermediate Value 
Theorem, and f(ys) < r < f(p) = f(z2) =r, where z2 € (p, y») by Intermediate Value Theorem, 
which contradicts to 1-1. So, we have that p € {a,b}. Similarly, we have q € {a,b}. Without loss of 
generality, we assume that p = a and q = b. Claim that f is strictly decreasing on [a,b]. 

Suppose not, then there exist x,y € [a,b] with x < y such that f(x) < f(y) (= does not hold since f 
is 1-1.) Consider [r, y] and by above method, we know that f|; ,j has the maximum at y, and f|, 
has the minimum at x.Then it implies that there exists a nbhd. B(x;9) such that f is constant on 
B(x;6) [x,y], which contradicts to 1-1. Hence, for any x < y we have f(x) > f(y) does not hold 
since f is 1-1. So, we have proved that f is strictly decreasing on [a, b]. 


6.11.29.2 Solution. Suppose not, it suffices to show that 1-1 and continuity imply that f does 
not have a local maximum or a local minimum at any interior point. Suppose not, it means that 
f has a local extremum at some interior point x. Without loss of generality, we assume that f has 
a local minimum at the interior point x. Since z is an interior point of [a,b], then there exists an 
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open interval (x — ô, x + ô) such that f(y) > f(x) V y € (x —ó,x +ô). Note that f is 1-1, so we have 
f(y) > f(x) for all y € (x — ô, x + ô) \ {x}. Choose yı € (x — ô, x) and y2 € (zx, x + ô), then we have 
f(y1) > f(x) and f(ya) > f(x). And thus choose r so that so that f(y1) >r > f(x) > f(z) =r, 
where z; € (y1,x) by Intermediate Value Theorem, and f(yo) > r > f(x) = f(z2) = r, where 
z2 € (z,y3) by Intermediate Value Theorem, which contradicts to the hypothesis that f is 1-1. 
Hence, we have proved that f is 1-1 and continuity implies that f does not have a local maximum 
or a local minimum at any interior point. 


6.11.30 Problem. Let f : R — R be continuous and f(f(f(x)) = x V x € R. Prove that 
f(zx)-zVzrcR. 


6.11.30.1 Solution. Let f(x) = f(y) then f?(z) = f(y) > x = y. So f is injective. Since f is 
continuous, by the above problem, f must be strictly monotonic. Suppose f is increasing and that 
f(z) £ x, then f(x) >a or f(x) < x. Let f(x) > x then f?(x) > f(x) > f3(z) > f?(x) > f(z) ie. 
x > f(x), a contradiction. Similarly for other cases. Hence f(x) — x V x € R. 


6.11.31 Problem. Show that there exists a continuous function f : R > R such that f(f(x)) = 
zVzcR,but f(x) Z x V x € R. 


6.11.31.1 Solution. Consider f(x) = 1-— 7x. 


6.11.32 Problem. Show that there exist a continuous functions f,g,h : R’ — R’ such that 
f(f(x)) = z,g(g(x)) = x, h(h(h(x))) 2 x V x € R', but f, g,h zv where R’ = R \ {0,1}. 


6.11.32.1 Solution. Consider f(x) = 4, and g(x) = 4, h(x) = €. 


z—1? x 


6.11.33 Problem. Show that, if f : [a,b] — [a,b] is continuous and its inverse is also continuous, 
then either a and b are fixed points or f(a) = b and f(b) =a. 


6.11.33.1 Solution. Suppose that f(a) = a and f(b) 4 b, so f(b) < b, then by surjectivity 
Jc € (a,b) such that f(c) = b. Thus we get f(a) < f(b) < b= f(c), hence by IVP Hd p € (a,c) such 
that f(p) = f(b) and by injectivity p = b, but p 4 b a contradiction. Therefore f(b) = b. 


6.11.34 Problem. Let f be an increasing function defined on [a,b] and let z4,...., £n be n points 
in the interior such that a < zı € z9 € .. € £n € b. 
1. Show that 


[f(@e+) — f(xx—)] € f(b-) — fat). 
=0 


a 


2. Deduce from part (1) that the set of dicontinuities of f is countable. 


6.11.34.1 Solution. Let a = xp and b = x,41; since f is an increasing function defined on [a,b], 
we have that both f(a,+) and f(xi—) exist for 1 < k < n. Assume that yy € (£k, &k+1), then we 
have f(yk) > f(xx--) and f(xx-1) 2 f(yk-1). Hence, 


1. 


k=1 k=1 
< f (yn) — f (yo) 
< f(b-) — flat) 
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2. 


Let D denote the set of points of discontinuities of f. Consider 


m 


Dn = [ead], fü) - 1622 4} 


then D = UJ ., Dm. Note that |Dm] is finite, so we have D is countable. That is, the set of 
points of discontinuities of f is countable. 


6.11.35 Problem. 


1. 


Let f be defined on R and assume that there exists at least one point zo in IR at which f i 
continuous. Suppose also that, for every x and y in R, f, satisfies the equation f(x + y) = 
f(x) + f (y). Prove that there exists a constant a such that f(x) = ax for all x € R. 


n 


. Give an example of a function f such that f satisfies the equation f(x +y) = f(x)+ f(y), but 


f is not continuous on R. 


6.11.35.1 Solution. 


1. 


2. 


Left to the reader. 


Note: If a function f satisfies the equation f(«+y) = f(x) -- f(y), then it is called an additive 
function. An example of an additive function, let f, : R — R where falx) = a.x for all x € R, 
and a € R is fixed. 

Consider the set IR(Q) of all real numbers as a vector space over the field of rational numbers 
Q. This vector space has a basis 5, called a Hamel basis for R. Now, we show that: “ There 
exists an additive function f : R(Q) > R(Q) such that f Æ fa for all a € R.” 


Proof. Let B = {x;;i € I) be a Hamel basis for R. Choose a fixed z € B. Define 


ri if x = rizi +... crimes corQ4rQ4andor;— X 
f(z) = ; 
0 otherwise. 
It is easy to check that f is additive. Notice also that the null vector 0 ¢ B and B is infinite 
(actually, |B| = 28° = c). We have f (4) = 1 (because i = 1.2 is the basis representation of 7), 
while f(z') = 0 for any z' € B, x’ Z à (because x does not occur in the basis representation of 
x! = 1.x' of a’. If f = fa were to hold for some a € R, we would have f(z) = 1 = ai, showing 
a #0, and, on the other hand, f(x’) = 0 = az’, showing a = 0. 


Again, since B = {x;;i € I} be a basis for IR, note that B = {x;;i € I} is an uncountable set, 
so there exists a convergent sequence (sn), where {s,;n € N} C B. Hence 


P= (BV sine ND C nen} 


is a new basis of IR over Q. Given z, y € R, and we can find the some N € N such that 


N N 


qum m and y — Notons 


k=1 k=1 
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where x, € I, and rz, ty, € Q. Define the sum 


N 


r+y= n -)xk 


k=1 


By uniqueness, we define f(a) to be the sum of coefficients, i.e., 


N N 
Now, f(a +y) = So (re + tr) =X r+ tk = f(x) + f(y). 
k=1 k=1 k=1 


Suppose f is continuous and note that 


=" O asn > œ and f (=) =1, Yn EN. 
n n 


Hence 1 = lim f (=) 
n-—oo TU 


Ls ( lim =") by continuity of f 


noo n 


= f(0) = 


which is absurd. Hence, f is not continuous on R. 


6.11.36 Problem. Let A be a non-empty subset of real numbers, and let the function f : R —> R 


be given by 
f(x) = inf{|t — x|;t € A}. 


Prove that 
1. |f(x) — f(y)| < |x — y| V x,y € R, and f is uniformly continuous on R. 
2. f(x) 20, Vr € R iff AN (a,b) Z 0 for every open interval (a,b). 


6.11.36.1 Solution. 
1. Let z,y € R then for any t € A, we have 


Iz — t| < |z — y] + |y — t| 
=> inf|r — t| < |x — y| + inf |y — t| 
= f(x) — f(y) € Iz — yl, 
similarly f(y) — f(x) < |x — y| 
hence | f(x) — f(y)| < |x — yl. 


Now, for any e > 0 taking 6 = e, we conclude that f is uniformly continuous on R. 


2. Suppose AN (a,b) Æ @ for every open interval (a,b), this means that A is dense in R, since f 
is continuous in a dense set A and f(a) 20, Va € A, so, f(x) 20 Vx c R. 
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6.11.37 Problem. For each a € (0,1), define fa : (0,00) — R by falx) = z?loga. For which 
values of a, fa is uniformly continuous? Justify your answer. 


6.11.37.1 Solution. We claim that fa is uniformly continuous for 0 < a < 1 and not uniformly 
continuous for a > 1. Note that fa is differentiable on (0,00) V a > 0. The derivative is 


físz* (-logz). 


First suppose a > 1. Let € > 0. To disprove uniform continuity, it suffices to show that for any ô > 0, 
there exist x, y € (Ooo) such that |f(z) — f(y)| 2 € with | — y| < 6. Fix ô > 0. Let x be so large that 
y > x implies that |f (y)| > 2e/8. This is possible since f/i, — oo as x + oo fora > 1. Let y = x4-ó/2. 
By the mean value theorem, there exists c € (x,y) such that fa(y) — falx) = fA(c)(y — x)/'(c)ó/2. 
Since c > a, 


foy) — fal) = fate)(y — x)| (06/2 > e. 


But |x — y| = 0/2 < ô. Thus fa is not uniformly continuous. 
Now suppose 0 < o < 1. To prove uniform continuity, it suffices to show that | f^| is bounded. This 
is because by the mean value theorem, 


f(x) — FM) < Mla — yl. 


Given € > 0, we may choose ô < 1/M, to see that |f (x) — f(y)| < eif |x — y| < 1/M. To show that 
|fa| is bounded on (0, oc), it suffices to show that is bounded as x + 0* and z — oo. In this case, f! 
will be bounded for 0 < x < yı for some yı and also for x > y2 > yı for some y». By the continuity 
fi, of on [y1, y2], f4 is bounded on [yi, yo]. Taking the maximum of these three bounds will give a 
bound of f/ on all of (0, oo). 

To bound f/(x) as x — oo, it suffices to bound z^-!logz for x > 1. Note that for any y, e > y. 
Then for x > 1, 


log x 1 
e(l-a)logz 7 1- a` 


0 < %7! logt = 


Because z^-! — 0 as x — oo, to bound f! (x) as x approaches zero from above, it suffices to bound 
z?-llogz for 0 < x < 1. Cearly 0 > z^-!logz. But as above, 


0 < =r% l logr < — : 
l-a 

Therefore f/ is also bounded near zero. This completes the proof that f/, is bounded on all of (0,00), 

which implies that f is uniformly continuous in the case 0 < a < 1. 


6.11.38 Problem. Let f : [0,2] — R be continuous, given that f(0) = f(2) = —1 and f(1) = 
Show that 3 c € (0, 1) such that f(c) = f(c- 1). 


ie 
6.11.38.1 Solution. Consider g(x) = f(a + 1) — f(x). Then, we see that g(0) = f(1) — f(0) = 
1+1 = 2 and g(1) = f(2) — f(1) = —2. So, g(0)g(1) < 0. Hence, 3 c € (0,1) such that g(c) = 0. 
Thus f(c) = f(c4 1). 


6.11.39 Problem. (Cousin) Let C be a collection of closed subintervals of [a, b] with the property 
that for each x € [a,b] there exists ô = ôs > 0 such that C contains all intervals [c,d] C [a,b] that 
contain x and have length smaller than ô. Then there exists a partition a = zo < £1 < .... < Zn =b 
of [a,b] such that [r; 1, xi] for i = 1,2, ..., n 


336 CHAPTER 6. CONTINUITY 


6.11.39.1 Solution. Let us suppose that C does not contain a partition of the interval [a,b]. Let 
c be the midpoint of that interval and consider the two subintervals [a,c] and [c, b]. If C contains a 
partition of both intervals [a,c] and [c b], then by putting those partitions together we can obtain 
a partition of [a,b], which we have supposed is impossible. Let I, = [a,b] and let Iz be either Ja, c] 
or [c, b] chosen so that C contains no partition of Iz. Inductively we can continue in this fashion, 
obtaining a shrinking sequence of intervals I; D Iz D I3 D ... so that the length of I, is (b — a)/2"- 
and C contains no partition of In. By the Cantor intersection theorem there is a single point z in 
all of these intervals. For sufficiently large n, the interval In contains z and has length smaller than 
6(z). Thus, by definition, I„ € C. In particular, C does indeed contain a partition of that interval I, 
since the single interval {Jņ} is itself a partition. But this contradicts the way in which the sequence 
was chosen and this contradiction completes our proof. 


6.11.40 Problem. Suppose that a function f is locally bounded at each point of a closed and 
bounded set E. Then f is bounded on the whole of the set E. 


6.11.40.1 Solution. (Cousin compactness argument) The set E is bounded and so is contained in 
some interval [a,b]. Let us say that an interval [c,d] D [a,b] is “black” if the following statement is 
true: There is a number M (which may depend on [c, d]) so that | f(t)| < M V t € E that are in the 
interval [c,d]. The collection of all black intervals is a Cousin cover of [a,b]. This is because of the 
local boundedness assumption on f. Consequently, by Cousin’s lemma, there is a partition of the 
interval [a, b] consisting of black intervals. The function f is bounded in E on each of these finitely 
many black intervals and so, since there are only finitely many of them, f must be bounded on E 
in [a,b]. But [a,b] includes all of E and so the proof is complete. 


6.11.41 Problem. (Baire) Let F be a nonempty closed subset of IR. Then, every nonempty open 
subset O of F is of second category in F. 


6.11.41.1 Solution. Let O be a nonempty open subset of F. Assume that O is of first category 
in F, i.e., O = UZ; An, where each A, is nowhere dense in F. It follows easily that Gn = VR 
is open and dense in F. By the Baire category theorem, (]7- , Gn = NZ Gay epp AL. is 


n=l 
C er 
dense. However, (UX; An) NO = 9, a contradiction. 


6.11.1 Remark. The above problem applies to non-empty subsets of F that are open relatively to 
F. Note that the set F itself is open relatively to F, since F = RN F, and the set R is open in R. 
Then the above problem applies also to O = F. Of course, this means that F (an arbitrary nonempty 
closed subset of R) cannot be written as a countable union of subsets of F that are nowhere dense 
relatively to F. As an application, we recover the fact that [0,1] is uncountable. If [0,1] is countable, 
then for at least one of its points x we should have that the interior (relatively to [0,1]) of (x) will 
be nonempty. Since {x} is closed, this means that x should be isolated in [0,1], and this is false. 


6.11.42 Problem. The characteristic function of the rationals yg is not the limit of a sequence of 
continuous functions. 


6.11.42.1 Solution. Suppose, to the contrary, that there is a sequence (fn) of continuous functions 
such that xo(x) = lim, f(x) for each x € R. Then, the set A, = {2; f(x) > 1] is open for each 
n, and, hence, so is 


P. 1 
um Ap = 4 T; -fi k> : 
G U k t f(a) > 5 or some k > n} 
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But then, NZ; Gn = {2; fn (x) > 3 for infinitely many n) = Q (why?), and this contradicts the 
fact that Q cannot be written as the countable intersection of open subsets of R. This example 
illustrates a special case of a deep result, due to both Baire and Osgood, stating that any function 
f :R- R that is the limit of a sequence of continuous functions must have a point of continuity. 


6.11.43 Problem. Let f : R > R be continuous and limno f(nz) = 0 for every 1 € z € 2. Show 
that lima. o5 f(x) = 0. 


6.11.43.1 Solution. Fix € > 0 and for each k > 1 define 
E, = {x € [1,2]; |f(nz)| «eV n2 k}. 


Evidently each Ej is closed and [1,2] = Uf, Ex. Therefore, by Baire's Category Theorem, we can 
find a k and an open interval 7 such that I C Ey. It is easy to see that the union YU, (nl) = 
(y; y = nz for some x € I and some n > k} contains an interval of the form (a, oo). It follows that 
for every y > a, |f (y)| < e. 


6.11.44 Problem. There exists a subset of R that is dense, has cardinality c, and is of the first 
category. 


6.11.44.1 Solution. For such a set, consider the union of the Cantor ternary set and the rationals. 


6.11.45 Problem. Prove that every set B C R contains a countable set A that is dense in B. 


6.11.45.1 Solution. A C A= A is dense in A. 


6.11.46 Problem. A set is of type Gs iff its complement is of type Fo. 


6.11.46.1 Solution. A set G is of type Gs iff 


a- (1v. e a6 - (Jug. 
n=1 


n=1 


where Un is open. 
6.11.47 Problem. A half-open interval (a, b] is both of type Gs and of type F;. 


6.11.47.1 Solution. 


(a, b] = 2 («s i) = i EE 


n=1 
6.11.48 Problem. Show that the set of rationals is F,. 
6.11.48.1 Solution. If q1, 45, Q3, ... is an enumeration of Q, then 


Q= Uta 


k=1 


Thus the set Q is a countable union of closed sets. Hence the set of rational numbers F;. 


338 CHAPTER 6. CONTINUITY 


6.11.49 Problem. Show that the set of irrationals is Gs. 
6.11.49.1 Solution. If q, g2,q3,... is an enumeration of Q, then 
R\Q=()(R\ {a}) 
k=1 


Thus the set R \ Q is a countable intersection of open sets. Hence the set of irrational numbers 
Gs. 


6.11.50 Problem. A closed interval [a,b] or a half-open interval (a, b] is of type G5. 


6.11.50.1 Solution. Since 


6.11.51 Problem. Show that [0,1) is simultaneously Gs and Fz. 


6.11.51.1 Solution. Hint. Consider (— 1,1) and [0,1 — 1]. 


6.11.52 Problem. Show that a set in IR is Gs , if and only if its complement is F,. 
6.11.52.1 Solution. Left to the reader. 


6.11.53 Problem. Show that if F is an F,-set, then there is an increasing sequence (Fj) of closed 
sets such that F = U??, F;. 


6.11.53.1 Solution. Hint: If F = UX; F;, then, let G, = U? F; and F = UX Gr. 


6.11.54 Problem. Show that if G is a Gs-set, then there is a decreasing sequence (G;) open sets 
G; such that G = 0? 4G. . 


6.11.54.1 Solution. Similar to the above. 
6.11.55 Problem. Show that a countable union and a finite intersection of F,-sets is an F,-set. 
6.11.55.1 Solution. Hint: Write 


oo oo 


UIUR;| =U is Ga EN xN}. 


i=1 \ j=l 


If the family is not empty, write 


N UF = (] {Fij N N Pans aoa ded €Nx.. x N}. 


6.11.56 Problem. Every open set and every closed set in R is of type Gs. 
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6.11.56.1 Solution. Let G be an open set in R. It is clear that G is of type Gs. We also show that 
G can be expressed as a countable union of closed sets. Express G in the form 


G = U (an, dx) 
k=1 


where the intervals (ag, bx) are pairwise disjoint. Now for each k € N there exist sequences (cz, ) and 
(d,,) such that the sequence (cz, ) decreases to az, the sequence (dz,) increases to by and (c,,) and 
(dx, ) for each j € N. Thus 


oo 


(ak, bx) = U [e 


We have expressed each component interval of G as a countable union of closed sets. It follows that 


oo oo oo 
G= UU lods] = U lc 
k=1j=1 j,k=1 


is also a countable union of closed sets. Now take complements. This shows that R \ G can be 
expressed as a countable intersection of open sets (by using the de Morgan laws). Since every closed 
set F can be written 

F=R\G 


for some open set G, we have shown that any closed set is of type Gs. 


6.11.57 Problem. Every open set and every closed set in R is both of type F, and G5. 


6.11.57.1 Solution. Left to the reader. 


6.11.58 Problem. Find a set in R that is neither a G5-set nor an F5-set. 


6.11.58.1 Solution. Hint. The union of the set of rational numbers in (—oo,0) and the set of 
irrational numbers in (0, oo). 


6.11.59 Problem. Let H be of type Gs and be dense in R. Then H is residual. 
6.11.59.1 Solution. Write 


with each of the sets Gk open. Since H is dense by hypothesis and H C Gk for each k € N, each 
of the open sets G; is also dense. Thus R \ G is nowhere dense for every k € N, and so each Gx is 
residual. Hence result follows. 


6.11.60 Problem. Let E be closed, nowhere dense set. Suppose that [u, v] is a closed, bounded 
interval, then there exists an interval [c, d] C [u,v] such that [c, d] n E = 0. 


6.11.60.1 Solution. Since E is a nowhere dense set, it contains no open intervals. In particular, 
there is a point p € (u,v) V E. Since E is closed and p ¢ E, there exists € > 0 such that (p — €, p + 
e) à E = 0, and [p — e& p +e] € [u,v]. We see that the interval [p — e, p + e| satisfies the required 
properties. 
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6.11.61 Problem. If (En) is a sequence of nowhere dense sets, then every closed interval [a,b] 
contains a point x that does not belong to any of the sets En. 


6.11.61.1 Solution. Without loss of generality, we may assume that each E, is closed. By the 
previous problem d an interval [a1, 51] C [a,b] such that [a1, b1] O E41 = 0. Similarly, 3 an interval 
(ag, be] C [a1, b1] such that [a5,03] O E2 = Ø. Continuing the process, we get a nested sequence 
([an, bn]) of closed intervals such that fan, bn] O En = 0 V n € N. By the nested interval theorem, 
there exists a point x such that x € NZL; [an, bn] and the point x does not belong to any of the sets 
En. 

One simple consequence of the preceding problem is the fact that the set of all real numbers cannot 
be expressed as a countably infinite union of nowhere dense sets. We can use this fact to prove 
that the set of rational numbers is not a Gs set. Therefore, there is no function f : R — R that is 


continuous on Q and discontinuous on Q€. 


6.11.62 Problem. Show that the set of irrational numbers is not a countable union of closed subsets 
of R. 


6.11.62.1 Solution. Let Q = (ri, r5,..] be an enumeration of the rational numbers of R. Assume 
that there exists a sequence of closed sets (En) of R such that Q€ = UZ} En. Then 


and by the Baire Category Theorem, we must have (En)? Z () for some n. Thus, some En contains 
an interval. However, since E, C Q^ holds and each interval contains rational numbers, this is 
impossible, and the conclusion follows. 


6.11.63 Problem. The set of rationals Q is not a G5 set. 


6.11.63.1 Solution. Suppose that Q is a Gs set. Then Q€ is an F, set. Let 


R\Q= U En, 


n=1 


where each E, is a closed set. Since E, = E, contains no rational numbers, it contains no open 
intervals. Therefore, each En is a nowhere dense set. Let Q = {rn; n € N}, then the equation 


R = (R\Q)UQ= (Ù s.) U nS 


n=1 


shows that the set of all real numbers can be expressed as a countably infinite union of nowhere 
dense sets. This is a contradiction. So, the set of rationals Q is not a G5 set. 


6.11.64 Problem. Let f be defined on a closed interval 7 (which may be R). Then the set C(f) of 
points of continuity of f is of type Gs, and the set D(f) of points of discontinuity of f is of type Fo. 
Conversely, if H is a set of type Gs, then there exists a function f defined on R such that C(f) = H. 


6.11.64.1 Solution. Let f : I — R. We show that the set 


C(f) = {xj ws(@) = 0j 
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is of type Gs. For each k € N, let 


B, = fawra) > =} 


and each of the sets Bj; is closed. Thus the set 


B= V By 
k=1 


is of type F,, and D(f) = B. Therefore, C(f) = I \ B. Since the complement of an F5 is a Gs, 
the set C(f) is a Gs. To prove the converse, let H be any subset of R of type Gs. Then H can be 
expressed in the form 


usa 
k=1 


with each of the sets G;, being open. We may assume without loss of generality that G4 = R and 
that Gi D Gi41 for each i € N. (Verify this.) Let (ap) and (k) be sequences of positive numbers, 
each converging to zero, with 


Ap > Bk > angi VkeN. 
Define a function f : R > R by 


0, idfrceH 
f(x) = 4 Ok, ifx € (Gi \ Gi+1) NQ 
Br, ifízc (Gi \ Gipi) NQS. 


We show that f is continuous at each point of H and discontinuous at each point of IR \ H. Let 
ro € H and let € > 0. Choose n € N such that ay, < e. Since 


zo E H = N Gk, 
k=l 


we see that zo € Gn. The set G,, is open, so there exists ô > 0 such that B(zo; ô) C Gn. From the 
definition of f on Gn, we see that 
0 € f(x) € an < eV x € B(z0;ô). 
'Thus 
|f(x) — f(@o)| = |f(z) 0| = |f(x)| < e 
if |£ — zo| < à, so f is continuous at xo. 
Now let zo € IRX H. Then there exists k € N such that zo belongs to the set Gy V Gk+1. Thus 


f(xo) = oy or f(zo) = Bx. Let us suppose that f(xo) = ax. If zo is an interior point of Gk NV Gk+1, 
then zo is a limit point of 


{x; x € (G;NGia)n Q€) = (5 f(x) = Br}, 
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so f is discontinuous at zo. 
The argument is similar if zo is a boundary point of Gk V Gk+1. Again, assume f(ro) = Qk. 
Arbitrarily close to xp there are points of the set 


R \ (Gk \ Grai). 


At these points, f takes on values in the set 


S = {0} Ufa U (4). 
izk jzk 
The only limit point of this set is zero and so S is closed. In particular, a, is not a limit point of 
this set and does not belong to the set. Let e be half the distance from the point a, to the closed 
set S; that is, let 


1 
e= 5 d (on. S), 
where d(axz, S) = inf{|a, — s|};s € S. Now, arbitrarily close to zo there are points x such that 
f(x) € S. For such a point, 


f(x) — f(o)] = |f (2) — ox] > € 


so f is discontinuous at xo. 


6.11.65 Problem. Let A — ED € N}. Show that A is a Gs set in R. Construct a real-valued 
function on R that is continuous exactly at the points of A. 


6.11.65.1 Solution. Choose e; > such that e; < i for each i € N, and that the intervals 


(i Le; + + e) are pairwise disjoint. Call the family of these intervals G4. Form the same with 


intervals of radius e;/2, and call the family of these intervals G2. Keep on going to form G3, G4, etc. 
'Then [E Gn is the set A. The function is, for example, 


| j9(x)sin(£) ifa £0 
r= {7 if x — 0. 


where D is the Dirichlet function. Show that D(x) does not have one-sided derivative at 0. 
6.11.66 Problem. Let f : R — R be a continuous function. the set 

S — (a € R; f is not increasing at a]. 
is a Gs-set without isolated points. 


6.11.66.1 Solution. For n € N, let 


= 
ll 
—^— 
Q 
(n 
zu 
u 


32e (a- La) rt)» f] 


and 


Va = faer: dae (sa) f(x) < fi). 


Then Un and Vn, are open for each n € N, hence so is Wp = Un U Vn. Let a € R. f is not increasing 
at a if and only if a lies in every W,. The theorem follows. 
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As a consequence, we get the following 


6.11.67 Problem. There is no continuous function f : IR — R for which the set 


(a € R; f is increasing at a) = R \ Q. 


6.11.67.1 Solution. Q is not a G5-set. 


6.11.68 Problem. There is no continuous function f : IR — R for which the set 
(a € R; f is continuous at a) = R \ Q. 
6.11.68.1 Solution. It is sufficient to prove that the set 
D(f) = {x;x € R, f is discontinuous at x} 


is an F, set. Note that x € D iff wş(x) > 0. For each n € N, let En = (z;wr(z) > +}, and we can 
prove that each E, is a closed set. Since D = USC, En, the set D is an Fe set. 


6.11.69 Problem. If f is a real-valued function defined on R, 

1. then the set of its points of continuity is a G';-set. 

2. given a G5-set G in R, there is a function on R whose set of points of continuity is exactly G. 
6.11.69.1 Solution. 

1. Let 


1 
Gnr = t € R;da nbhd. U of x such that |f(z) - fly) < —Va,ye v}. 
n 


Then each G,, is open and Np Gn is exactly the set of continuity points of f. Indeed, if £ € OnGn, 
then clearly x is a point of continuity of f. If £o is a point of continuity of f and n € N is 
given, choose ô > 0 so that for each point x of (ro — 6,29 + ô), we have | f(x) — f(xo)| < +. 
Then, if x,y € (ao — 0, £o + ô), 


HG) - FW) < MfG) — Go) +U- Feo) < =. 
Thus £o € MnGn. 


2. If G is a Gs-set in R, write G = NJL: Gn, where each Gn is an open set in R and G; = R. 
Assume, without loss of generality, that G,, 2 Gn+1 for each n € N. Define the function f on 
R by 


ifreG 
if x£ € Gn \ Gnii,n € N, and z is rational, 
if x € Gn \ Gnii,n € N, and z is irrational. 


f(x) = 


0, 
1 
n 


1 
n 


1, ifreQ 


. Show that is not continuous 
0, ifzcQc x9 


6.11.70 Problem. Define xo : R > R by xo(x) = | 
on R. 
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6.11.70.1 Solution. We see that XQ. (B (1; i)) — Q and XQ. (B (0; i)) = Q€. Thus xo cannot 
be continuous at any point of R because neither Q nor R \ Q is open set. 


6.11.71 Problem. Let f : N — R be any function. Then f is continuous. 


6.11.71.1 Solution. Let n € N, then f (B (n; 3) NN) = {f(n)} € B(f(n),e) V e > 0. Hence f is 
continuous. 


6.11.72 Problem. Let f : R — N. Then f is continuous iff f is constant. 


6.11.72.1 Solution. If f were not constant on IR, then f(R) contains more than one element, let 


f(R) = {p,q} where p Z q. Let 0 < € = peal since f is continuous then both f-!(B(p;c)) and 
f! (B (q; €)) are open, disjoint with 


f~ (B (p;€)) Uf (B (q;€)) =R, 


which is impossible, as R is connected. 
If f is constant, then f(x) = k V x € R, for some k € N, hence V e > 0 f^! (B (k;e)) = R. Thus f is 
continuous on R. 


6.11.73 Problem (The Baire Category Theorem for R). If (Gn) is a sequence of dense, open sets 
in R, then NZ; Gn # 0. In fact, (]7-., Gn is dense in R. 


1. Use the above theorem to prove that IR is uncountable. 
2. A dense Gs subset of IR must also be an uncountable set. 
3. If R = UJ. En where each E, is closed, then some E, contains an open interval. 


6.11.73.1 Solution. 


1. If R were countable then R = (21,22, ....] and then each Gn = R \ {£n } is open and dense but 
O2? 1G, = 0, which is a contradiction. 


2. Let (Gn) be open dense sets in R and NZ} Gn = {21, £2, ....], then the sets Hn = G,\{rn} are 
open and dense but (17 , Gn = 0, which is a contradiction. Therefore, (| , Gn is uncountable. 


3. Each set Gn = R \ E, is open in R and NZL; Gn = 0. Therefore, by Baire's theorem, some 
Gn is not dense implies some Gn contains an open interval which implies some EF, conatins 
an interval. 


6.11.74 Problem (Upper and lower envelopes of a function). Let f be a real-valued function 
defined on [a,b]. We define the lower envelope g of f to be the function g defined by 


gly) = lim, ,,f(z) 2 sup inf f(x). 
920 rE N(y;5) 


and the upper envelope h by 


Let g and h be the lower and upper envelopes of f, then show that 
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1. For each x € [a,b], g(x) € f(x) € h(x), and g(x) = f(x) if and only if f is lower semicontinuous 
at x, while g(x) = h(x) if and only if f is continuous at x. 


2. If f is bounded, the function g is lower semicontinuous, while h is upper semicontinuous. 


3. If v is any lower semicontinuous function such that y(x) < f(x) for all x € [a,b], then 
w(x) € g(x) for all x € [a,b]. 


6.11.74.1 Solution. 
1. Let x € [a,b]. Then infi 4425 f(y) € f(x) € sup, 44-5 f(y) for any 6 > 0. Hence we have 


of) ate) m sup f(y) = h(z). 


g(x) = sup 
620 y—a|«ó 


| 
Suppose g(x) = f(x). Then given e > 0, there exists ô > 0 such that f(x) —€ = g(x) - e < 
infi, 4,25 f(y). Thus f(x) — € < f(y) whenever |y — z| < 6 and f is lower semicontinu- 
ous at x. Conversely, suppose f is lower semicontinuous at x. f(x) is an upper bound for 
[infi aes f (y); > 0) and e > 0, there exists 6 > 0 such that f(x) — e< f(y) whenever 
|y — x| <6. Thus f(x) < infly_2j<5 f(y) so f(x) = supsso infjy z|«s f(y) = g(x). By a similar 
argument, f(x) = h(x) if and only if f is upper semicontinuous at x. Thus f is continuous at 
x if and only if f is both upper semicontinuous and lower semicontinuous at x if and only if 


f(x) = h(x) and g(x) = f(x) if and only if g(a) = h(x). 


2. Let A € R. Suppose that g(a) > A. Then there exists 6 > 0 such that f(y) > A whenever 
ly — x| < 6. Hence (2; g(a) > A) is open in [a,b] and g is lower semicontinuous. Suppose 
h(a) < A. Then there exists ô > 0 such that f(y) < A whenever |y—2| < 6. Hence (x; h(a) < A} 
is open in [a, b] and h is upper semicontinuous. 


3. Let v» be a lower semicontinuous function such that y(x) < f(x) for all x € [a,b]. Suppose 
w(x) > g(x) for some x € [a,b]. Then there exists 6 > 0 such that (x) < v(y) + y(x) — g(x) 
whenever |x — y| < ô. ie. g(x) € v(y) whenever |x — y| < ô. In particular, g(x) € y(x). 
Contradiction. Hence w(x) € g(x) for all x € [a,b]. 


6.11.75 Problem. Prove that the characteristic function yg of a subset S of R is lower semicon- 
tinuous, if and only if, the set S is open. 


6.11.75.1 Solution. Hint. Assume first that xs is lower semicontinuous. Then, {a € R; xs(x) € 
1/2} = R \ S, and this set is closed. Hence $ is open. Assume now that S is open. Observe that, 
for r € R, the set {x € R; ys(x) < 1/2} = R \ S is either R or R \ S, or, finally, the empty set (all 
of them closed in R). Thus the function yg is lower semicontinuous. 


6.11.76 Problem. Discuss the continuity of the Dirichlet’s function: 


NE" i n (rm! 
f(x) = m. (lim cos (rmlz)) 2 €R. 


6.11.76.1 Solution. Assume first that x is a rational number, i.e., x = à for some p € Z and q € N. 
Then for m > q it holds 


mia = m" = 1.2...(q — 1)(q + 1)..m.p 


hence mlz is an even number. This implies cos(7mm!z) = 1, hence f(x) = 1 for every x € Q. If x is 
an irrational number, then for no m can the number m!z be an integer. But then | cos(am!a)| < 1, 
which implies limpo cos" (zm!x) = 0. Passing to the limit in m, the last equality gives (V x € 
R\Q), f(x) = 0. It is proved that f is discontinuous at every real z. 
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6.11.76.2 Solution. If a is an arbitrary real number, then there exist two sequences, one of rational, 
and the other of irrational numbers, both converging to a. Denoting the first by (rn) and the second 
by (in), we have 


f(rn) = 1 and 


lim rn =a => lim 
TL— 0o TL— 0o 


lim i, =a > lim f(i,) =0 
noo n—oo 
Hence for no x € R does the limit lim, _... f(x) exist, which means that f has a second order 
discontinuity at every real a. 


6.11.77 Problem. A function is uniformly continuous on A and on B, is it true that it is uniformly 
continuos on AU B? 


6.11.77.1 Solution. Let f : [1,2) — R be defined by f(x) = 1 V x € [1,2) and f : [2,3] —> R be 
defined by f(a) = 2 V x € [2,3], we see that f is uniformly continuous on [1,2) and on [2,3], but f 
is discontinuous on [1, 3]. 


6.11.78 Problem. Prove that the function f(x) = =l, x Æ 0, is uniformly continuous on each 


x , 


of the intervals (—1,0) and (0, 1), but is not uniformly continuous on their union (—1,0) U (0, 1). 
6.11.78.1 Solution. The function f : (0,1) > R is the restriction F : [0,1] > R on (0,1) given by 
1 if~ =0 
F(r)- 4825 ifüczc«l 


sinl ifx=1 


Clearly, F is continuous on the closed interval [0,1], hence it is uniformly continuous there. This 
also gives the uniform continuity of f on the interval (0,1). Analogously, the function G given by 


—sinl ifr-—-1 
G(r)- 4 = if -l<a«<0 
—1 ifr-0 


is uniformly continuous on the closed interval [—1, 0] and equals to f on (—1,0). Hence f is uniformly 
continuous on (—1,0). 
However, we shall prove next that f is not uniformly continuous on the union (—1,0) U (0, 1). Let 


In = —115 and Yn = ji, then both an, y, — 0. But 
sin (=)| sin (5) 
|f (En) — f(wv)] = — 1 
n+l n+1 


= 2(n +1) 


1 2 1 4 
in| —— | > 2(n+1 —-—. 
PA (=) 2 2(n IE T 


Thus |f (£n) — f(yn)| does not tend to 0. Hence f is not uniformly continuous. 


6.11.79 Problem. Characterise all functions from IR — IR which can be uniformly approximated 
on the real line by a sequence of polynomials. 
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6.11.79.1 Solution. Let f : R > R be the uniform limit of a sequence (P,,(x)) of polynomials. 
Since (P,(x)) is a Cauchy sequence, so 3 N such that supper |P,(z) — Pn(x)| < 1 ifn > N. This 
implies P,(x) — Py (x) is a bounded polynomial on R, so P,(z) = cn + Pn(x) where cn € R. Hence 


f= Jim Pla) = Jim Cn + Py (x) = c + Py(x) 


where c = lim;.,55 Cn. Therefore f must be a polynomial. 


6.11.80 Problem. Let f : R — R be continuous and suppose that f(U) is open for every open set 
U C R. Prove that f is monotonic. 


6.11.80.1 Solution. Suppose that f is not monotonic, then 3 x < y < z such that either f(x) < 
f(y) and f(y) » f(z) or f(x) » f(y) and f(y) « f(z). We shall consider the former case, as later 
case is analogous. Since f is continuous, it attains a maximum on |z, z], say f(u) = v = sup(f(t);t € 
[z, z]) for some u € [z, z]. Since y € (z, z) and f(y) > f(x), f(y) > f(z), we must actually have 
u € (z,z). Now let U = (z, z) and note that v € f(U). But for any e > 0, (v — e,v4- e) £ f(U) : for 
example v + $ € f(U), so f(U) is not open, a contradiction. 


6.11.81 Problem. Suppose f : D — R is uniformly continuous and D is a bounded set of real 
numbers, then f(D) is bounded. 


6.11.81.1 Solution. Here we use the property that uniform continuous function carries Cauchy 
sequences to Cauchy sequences. Suppose f(D) is not bounded, then 3 dn € D such that f(d,) > 
n, Yn € N, and the sequence (dn) is bounded as D is bounded. So by B-W theorem the sequence 
(dn) has a convergent subsequence (dn,). Now f(dn,) > ni shows that (f(dn,)) is unbounded, which 
contradicts that (f(dn,)) is a Cauchy sequence. 


6.11.82 Problem. If the absolute value of the function f is continuous on (a,b), then the function 
is also continuous on (a, b). True or false? 


6.11.82.1 Solution. False. Counterexample The absolute value of the function of f defined by 


—1, if0<a2 
=h ifr>0 


is |f(x)| = 1 for all real x and it is continuous, but the function f is discontinuous x = 0. 


6.11.83 Problem. If both functions f and g are discontinuous at x = a, then f + is also 
discontinuous at x = a. True or false? 


6.11.83.1 Solution. False. Counterexample: 


Cy ee ee 


z:—4Ga 
g(z)=4+——— ife fa 
f(z) = g(a) = 5 ife=a 


Both functions f and g are discontinuous at x = a, but the function f + g 


x dfízza 


a ifr=a 


(9) = fla) + 9(2) = 


is continuous at 7 = a. 
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6.11.84 Problem. If both functions f and g are discontinuous at x = a, then fg is also discontin- 
uous at x =a. True or false? 

6.11.84.1 Solution. False. Counterexample: Both functions 


wey = { ite and ate) = [7 ifa £0 


2.  ifæx=0 3  ifg=0 


are discontinuous at the point x = 0, but their product 


n2 
sin £ T 
TL ifz #0 


dita = fua - I ifr—0 


is continuous at the point z — 0. 


6.11.85 Problem. A function always has a local maximum between any two local minima. True 
or false? 


zi41 


=z have 


6.11.85.1 Solution. False. Counterexample: The functions f(x) = sec? x and g(x) = 
no maximum between two local minima. 


6.11.86 Problem. For a continuous function there is always a strict local maximum between any 
two local minima. True or false? 


6.11.86.1 Solution. False. Counterexample: The continuous function 


à ufus 
if -—l<<a<l 
241, iflEm«oo 


(a + 2) 
f(z) = 42, 
(a — 2 


) 


does not have a strict local maximum between its two local minima. 
Note: A function f has a strict local maximum at the point z — a if f(a) > f(x) for all x within a 
certain neighbourhood (a — 6,a+ ô), 6 > 0 of the point z = a. 


6.11.87 Problem. If a function is defined in a certain neighborhood of point x = a including the 
point itself and is increasing for all x < a and decreasing for all x > a, then there is a local maximum 
at x =a. True or false? 


6.11.87.1 Solution. False. Counterexample: The function f : IR — R defined by 
——,;, ifrz£z3 
1 ifr=3 


is increasing for all x < 3 and decreasing for all x > 3, but it has no local maximum at the point 
x= 3. 


6.11.88 Problem. If a function is defined on fa, b] and continuous on (a, b), then it takes its extreme 
values on [a,b]. True or false? 
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6.11.88.1 Solution. False. Counterexample: The function f : [—7/2,7/2] > R defined by 


f(a) = Is if x € (—7/2, 7/2) 


0 ifr —-—m,m- 


is continuous on (—7/2,7/2), but it has no extreme values on [—7/2, 7/2]. 


6.11.89 Problem. Every continuous and bounded function on (—oo, oo) takes on its extreme values. 
True or false? 


6.11.89.1 Solution. False. Counterexample: The function f defined by f(x) = tan^! x is contin- 
uous and bounded on (—oo, oo), but takes no extreme values. 


6.11.90 Problem. If a function f is continuous on [a,b], the tangent line exists at all points on 
its graph and f(a) = f(b), then there is a point c € (a,b) such that the tangent line at the point 
(c, f (c)) is horizontal. True or false? 


6.11.90.1 Solution. False. Counterexample: Consider the function f : [—1,1] — R defined by 


/—z, if—-1<xr<0 
f(z) = 
Jt, if0<a<1 


Here we see that f'(c) 4 0 V c € [-1,1] and the tangent is vertical at (0,0) and f(—1) = f(1), so 
there is no horizontal tangent. 


6.11.91 Problem. If on the closed interval [a, b] a function is: 
1. bounded; 
2. takes its maximum and minimum values; 


3. takes all its values between the maximum and minimum values; then this function is continuous 
on [a, b]. True or false? 


6.11.91.1 Solution. False. Counterexample: Consider the function f : [0,1] — R defined by 


1, ifz-0 
f(r)—4z, if0<a<1 
0, ifr—l. 


6.11.92 Problem. If on the closed interval [a, b] a function is: 
1. bounded; 
2. takes its maximum and minimum values; 


3. takes all its values between the maximum and minimum values; then this function is continuous 
at one or more points or subintervals on [a,b]. True or false? 
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6.11.92.1 Solution. False. Counterexample: The function f : [-1,1] — R defined by 


1 ifx=0 
x ifxisrationalr £0,741 
—x if a is irrational 


0 ifx=1 


satisfies all three conditions above, but it is discontinuous at every point on [—1, 1]. 


6.11.93 Problem. If a function is continuous on [a,b], then it cannot take its absolute maximum 
or minimum value infinitely many times. True or false? 


6.11.93.1 Solution. False. Counterexample: The function f is defined on [1,4] by 


3 if x € [1,2] 
f(t) =¢ 7-22 if € [2,3] 
1 if x c [3,4]. 


6.11.94 Problem. If a function f is defined on [a,b], and f(a)f(b) < 0, then there is some point 
c € (a,b) such that f(c) = 0. True or false? 


6.11.94.1 Solution. False. Counterexample: The function f is defined on [—1, 1] by 


and f(—1)f(1) = —1 < 0 but there is no point c € [-1,1] such that f(c) = 0. 


6.11.95 Problem. If a function f is defined on [a,b], and continuous on (a,b), then for any N € 
(f (a), f(b)) there is some point c € (a,b) such that f(c) = N. True or false? 


6.11.95.1 Solution. False. Counterexample: The function f below is defined on [3,4] by 


1 ifzc(34 
w= D. Pa un 


and continuous but for any N € (f(a), f(b)) there is no point c such that f(c) = N. 


6.11.96 Problem. If a function is discontinuous at every point in its domain, then the square and 
the absolute value of this function cannot be continuous. True or false? 


6.11.96.1 Solution. False. Counterexample The function 


1 if zis rational 
f(x) = PENS 
0 if a is irrational 


is discontinuous at every point in its domain, but both the square and the absolute value 


f(x) =le =1 


are continuous. 
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6.11.97 Problem. A function cannot be continuous at only one point in its domain and discontin- 
uous everywhere else. True or false? 


6.11.97.1 Solution. False. Counterexample: The function 


T: if x is rational 
f(x) = Sh tents Cr 
—z; if x is irrational 


is continuous at the point x = 0 and discontinuous at all other points on R. It is impossible to draw 
the graph of the function y = f(x). 


6.11.98 Problem. Let f : R— R defined by 


Cah ina (1--sinzz)— 1 


too (1+ sin zz)! +1 


Show that f is discontinuous at the points 0, 1, 2,...,n,..... 


6.11.98.1 Solution. For x — n, we have 


UE 
fuga gri 


For x = zo, where 2n < zo < 2n +1, we have 0 < sinzzo < 1 and hence 


: = 1 
1+sin72x9)' — 1 l-— edis 
1 
1+sin 7x0)? 


f(xo) = lim ( E. 


t2o0 (1--sinzzo)! +1 t colt 7 


On the other hand for x = zo, where 2n + 1 < xo < 2n + 2, we have —1 € sin zo < 0 and hence 


.. (1 sinzzo)!— 1 
fe m rm sin axo)! + 1 


Thus f has discontinuities of the first kind at the points 0, 1, 2,...,n,..... and the result follows. 
6.11.99 Problem. Let f : R — R defined by 
f(x) = lim v4(r) where 


:n2 31 
TNCS aie Sin NTT 


too sin? nlng + 127 
Show that f is totally discontinuous.! 


6.11.99.1 Solution. Let us first consider f(x) for rational values of x = p/q where p,q € Z \ {0} 
and prime to each other. By taking m sufficiently large n!zx is an integral multiple of m for any 


lFirst discussed by Hankel, who was the first to classify functions as continuous, point-wise discontinuous and 
totally discontinuous and to discuss the characteristic properties of discontinuous functions. See Math. Ann. Vol. 20 
(1882), page 89. 
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given value of zx. We need at most to put n = q. For any such value of x, we have sinn!ax = 0 and 
hence 


"m sin? nire A sut 
f(z) = lim lim —, = lim lim 
n—oo t—>0 sin 


= 0. 


nina +t?  n=>œt>0 0 +t? 


If x is irrational, we have x 4 p/q and hence for all values of n however large we have sin? nlng > 0, 
hence 


. . sin? nra ] : 1 
IU an nee eee Tq ES 
sin” nma + Snel 


Thus 


0, if x is rational 
f(x) = 


1, if x is irrational. 


f is totally discontinuous, that is, it is discontinuous for every value of x. 


A discontinuous function is said to be point-wise discontinuous in a given interval if the points 
of continuity are everywhere dense but do not form a closed set. 


6.11.100 Problem. A sequence of continuous functions on [a,b] always converges to a continuous 
function on [a, b]. True or false? 


6.11.100.1 Solution. False. Counterexample: The sequence of continuous functions 
fn(x) = x”, forn e N 


on [a, b] converges to a discontinuous function when n — oo 


t if x € [0,1) 


lim falx) = 
sim, fete) 1 ifx=1. 
6.11.101 Problem. A monotone function f : [a,b] —^ R has only countably many discontinuities. 
Conversely, if S C [a,b] is countable, then there is a monotone f : [a,b] — R such that 


S = {x € [a,b]; f is discontinuous at x]. 


6.11.101.1 Solution. Let f be increasing. Thus for every x, f(x+) and f(x—) exist. Let w(x) = 
f(a+) — f(x—) (the ‘jump’ of f at x). Then f is discontinuous at x if and only if w(x) is positive. 
For n € N, let $, = {a;w(x) > 1/n}. If pi,..,p, are k distinct points of Sn, then the sum of the 
‘jumps’ in pi, ..., pk is at most f(b) — f(a). Thus surely k/n < f(b) — f(a) ie. k € n(f(b) — f(a)). So 
Sn consists of only finitely many points. Consequently, |) Sn the set of points of discontinuity of 
f is countable. 


Conversely, let S be a countable set in [a,b] with an enumeration (x1, 22,...). Define functions 
fi fa; ids .. as follows: 


ncN 


—n ", if < Tn 
fr(z) = 0, iba = 93; 


: ifr x 
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and let f = $57 , fn. (Since |fn(x)| < n^? for all x, the series converges uniformly.) Each fn, is 
increasing, hence so is f. Let x d S. Then each function fı + fo +.. + fk is continuous at x and so 
is the uniform limit, f. Now let x € S. Then z = x; for some i and f = f; + 2 ud fj. By the same 
argument, $7 ji f; is continuous at x. But f is not. Then f is not continuous at x. 


6.11.102 Problem. Let R 
i 


Show that A is a Gs set in R. Construct a real-valued function on R that is continuous exactly at 
the points of A. 


6.11.102.1 Solution. Choose e; > 0 such that e; < i for each i € N, and that the intervals 
(i — &, i + €i) are pairwise disjoint. Call the family of these intervals G4. Form the same with 
intervals of radius e;/2, and call the family of these intervals Gz. Continue to form G3, G4, ... etc. 
Then (X5, G; is the set A. 

The function is, for example, 


_ JD(x)sin(Z), ife 40 
wh ifz-0 


where D(x) is the Dirichlet function. Show that z:9(x)(r) does not have one-sided derivative at 0. 
Dirichlet function is the characteristic function of the set of irrationals. 


6.11.103 Problem. Show that the function defined on R by 


a sin (Z), fora #0 


f(z) = 0, for x = 0. 


where 9 is the Dirichlet function and is continuous exactly at the points in the set 


{rien}. 


6.11.103.1 Solution. Follow the previous problem. 


6.11.104 Problem. Give an example showing that the condition “to be open" for the sets Gn in 
the statement of the Baire Category Theorem cannot be relaxed. 


6.11.104.1 Solution. Consider, for each natural number N, the set 
Qn = fz € [tp e Ze Nand g > N}: 


where each rational number is represented by its irreducible fraction (i.e., numerator and denomi- 
nator have no common factors). Observe that Qx is dense in [0,1]. However, 


() Qn = 0. 
N=1 


6.11.105 Problem. Prove that if f : IR — R, then the set of points of continuity is Borel. 
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6.11.105.1 Solution. For every positive integer n let 


1 
Ly = fi C R; I is an open interval and sup f — inf f « \ 
$ TL 


and let 


An=( J= |] 


ICI, 


By Cauchy’s criterion, any a € R is a point of continuity of f if and only if 


VneN3IeZ,acI, 


or equivalently 
ncN,acA,. 


Therefore, the set of points of continuity is (l en An, that is in Gs. 


6.11.106 Problem. Give an example of a function f which maps a Cauchy sequence to a Cauchy 
sequence, but f is not continuous 


1 ifzc«0 
x dzr50. 


6.11.106.1 Solution. Let f : R — R defined by f(x) = | 


6.11.107 Problem. Let f : R —> R be a continuous periodic function of period 1. 
1. Prove that the function is bounded above and below and that moreover, it attains its bounds. 
2. Show that there exists zo such that f(zo + 7) = f(xo). 


6.11.107.1 Solution. 


1. Note that f(1) = f(0-- 1) = f(0) and f(2) = f(1-4- 1) = f(1). Thus by periodicity, bounds of 
f on R and f on [0,1] are same. Again, as f is continuous on [0, 1], hence it is bounded and 
attains its bounds. 


2. Let M = sup(f(x);z € R} and m = inf(f(x);z € R}, then d a,b € R such that f(a) = M 
and f(b) = m. Consider the function ¢ defined by ó(x) = f(x +7) — f(x). So, we see that 
(a) = f(a+7) — f(a) « 0 and $(b) = f(b+7) — f(b) > 0, hence by IVP, 3 zo lying between 
a and b such that $(zo) = 0 — f(xo + T) = f (xo). 


6.11.108 Problem. 


1. Let f : [0,1] —^ R be a function with the following property: For every real number y, either 
there is no z in [0, 1] for which f(x) — y or that takes on each of its values exactly twice. Show 
that f cannot be continuous at every point. 


2. Construct a function f which has the above property. 


6.11.108.1 Solution. 
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1. Suppose that f is continuous [0,1], so it will attain maximum and minimum values, and since 
it takes on each of its values exactly twice, hence d c1, co, di, dz all distinct. Without loss of 
generality, consider cı < dı < c2 < dz and 


f(c) = f(c2)= max f(x), f(di) = f(d2)= min f(x), 


xe[0,1] xe[0,1] 
egaga MEME) a a S < po 


fida) < EDENO < fer), fida) < H0 TU < fos), 


and A t f(di) | Flea) + f(di) _ Flea) + Fda) _ flea) + f(dz) 


2 2 2 E 2 E 
Hence by IVT 3 mı € [c1, di], 3 m» € [di, c2], and 3 ma € [c2, di] such that 
f(m) = Tier H0) = f(m) = Ties) r an) = Fray = Pea) + H0) 


then this implies f takes values at least thrice, a contradiction. Thus f cannot be continuous 
at every point. 


2. Consider [0,1] = (QF n [0, 1]) U (QA 0, 1]) and write QN [0, 1] = (1,22, ...,25...). Define 
fe — itwe (0,4) Ne 
roh, 


and f(xo4 1) = f(zo4) = n. 


Then if x = y, then it is clear that f(a) = f(y). That is, f is well-defined. And from construction, 
we can observe that the function defined on [0,1] with the property in the problem. Now, we show 
that the set D(f) of discontinuities of f is [0,1]. Given a € [0,1]. Note that since f(x) € N for all 
x € Qn [0, 1], and Q is dense in R, for any ball B(a;7r) N [0, 1] à Q there is always a rational number 
y € B(a;r) n [0,1] AQ such that |f(y) — f(a)| > 1. 


6.11.109 Problem. A function f : R — R is such that for every y in the range set of f, there are 


exactly three preimages of y in R. Does there exist any such continuous function satisfying above 
property? 


6.11.109.1 Solution. Yes, there is a continuous function defined as follows: 
Consider the function f : IR — R defined by 


T, if-—2<2<0 
=T, if0<a<l1 
f(x) = 42-2, ifl<a<3 
—r-c4, if8<a2<4 
x —A, if4<a4<5 


Sketch the graph of f(x). 
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6.11.110 Problem. Suppose that f : (0,00) — [a,b] is continuous and for any real y, either there 
is no x € (0,06) for which f(x) = y or there are finitely many z in (0,00) for which f(x) = y. Prove 
that lim; o5 f(x) exists. 


6.11.110.1 Solution. We partition into n subintervals. Then, by continuity and the given property, 
as x is large enough, f(x) is lying in one and only one subinterval. Given e > 0, there exists N such 
that 2/N < e. For this N, we partition [a,b] into N subintervals, then there is an M > 0 such that 
as x,y > M 


|f (x) — (y)] € 2/N < e. 


So, lim; ,s5 f(x) exists. 


6.11.111 Problem. If f : [0,oc) — R is continuous, and lim, ;,5 f(x) exists, show that f is 
bounded on [0, oc). 


6.11.111.1 Solution. Since lim,_,. f(x) exists, let lims f(x) = L, then Ve» 0,4 M > 0 
such that x > M > L—e < f(x) « L+e. Thus f is bounded on (M,oo). Since f is continuous 
on [0, M] so, 3 Mj > 0 such that f(x) € M; V x € [0, M]. Let m = max(Mij, L + e), Hence 
|f (z)| < m V z € [0, oo). 


6.11.112 Problem. Justify the definition of the limit that can be reformulated as follows: 
limy+a f(x) = A if V ô > 0 3 e > 0 such that |f(x) — A| < e => |x — a| < ô. 


6.11.112.1 Solution. However, it is not sufficient to guarantee the existence of the general limit. 
r?, ifrcQ 

0,, ifee Qe’ 
one guarantees that for all f(x) such that |f(z)| = |x|? < e, we obtain |x| < 6 for the corresponding 
values of x. However, the general limit does not exist, because there are two different partial limits: 
lim; ,0,:co f(x) = 0 and lim, ,o,:eoc f(x) = 1. 


For example, if f(x) — a = 0 and A = 0, then by choosing e = 6? for any ô < 1 


6.11.113 Problem. Justify the definition of the limit that can be reformulated as follows: 
limsa f(x) = A if V ô > 0 3 e > 0 such that |z — a| < ô => |f(z) — Al < e. 


6.11.113.1 Solution. For example, Dirichlet’s function 


1, ifreQ 


PS n ifz c QC 


which actually does not have a limit at any point, satisfies the above "definition" with an arbitrary 
a and A = 0 if one chooses e = 2 for every 6 > 0. 


6.11.2 Remark. The condition of the statement implies boundedness of f(x) in any deleted neigh- 
borhood of the point a. 


6.11.114 Problem. Assume that the function f : (a,b) > IR has the following property at a point 
c € (a,b). 


1. Ve >056>0 such that V x € (a,b) |f(z) — f(c)) < € => |z — e| < ô. 


2. Yô 2 0de 0 such that V x € (a,b) |f(x) — f(c)| < € > |z — c| < ô. 
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3. Vd > 04 €>0 such that V z € (a,b) |x — e| < ô > |f(x) — f(c)| < e. 


What can one say about the continuity of f at c? 


6.11.114.1 Solution. We shall find three functions that will satisfy the stated implications in 1), 
2) and 3) respectively, but neither of them will turn out to be continuous at the point c. This 
means that the order of the quantifiers as well as the direction of the implication in definition () of 
continuity are essential. 


1. Let us define the function f by 


rcl, ifz»l. 


wi ifa<1 


Clearly, this function is continuous on the set IR \ {1}, while it has a first order discontinuity 
at the point c = 1. Let us show, however, that f does have the stated property at the point 
c= 1. To that end, for e > 1 we put 6 = e — 1. Then for every x € R, we get 


f(x) = f] «ec Ir = 1| < ô. 


we put simply ô = e. Then the set of points x > 1 that satisfy the inequality 


For e < 1, 
— f(1)| < € is empty, hence the implication above is true. For z < 1, we get 


HG 
f(x) - F| «ee |z- 1| « e. 


2. Let us define the function f by 
g^. df et 0 
wh ifr=0 


has a removable discontinuity at c = 0, while it is continuous on the set R \ {0}. Let us show 
that it satisfies the stated condition at the point c = 0. For given 6 > 0 let us choose e such 
that 1 < e < 1+8? (say e = 1 + 02/2). Then for every x € R \ {0}, we get 


|f(z) — f(0)| = |z? — 1| <a? +1 < € 
>| -0| = ylz|? +1- 1< ve=1< ô. 


3. Let us define the function f by 

z? —4r+5, ifr>2 
f(x) = 40, ifx = 2 
—3?-F4y —5, ifz «2. 
'This function has a first order discontinuity at the point c — 2, and is continuous on the set 
R \ (2). Let us show that it satisfies the stated condition at the point c = 2. For given ô > 0 
let us choose e such that e = 1 + ó?. Then for every x € R, we get 

ja — 2| < ô 
=>|f(x) — f(2)) =1+ (z - 2) <1+8 «e. 
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6.11.115 Problem. Let f : IR 2 R be bounded, and in every closed interval it attains its supremum 
and infimum there. Is it continuous on IR? Prove your assertion. 


0, iízeQ 
1, ifre QC. 


6.11.115.1 Solution. Consider the function f(x) = f 


6.11.116 Problem. Let f : [0,1] — R be continuous, and f(0) = f(1). Prove that for each 
né€N4ze [0,4] such that f(x) = f (x+ 1). 


^n 


6.11.116.1 Solution. This problem is a part of the "Universal Chord Theorem”. Let n > 1, and 
g : [0,1 — +] +R be a function defined by g(x) = f (x + +) — f(a). If g(x) Z OV zı [0,1 — +] then 


n 


either g(x) > 0 or g(a) < 0. Hence the sum haa g(*) is either positive or negative, but the sum 


IO -r(z)- 195 (S) -4 G) r0 - (=) =0, 


gives a contradiction. Hence 3c € [0, 1] such that f(c) = f (c++). 


E e n 


6.11.117 Problem. Prove that, if f is an increasing continuous function from [a,b] — [a,b] such 
that f(a) =a, and if E = (x € [a,b]; f(x) > x}, then f(E) = E. 


6.11.117.1 Solution. If x € E, then f(x) > x => f(f(x)) > f(x), as f is increasing. Hence 
f(x) € E => f(E) € E. Now we show that E C f(E). Let y € E, then f(y) > y. If f(y) = y, then 
y € f(E). If f(y) > y, then f(a) 2 a < y < f(y), so 3x € [a, y] such that f(x) = y, (by Intermediate 
Value Theorem). Then f(z) = y 2 x > <x € E and y € f(E). Thus E C f(E). Hence f(E) = E. 


6.11.118 Problem. Suppose f : R — R is continuous, such that lim, f(x) = 0 and lim4 455 f(x) 
0. Prove that f is bounded on R and attains either a maximum or a minimum or both on R. 


6.11.118.1 Solution. Let € > 0 then 3 Mi, M» > 0 such that |f(z)| « e V x < -Mı and 
|f(x)| < € V x > Ms, Since f is continuous on [- Mi, M3], f is bounded on [-.Mi, Mə]. Thus f is 
bounded on R. 


6.11.3 Note. If f(x) » 0 Vx € R, then f does not attain a minimum. If f(x) « 0 Vx € R, then 
f does not attain a maximum. If J x € R such that f(x) = 0, then f attains both maximum and 
minimum. 


6.11.4 Example. 


ye: Pd iflz| 21 


x, if-l<a<l 


6.11.119 Problem. Give an example of a bounded continuous function f : R — R with both 
sup{ f(x); € R} and inf( /(z); x € R} ¢Rangef. 


6.11.119.1 Solution. f : R — R defined by f(x) = tan !z and f(R) = (—-/2,-/2) but 
SUDsem f(z) x 1/2, infzem f(x) = —1/2 ¢ (—7/2, 1/2). 


6.11.120 Problem. Give an example of a continuous bijective function f : R — R such that f~! 
is not continuous. 
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6.11.120.1 Solution. Define f : [0, 1) U [2,3] > [0,2] by 


ee if x € [0, 1) 
f(z) = 2 if x € [2,3]. 


Then f is continuous and bijective, but 


is not continuous. 


6.11.121 Problem. Let a,b € (0,4) and let g be continuous real valued function such that 
g(g(x)) = ag(x) + bx V x € R. Prove that g(x) = cx for some c € R. 


6.11.121.1 Solution. Note that g(x) = g(y) implies 


g(g(x)) = g(g(v)) = ag(x) + bx = ag(y) + by 
>rt=y 


by the given equation. That is g is injective. Since g is continuous, g is either strictly increasing 
or strictly decreasing. Moreover, g cannot tend to a finite limit L as x — oo or else we would have 
g(g(x)) — ag(x) = bz, with the left hand side bounded and the right side is unbounded. Similarly g 
cannot tend to a finite limit as x — —oo. Together with monotonocity, this gives g is also surjective. 
Pick zo arbitrarily, and define x, V n € Z recursively by 


Inti = g(z4), ifn >0 
Tn—-1 = g (En), ifn <0 


Now, g(g(z4)) = ag(£n) + ban = Un42 = AXn41 + ban, if the a, 8 be the solutions of this equation 
so that œa > 0 > 8 and 1 > |a| > |8| then £n = cra” + c38" V n € Z. Suppose that g is strictly 
increasing. If c2 Æ 0 for some choice of xo, then £n is dominated by (” for sufficiently negative values 
of n. But taking zr, and r4,2 sufficiently negative of the right parity, we get 0 < £n < r445 but 
g(x4) > g(an+2) a contradiction. Thus c» = 0. Since zo = cı and zı = cio, we have g(x) = az V z. 
Analogously, if g is strictly decreasing, then c2 = 0 or else £n is dominated by a” for n sufficiently 
positive. But taking x, and £n+2 sufficiently positive of the right parity, we get 0 < z,42 < £n but 
g(25n42) < g(£n), a contradiction. Thus in that case, g(r) = Bx V x € R. 


6.11.122 Problem. 


1. Prove that, if f : R — R is a continuous injection then it is either strictly decreasing or strictly 
increasing. 


2. Let f : R — R be continuous injection. Prove that if there exists n such that n-th iteration of 
f is identity, i.e. f"(x) =x, V x € R, then 


(a) f(x) 2 z, V x € R, if f is strictly increasing, 
(b) f?(z) =a, V x ER, if f is strictly decreasing. 


3. Let f : R — R be such that f?(x) = —z V x € R, then f can never be a continuous function. 
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6.11.122.1 Solution. 


1 


3. 


. Suppose that there are a,b,c € R and such that a < b < c, and f(a) > f(b); f(b) < f(e). By 
the intermediate value property, for every p such that f(b) « p « min{f(a), f(c)} there are 
q € (a,b) and r € (b,c) satisfying f(q) = p = f(r). Since f is injective, q = r, contradicting 
the fact thata<q<b<r<e. 


. It follows from the result in the previous problem that f is either strictly decreasing or strictly 
increasing. 


(a) Let f be strictly increasing and there is x € R such that f(x) Æ x Let, f(x) > a. Then 
f?(@) > f(x) > x and ultimately x = f^(z) > f" (x) > ... > f(z) > x implies z > x 
contrary to our assumption. Similar arguments apply to the case f(x) < a. 

(b) If f is strictly decreasing, then z > y implies f(x) < f(y) and f?(x) > f?(y) which shows 
that f? is strictly increasing. Since f"(x) = x, we get f/?"(z) = x, which means that the 
n-th iteration of f? is the identity. Therefore, by (a), f?(x) = x. 


We show that f is injective. Indeed, if f(x) = f(y), then —z = f?(x) = f?(y) y. Hence 
x = y. It follows from (1) that if f were continuous, then it would be either strictly increasing 
or strictly decreasing. If f is increasing, then 


e>y=> f(x) > fy) > P(x) > Py) > -r> -y> y> r, 
a contradiction. And if f is decreasing, then 
e>y=> f(x) < fy) > Px) > Py) > -r > -y> y> r, 


a contradiction. Hence f is not continuous. 


6.11.123 Problem. Let f : [a,b] — R is bounded above and g : [a,b] — R is defined by 


f(a) ifr—a 
g(x) = i 
sup{f(t);t €[a,z]) ifz € [a,b]. 
Prove that 
1. Show that g is a well-defined function. 


2 
3. 
4 
5 


. g is increasing, 
if f is increasing, then g — f, 
. if f is continuous, then g is continuous. 


. If f : [-1,1] > R is given by f(x) = x — z?, then find g. 


6.11.123.1 Solution. 


1 


. Suppose that x — y, then 


[a, x] = [a, y] 
={f(t);t € [a,c]} = {f (tit € [a, yl} 
= sup{f(t);t € [a, z]] = sup{ f (t); t € [a, y]} 
= g(x) = g(y). 
Thus g is well-defined. 
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2. Let x > y then [a, y] € [a, £] implies 


{Ft € [a ¢)} 2 {F ¢);t € la, yl} 
= sup{ f (t); t € [a,2]} > sup{ f (t);t € [a, y]) 
=>9(x) 2 g(y). 


Thus g is increasing. 
3. As f is increasing, g(x) = sup{ f (t); t € [a, £]} = f(x), so g(x) = f(x) V x € [a, 0]. Thus g = f. 
4. To prove that g is continuous, let c € [a,b], then f(c) € g(c). Then 3 6 > 0 such that 


Vt€(c—ó,c- 6), g(t) = g(c). Let (£n) be a sequence such that £n — c, then 3 m € N such 
that n > m implies x, € (c — ô, c + ô), so, g(an)(= g(c)) ^ g(c). Thus g is continuous. 


5. We see that f(x) = x — z? = 1/4 — (1/2 — x)? i.e. sup(f(z);z € [-1, 1]] = 1/4 which occurs 
at x = 1/2, and g(x) is increasing in [-1, 1/2] and decreasing in [1/2, 1], hence 


| jz-z? ifze[-1,1/2] 
gla) = ie if x € (1/2, 1]. 


6.11.124 Problem. If g is continuous at L and f(x) > L as x — a, prove g(f(x)) > g(L) as 
x a. 


6.11.124.1 Solution. Let € > 0, then d ôo > 0 such that 


g(N(L;09)) € N (g(L); €), 


since f(x) > L so, 3 ô > 0 such that 


f(N(a;6)) € N(L; 60). 
'Then 


g (F(N (a; 8))) € g (N(L;0o)) € N (g(L); €) 
=>(g o f) (N (a; 8)) € g (N (L; 40) € N (g(L); €) 
=>(g 0 f)(x) > g(L) as x > a. 


6.11.125 Problem. Prove or provide a counterexample of each of the following: 


1. A function f: (a,b) > R that is differentiable on (a,b) but not uniformly continuous on (a, b). 


2. A function f: (a,b) — R that is uniformly continuous on (a, b) but not differentiable on (a, b). 


3. A continuous function f: IR — IR and a closed subset G C R such that f(G) is not closed. 
4 


. A continuous function f: R — R and a open subset H C R such that f(H) is not open. 


5. An injective function f: R — R that is continuous on R and G C R is open such that f(G) is 
not open. 


6.11.125.1 Solution. 
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= la. 
|x| in (—1, 1). 


1. Example: f(x 
2. Example: f(x 
( 


) 
= 
3. Example: f(z) =e”,G=R => f(G) = (0,0). 

) 


4. Example: f(z) =O0Va2eER,H=R= f(A) = (0). 


5. Ans: No such example exists. 


6.11.126 Problem. Give an example of a non-constant continuous function f : R — R and an 
open set G such that f(G) is not open. 


6.11.126.1 Solution. Define f : (0,1) > [0,1] by 


0. if x € (0, 5], 
f(v) = 4 3x-1, ifxe [4,3], 
1, ifr € [2,1). 


6.11.127 Problem. Give an example (with proof) of a function f : R > R which is bounded and 
continuous but not uniformly continuous on R. 


6.11.127.1 Solution. Define f : (0,1) > R by f(x) = cos (1/z), we see that f is continuous, now 
consider the sequences £n = 1/n and y, = 1/(n + 1), then |£n — y4| — 0 but |f(z4) — f(yn)| = 
|cos nr — cos (n+ 1)r| = 2 ^ 0. 


6.11.128 Problem. Show that given any continuous function f : R — R, there exists a zo € [0,1 
and an m € Z \ {0} such that f(xo) = mazo. In other words, the graph of f intersects some 
nonhorizontal line y = mx at some point xo € [0, 1]. 


6.11.128.1 Solution. The following three cases are possible: 


1. f(0) = 0. Then let zo = 0 and let m € Z \ {0}. Clearly f(xo) = f(0) = 0 = m.0 = mao. 


2. f(0) > 0. Choose N € N satisfying N > f(1) (that such an N exists follows from the 
Archimedean property). Consider g : [0,1] — R defined by g(x) = f(x) — Nz,« € [0,1]. 
As f and z ++ Nz are continuous, so is g. Note that g(0) = f(0) — N.0 = f(0) > 0, while 
g(1) = f(1) — N < 0. Applying the intermediate value theorem to g (with y = 0), it follows 
that there exists a zo € [0, 1] such that g(xo) = 0, that is, f(xo) = Nao. 


3. f(0) < 0. Choose an N € N such that N > — f(1) (again the Archimedean property guarantees 
the existence of such an N), and consider the continuous function g : [0,1] —^ R defined by 
g(x) = f(x) + Na. We observe that g(0) = f(0) < 0, and g(1) = f(1) 4- N > 0, and so by the 
intermediate value theorem, it follows that there exists an xo € [0, 1] such that g(xo) = 0, that 
is, f (zo) = —N zo. This completes the proof. 


6.11.129 Problem. Prove that there does not exist a continuous function f : R — R such that 
assumes rational values at irrational numbers, and irrational values at rational numbers, that is, 


f(Q) € R \ Q and f(RXQ) CQ 
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6.11.129.1 Solution. Suppose that such a continuous function exists. From the part above, it 
follows that there exists a xo € R and a m € Z \ {0} such that f(xo) = mao. We have the following 
two possible cases: 


1. £o € Q. But then f(xo) is irrational, while mzo is rational, a contradiction. 
2. zo d Q. But then f(xo) is rational, while mz is irrational, a contradiction. 
So f cannot be continuous. 


6.11.129.2 Solution. A direct proof of the above problem, using cardinality arguments goes as 
follows: Suppose to the contrary that an everywhere continuous function f : R > R exists with 
f(Q) € R\ Q and f(R\ Q) C Q. It follows that f takes at least two values, one rational and one 
irrational, say p and q. By the intermediate value theorem, since f is continuous, f assumes all 
values in [p,q], where without loss of generality, p < q, and since p Æ q, we get that the set [p,q] 
is uncountable. On the other hand, the set f(Q) is countable, since Q is countable. Further, since 
f(Q€) € Q, f(Q€) is countable and consequently f(R) is countable. This contradiction shows that 
f can not exist. 


6.11.129.3 Solution. We observe that f(IR) is countable. For f(R) = f (QF) U f(Q) is countable. 
But then f (QS) must be a singleton, since if it contained two distinct points a < b, then it would 
also contain the whole interval [a,b] by the intermediate value theorem, and f(R) would then be 
uncountable. A similar result for f(Q). Suppose that f(R) = {x'}. But f(0) = 2’ = f(v2) gives a 
contradiction. 


6.11.129.4 Solution. Consider the function f which is continuous at each irrational but discon- 
tinuous at each rational. Suppose, to the contrary, that a continuous function ¢ : R — R exists 
that maps rationals to the irrationals and the irrationals to the rationals. Let h(x) = f($(x)). Then 
for x € Q, ó(x) is irrational and so f is continuous at ¢(2) and $ is continuous everywhere by 
hypothesis; hence we observe that h is continuous at each x € Q. For an irrational number y, let 
(£n) be a sequence of rationals that tends to y. Then limno h(an) = limn+o f(ó(x4)) = 0, since 
Zn € Q implies that $(r,) is irrational and hence f(¢(x,)) = 0. However, h(y) = f(é(y)) 4 0, 
since y is irrational and so ¢(y) is rational. Hence h is discontinuous at each irrational number, 
contradicts the above proof, thus completing the proof. 


6.11.129.5 Solution. Assume that such a function f exists. Then, f(R)(— f(Q)U f(Q°%)) is 
countable, say f(R) = (z4;n € N}. Then R = UP, f~! (xn), and the Baire Category Theorem 
implies that for some n € N, f^ !(x,) contains an interval J. However, J contains both rational and 
irrational numbers, and so its image cannot be a single number £p. 


6.11.130 Problem. 


1. Does there exist a map from Q onto Q^? 
2. Does there exist a continuous map from R onto QC? 


6.11.130.1 Solution. 


1. No (cardinality reasons). 


2. No (connectedness). 
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6.11.131 Problem. Suppose that f : IR — R and there exists a M > 0 such that for all x € 
R,|f(x)| € M|v|. Prove that f is continuous at 0. 


6.11.131.1 Solution. Hint: Find f(0). 


6.11.132 Problem. Let .A be the set of all sequences whose elements are the digits 0 and 1. Then 
A is uncountable. 


6.11.132.1 Solution. Let B be a countable subset of A, and let A consists of the sequences s1, $2, .... 
We construct a sequence s as follows. If the n-th digit in s, is 1 we let the n-th digit of s be 0, and 
vice versa. Then the sequence s differs from every member of B in at least one place; hence s ¢ A. 
But clearly s € A, so that B is a proper subset of A. We have shown that every countable subset 
of A is a proper subset of A. It follows that A is uncountable (for otherwise A would be a proper 
subset of A, which is absurd). 


6.11.132.2 Solution. Here, A = 2". Then show that |P(N)| = 251 > |N]. 


6.11.133 Problem. Construct a real-valued function on [0,1] that has a limit at each point but is 
not continuous at infinite countably many points. 


6.11.133.1 Solution. Let 


0, otherwise. 


1 : x 1 
ia-[ pueden 


6.11.5 Example. The function 
1, ifzeQ, 


wh if z € Q 


is called the Dirichlet function. It is discontinuous everywhere. 
6.11.6 Note. lim, ,4 f(g(x)) = f (lim; 4 9(x)), provided f is continuous. 


6.11.134 Problem. Give an example of a function f defined and strictly increasing os a set S C R, 
such that f^! is not continuous on f(S). 


if 0,1 
6.11.134.1 Solution. Let f(r) = ia Fu 5 A ) f strictly increasing os [0, 1]. 
, ife=2. 
if 1 
And f^ l(z)— n eu j n is not continuous on f(S) = [0,1]. 
, ifg=1. 


6.11.135 Problem. Let f be strictly increasing on a subset S of IR. Assume that the image f(S) 
has the one of the following properties: 


1. f(S) is open. 
2. f(S) is connnected. 
3. f(S) is closed. 


Prove that f must be continuous on S. 
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6.11.135.1 Solution. 


1. Given that f is strictly increasing on S C R. Since f(S) is an open subset of R, then f(S) is 

the countable union of disjoint open intervals. Let f(S) = U% 4L, (the open intervals.) We 
show that f is continuous on S. 
Let € > 0 and a € S. Then f(a) € f(S). Since f(S) is open d 0 < e < esuch that B(f(a);e') C 
f(S). Choose y = f(a) — €'/2 and ys = f(a) + €/2, then let yı = f(r1) and ys = f(x) for 
some z,,x3 € S. Since f is increasing, z; < a < zə implies f(x,) < f(a) < f(x), so for 
x € (z1,22), f(z1) < f(x) < f(x), thus f(x) € B(f(a);e). Let 6 = min(a — 21, £2 — a), then 
B(a;ô) N S = (a—6,a+6)NS € (a1, 22) à S which shows that 


f(B(a;4)n S) € B(f(a);€) € B(f(a);e). 
Hence f is continuous. 
2. Since f/(S) C R is connnected, so f(S) is an interval of the type 
I = (a,b), [a, b), (a, b] or, [a, b]. 


Here we consider only the two cases 
(a) for x € S, f(a) is an interior point and 
(b) f(a) is the end point of I. For both cases, the proof is similar to (1). 


3. Hint: Given a € S then f(a) € f(S). Since f(S) is closed, we consider the cases 
(a) f(a) is an isolated point, and 
(b) f(a) is an accumulation point. 


6.11.136 Problem. Let f: [a,b] — R be continuous, and assume that f(a) < 0, f(b) > 0. Let 
W = (x € [a,b]; f(x) < 0}, and let w = sup W. Prove that f (w) = 0. 


6.11.136.1 Solution. If possible, let f(w) > 0, then 3 0 > 0 such that f(x) > 0 V x € N(w;iói) 
which implies W N N(w;6,) = 0 which means that there is no x € W such that zr > w — 6; 
contradicting that w = sup W. Again, if f(w) < 0, then d 62 > 0 such that f(x) < 0 V z € N(w; 62) 
which implies 3 z € W such that x > w, again a contradiction. Thus f(w) = 0. 


6.11.137 Problem. Let f : R  R, consider the funtions f; by 
fi(@) = sup{|f (u) — f(v)I;u, v € B; 1/i]j, 
where i € N, x € R. Define again, 
Ain = iz € R; fi(z) < 1/nj,n EN, 


and 
Ay, R U Ain, n € N. 
i=1 
Now let 
C = (x € R; f is continuous at x]. 


Express C in terms of Ay. 
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6.11.137.1 Solution. Left to the reader. 


6.11.138 Problem. Check for uniform continuity for the function f(x) = sin(sin(z?)) on R. 


6.11.138.1 Solution. Consider the sequences (£n), (Yn) defined by £n = V2nm,y, = y 2NT + 1/2. 


6.11.139 Problem. Let f : [a,b] — R, be such that for every x € [a,b] 3 6, > 0 such that f is 
bounded on N(x, ôs). Prove that f is bounded on fa, b]. 


6.11.139.1 Solution. 


Let A = {N (x, ôs); x € [a,b] such that f is bounded on N(z,0,)). We see that A is an open cover 
of [a, b]. Since [a, b] is compact, so by Heine-Borel theorem 3 21,22, .., £n, such that 


TL 


[a,5] € LJ N (zi, &,). 


i=l 


Now, let |f(a)| € M; for all x € N(a;,6,,) and let maxj<j<n{Mi} = M, then |f(x)| € M for all 
x € [a,b]. Thus f is bounded. 


6.11.139.2 Solution. Suppose that f is not bounded in [a,b]. So, for each n € N 3 avy € [a,b 
such that f(z4,) > n, thus (£n) is a bounded sequence in [a,b], hence there exists a convergent 
subsequence (r4,) of (£n). Suppose, (z4,) converges to c € [a,b], then 3 e > 0 such that f is 
bounded in N(c;e) C [a,b]. Suppose that for some M > 0, |f(z)| € M for all x € N(c;e). Since 
(nx) is increasing 3 nj > M. And N(c;e) contains a tail Eng, 24, Engg Of (Enp) > £n, € 
(c—e,cte) Vk > r= max{p,q} ie. £n, € N(cie) > f (£n) > n. 2 Np > M, a contradiction. 


6.11.140 Problem. Show that |logx — log y| < |x — y| V x,y € [1, oo). Use this inequality to prove 
that log x is uniformly continuous on [1, oo). Also show that log is not uniformly continuous on 
(0, 1]. 


6.11.140.1 Solution. Let f(z) = logx and assume that x 4 y. The MVT implies 3 £ € (x, y) such 


n fle) = fü) 
ud E y = $ = —. 
29 - pe) 
When € > 1,0 < t < 1. So |f(x) — f(y)| = elc - y| < |x — y| Vz,y € [L, oo), with x z y. And this 


inequality holds trivially when x = y. Hence |logz — log y| < |x — y| V x,y € [1, 00). 

Let € > 0 then let ô = e. So when z, y € [1, 00) and |r—y| < 6 = e, we have | log z—log y| < |rv—y| < e. 
Hence log x is uniformly continuous on [1, oc). 

Consider the Cauchy sequence (+) in (0,1] but f(L) = — logn is not Cauchy, hence log x is not 


uniformly continuous on (0, 1]. 


6.11.141 Problem. Give an example of a function on a closed set which is continuous but not 
uniformly continuous. 


6.11.141.1 Solution. Define f : R — R by f(x) = sinz?. 


6.11.142 Problem. Give an example (with proof) of a function f : R > R which is bounded and 
continuous but not uniformly continuous on R. 
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6.11.142.1 Solution. Define f : (0,1) > R by f(x) = cos (7/x), we see that f is continuous, now 
consider the sequences £n = 1/n and y, = 1/(n +1), then |z, — y,| ^ 0 but |f(x4) — f(yn)| = 
[cos nz — cos (n + 1)r| = 2 + 0 


6.11.143 Problem. Let .A be the set of all sequences whose elements are the digits 0 and 1. Then 
A is uncountable. 


6.11.143.1 Solution. Here, A = 2". Then show that |P(N)| = 251 > |N]. 


sin x 
6.11.144 Problem. Prove or disprove: —— ; x > 0, is not uniformly continuous. 
T 


sın T sing 


6.11.144.1 Solution. Since lim, 59 = 1, so we can remove this discontinuity by taking = 


1 at z = 0 and is continuous every where in (0,00).Thus “2 is bounded in [0,1] and uud 


continuous on [0,1]. But in [1,0o) we take 1 € x < y then by MVT 3,£ € (x, y) such that 


sing siny - [eee sin£ io 
x y 4 
we see that — « SSL x E < 2, as |£| > 1. Thus for € > 0 and 0 < |r— y| < 5, 
we have |522 — PM < 2|r — y| < e taking ô = $. Hence $> is uniformly continuous on 
(0, oo). 


6.11.145 Problem. Give an example of a function f which is monotone increasing on a closed and 
bounded interval [a,b] but does not satisfy the intermediate value property on [a,b]. 


6.11.145.1 Solution. Consider the function f : [0,2] — R defined by 


£, if0<a<1 
f(z) = . 
r-c-1, fl1<xr<2. 


6.11.146 Problem. Give an example of a continuous function on a closed interval J such that 
1. f is not bounded on J. 
2. f(T) is not a closed interval. 


6.11.146.1 Solution. 
1. Let I = [a, oo). Define f : |a, o0) — R by f(x) = z?, that is not bounded on T. 


2. Let I = (—oo,00). Define f : I > R by f(x) = e-*, but f(I) = (0,1] is not a closed 


interval. 


6.11.147 Problem. Let f : [0,2] — R be continuous, and f(0) = f(2). Prove that there exists a 
point p € [0,1] such that f(p) = f(p + 1). 


6.11.147.1 Solution. If f(0) = f(1), then p = 0,1. If f(0) Z f(1), then consider a function 
g: [0,1] > R by g(x) = f(x) — f(x +1). Since f is continuous, so g is continuous. Now, suppose 
f(1) > f(0), then g(0) < 0 and g(1) = f(1)— f(2) = f(1) — f(0) > 0, so by IVP there exists p € [0,1 
such that g(p) = 0 which shows that f(p) = f(p 4 1). 
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6.11.148 Problem. Let f : [a,b] > R be continuous, and 21,22, .., £n € [a,b]. Prove that there is 


a point p € [a,b] such that 
fly) == (>: fæ) 
i=1 


6.11.148.1 Solution. Since f : [a,b] + R be continuous, so 3 À and p such that f(A) = sup, eae] > 
f(u) — inf;c(s, i.e. f(u) < f(x) < f(A) Vae [a, bj. Hence 


f) <= (Y: fi) « f), 


and by IVP 3 p € [a,b] such that 


f(p) == (>: sæ) | 


6.11.149 Problem. Show that the product of two uniformly continuous functions is not uniformly 
continuous. 


6.11.149.1 Solution. Consider f,g : R — R defined by f(x) = x and g(x) = singz. Now h(a) = 
xsin g is not uniformly continuous, for the sequences £n = 2na+1/n and yn = 2nt > Ln —Yn > 0 
but 


(an) — h(yn) = (2nr + 1/n) sin1/n 
= 2nrsin1/n+1/nsin1/n > 2m. 


6.11.150 Problem. The uniformly continuous functions can be extended by continuity at every 
finite point of accumulation of their domain of definition. 


6.11.150.1 Solution. In fact, let f : A € R be a uniformly continuous function and let a € R\ A be 
a point of accumulation of A. If (r4) is a sequence of elements of A, convergent to a, it is a Cauchy 
sequence and the sequence (f(x,,)) must be Cauchy in R, so convergent, according to the property 
of completeness of R. The proof ends by noticing that the value £ of the limit lim, ;s5 f (£n) does 
not depend on the particular sequence (£n) such £n — a. For this, we use the method of interlacing. 
If £n — a and y, > a, then the sequence 


(xo, Yo, 11; Y1, -— 


obtained by interlacing the terms of the two sequences, is also convergent to a. The above reasoning 
shows that the sequence of their images 


f (xo), f (yo), f (z1), f(y), et 


is convergent, so lim, o; f (£n) = lima sos f(yn). According to criterion on the existence of limits, 
this fact will yield lim, ,, f(a). 


6.11.151 Problem. Let D C R be bounded and f : D —> R a uniformly continuous function. 
Suppose a € D', then prove that 
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1. f has a finite limit at a. 
2. f can be extended to a continuous function on the closure of D. 
3. f(D) is bounded. 

6.11.151.1 Solution. 


1. Let (an) be a sequence in D — {a} converging to a. We show that (f(an)) converges. Since f is 
u-continuous, so for e > 0, Jó > 0 such that x,y € D and |x — y| < 6 implies |f (x) — f(y)| < e. 
Again, since (an) is cauchy, we can take N € N such that m,n > N implies |am — an| < ô, and 
then m,n > N implies | f(@m) — f(an)| < e. Thus (f(an)) converges. 


2. Define g : D > R by 


s f(x), xeED 
gie) [HT zcD-D. 


Show that g is well-defined and is continuous by construction. 


3. Note that D C R is closed by definition. Since D is bounded, so D is compact. Now g 


is continuous implies that g(D) is compact hence bounded. As f(D) = g(D) C g(D), we 
conclude that f(D) is bounded. 


6.11.152 Problem. Prove that if f is uniformly continuous on a bounded set S, then f is a bounded 
function on S. 


6.11.152.1 Solution. If S is bounded, then S is also bounded. Since f is uniformly continuous on 
S, its extension f must be continuous on S. But S is also a compact set, so f is continuous on a 
compact set. Hence its image is a compact set. By the Heine-Borel Theorem, its image is bounded. 
Therefore f is bounded on S. 


6.11.153 Problem. Suppose f : D — R is uniformly continuous and D is a bounded set of real 
numbers, then f(D) is bounded. 


6.11.153.1 Solution. Here we use the property that uniform continuous function carries Cauchy 
sequences to Cauchy sequences. Suppose f(D) is not bounded, then 3 dp € D such that f(d,) > 
n, Yn € N, and the sequence (dn) is bounded as D is bounded. So by B-W theorem the sequence (dn) 
has a convergent subsequence (d4,). Now f(dn,) > ny shows that (f(dn,)) is unbounded. Which 
contradicts that (f(dp,)) is a Cauchy sequence. 


6.11.154 Problem. Let A and B be disjoint subsets of IR and f : AU B — R a continouus 
function.Assume that f is uniformly continuous on A and on B. Is it true that f is uniformly 
continuous on AU B? 


6.11.154.1 Solution. Let A = (0,1) and B = (1,2), and define f: AU B > R by 


0, rcA 
i zc B. 


It is easy to show that f is a continuous function.To show that f is uniformly continuous on A, let 
€ > 0 and take any ô > 0. Then x,y € A and |x — y| < ô implies |/(x) — f(y)| 2 0 < e. Similarly f 
is continuous on B. Now we show that f is not uniformly continuous function on AU B, let e = 1 
and take any ô > 0. Let x = 1 — min{1/2,6/4} and y = 1 + min{1/2,6/4}.Then x, y € AU B and 
lx — y| < ô but |f(z) - f(y) 212 e. 
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6.11.155 Problem. (Volterra’s Theorem). Let f,g : [a,b] — R and let Cy and C, denote the 
continuity sets of f and g; respectively. Thus Cy = {z;a € [a,b], f is continuous at x} and C, 
defined similarly. Show that if C; and C, are both dense, then so is C; N C4. Deduce that there is 
no function that is continuous on Q and discontinuous on Q°. 


6.11.155.1 Solution. Let Jp = [a,b] and choose a point po € C$. The existence of po is assured 
by the fact that C, is dense in Jọ. Using the definition of continuity at p, we infer the existence of 
a non-degenerate compact subinterval Jo C Io, centered at po, such that 


x,y € Jo implies | f(x) — f(y)| < 1. 


Similarly, we can choose a point gg € C, N J°. By the continuity of g at qo, we infer the existence 
of a non-degenerate compact subinterval J4 C Jo, centered at qo, such that 


x,y € J; implies |g(x) — g(y)| < 1/2. 


By mathematical induction, we can choose a nested sequence (J,,) of compact intervals such that 


f(x) — f(y)| < 1/277 and [g(z) — g(y)| < 1/2" (6.1) 


for all z,y € I, and all n € N. By the Nested Intervals Lemma, there exists a point z in the 
intersection of all these intervals. Because of relations (6.1), z is necessarily a point of continuity 
both for f and g. 


6.11.156 Problem. Let f,g € Cla, 0] satisfy f(x) < g(x) V x € [a,b]. Show that there is a constant 
c < 1 such that f(x) € g(x) V x € [a,b]. 


6.11.156.1 Solution. Hint: Pick N > 0 such that f + N > 0 on [a,b] and look at (f + N)/(g + 
N). 


6.11.157 Problem. Let f : R — R be a continuous function which has a local minimum at every 
point. Prove that f must be constant. 


6.11.157.1 Solution. For t > 0 define M(t) = sup(f(zx);z € [0,t]}. Then M is continuous, non- 
decreasing, M(0) = f(0), and M(t) > f(t) for all t > 0. Since f has a local minimum at every 
point, it is easy to see that if M(t) = f(t) for some t > 0, then f(x) = f(0) for 0 € x < t. Let 
a = sup{t > 0; M(t) = f(t)} and assume that a < oo. Then M(a) = f(a) since both M and f are 
continuous, f(x) = f(0) for 0 € x € a and M(t) > f(t) for t > a. It follows that the maximum of 
f on [a,a+1] occurs at some 8 € (o, o + 1). But this implies M(8) = f(8), which contradicts the 
definition of a. Therefore,a = oo and f is constant for x > 0. A similar argument proves that f is 
constant for x « 0. 


6.11.158 Problem. Let f,g : [0,1] — [0, 1] be two continuous functions. If g is non-decreasing and 
fog=gof, prove that f and g have a common fixed point in [0,1]. 


6.11.158.1 Solution. Let Fix(f) denote the set of fixed points of f, and similarly define Fia(q). 
An easy calculus exercise shows that these are closed non-empty sets. Since fog = go f, we have 
g(Fiz(f)) C Fix(f). Let a = sup Fiz(f). If g(a) = o, we are done. If not, g(a) < a and hence 
(g"(a)) is a decreasing sequence in Fia(f). Hence 8 = limpo g” (a) is a common fixed point of f 
and g. 


6.11.159 Problem. Show that the following statements do not imply each other 
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1. f is continuous a.e. on [0, 1]. 


2. J g continuous on [0,1] such that g = f ae. 


6.11.159.1 Solution. Consider f(x) = + then (1) does not imply (2), and g(x) = 1, f(x) 2 1Vx € 


M. 


Q and f(x) = 0 for x € QC, hence (2) does not imply (1). 


6.11.160 Problem. If f is absolute continuous in [0,1], then f? is absolute continuous in [0, 1]. 


6.11.160.1 Solution. (f()? — [S (y)? = (F(@)] + LF G1 (E) — IO) and f is bounded. 


6.11.161 Problem. Show that there does not exist a continuous function f : R — R such that f 
is constant on a bounded open interval. 


6.11.161.1 Solution. Let U C R such that f(x) = c on U, then f^!(c] = U is both open and 
closed. Since, non-empty open and closed set is only IR hence U — R, which is impossible. 


6.11.162 Problem. Show that if there exist a continuous function f : R — R such that f is 
constant on an open interval U, then U — R. 


6.11.162.1 Solution. Hin: Previous solution. 


6.11.163 Problem. If f : R > R is continuous lim; ,5; f(x) = b and lim; , 45 f(x) = a, let 
a < y < b. Prove that d z € R such that f(x) = y. 


6.11.163.1 Solution. Let b— y = €» 0, so 3 M > 0 such that 


z»M-|f(x)-b|«e-2b-y 
>-bt+y<f(x)-b<b-y 
=y < f(x), 
—f(M 41)» y. 


Again, if y — a = €i > 0, so 3 Mı > 0 such that 


z«—Mi-J|f(r)-a|«&-y-a 
—a—-y«f(zx)-a«y-a 
=f(a)<y 
>f(-Mı -1) <y. 


Therefore, f(- Mi — 1) « y < f(M +1). Since f is continuous on R, so f is continuous on [- M; — 
1,M-c1],byIVP3ze€[-MQ] — L, M+ 1] such that f(x) = y. 


6.11.164 Problem. Find all continuous functions f : R —> R such that for all x € R, f(x)+ (2x) = 
0. 


6.11.164.1 Solution. Hint: Show that f(x) =—f (5) = (=) E (2) = 
6.11.165 Problem. Find all continuous functions f : R — R satisfying f(0) = 1 and 


f(2x) — f(z) 2 z, Vx € R. 
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6.11.165.1 Solution. We write the above functional equation as 


Adding up, we obtain 


which, when n — oo, becomes f(a”) — 1 — x. Hence f(z) = x +1 is the (unique) solution. 


6.11.166 Problem. Let f : R — R be a continuous function satisfying f(x) = f(x?) V x ER. 
Prove that f is constant. 


6.11.166.1 Solution. The condition from the statement implies that f(x) = f(—2), so it suffices 
to check that f is constant on [0,0o). For x > 0, define the recursive sequence (£n) £n > 0, by 
£o = £, and z441 = 74,5; V n > 0. Then f(zg) = f(z1) = f(22) 9 = f(m £n). And 
lim, ,55 £n = 1 if x > 0. It follows that f is constant. 


6.11.167 Problem. (Kozepiskolai Matematikai Lapok (Mathematics Gazette for High Schools, 
Budapest)) Does there exist a continuous function f : [0,1] — R that assumes every element of its 
range an even (finite) number of times? 


6.11.167.1 Solution. The answer is yes, there is a tooth function with this property. We construct 


1 1 
f to have local maxima at 9H and local minima at 0 and gan ^ 2 0. The values of the function at 
1 1 1 1 1 1 
the extrema are chosen to be f(0) = f(1) = 0, f (3) = pf (saz) = psi (=) = mH and 


for n > 1. These are connected through segments. The reader is requested to draw the graph. 


6.11.168 Problem. (Vietnamese Mathematical Olympiad, 1999) Let f(x) be a continuous function 
defined on [0,1] such that 


1. f(0) = f(1) = 0; 
2. 240) + fü) = 35 (AFH 


Prove that f(z) =0V x € [0,1]. 


) V z,y € [0, 1]. 


6.11.168.1 Solution. We prove by induction on n that f(m/3") = 0 for all integers n > 0 and all 
integers 0 < m < 3". The given conditions show that this is true for n = 0. Assuming that it is true 
for n — 1 > 0, we prove it for n. If n = 0 (mod 3) 


fs) =f (32) 725 
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by the induction hypothesis. If m = 1 (mod 3), then 1 € m < 3n — 2 and 
m-1 m+2 
LAE TE 3 = d 
af (=) = 2s (5) +f E3 =0+0=0 


Thus f (=) = 0. Since the set D = [im € Zone N} is dense in [0,1] and f(x) = 0 on D, so, f 
is identically 0 on [0,1]. 


6.11.169 Problem. Give an example of a monotonic function whose points of discontinuity form 
an arbitrary countable set. 


6.11.169.1 Solution. Let A be any arbitrary nonempty countable set of real numbers aj, ag,.... 
and let $7 pn be a finite or convergent infinite series of positive numbers with sum p. If A is bounded 
below and z is less than every point of A, let f(x) — 0. Otherwise, define f(x) to be the sum of all 
terms Pm of X` p, such that am < x. The function f is increasing on R, continuous at every point 
not in A, and discontinuous with a jump equal to p, at each point an, i.e., 


lim p,-— lim pp = ay. 
pant pan, 


6.11.170 Problem. Give an example of an one-one onto function f : IR IR which is continuous 
at some a € R, but f^! is not continuous at f(a). 


6.11.170.1 Solution. Let 


x if £z = + neéeN 

l ifa =3,5,7,.. 
JESE rime 

5 idf222,40,. 

x | otherwise. 


i.e., f(a) = x, except when x = 1,2,3, ...; 1/2, 1/3, 1/4, ...; but for 1,1/2,1/3,1/4,..., the image under f 
is 1/2,1/4,1/6,1/8,...,respectively; and for 3,5, 7,..., the image under f is 1/3,1/5,1/7,... respectively; 
and for 2,4,6,..., the image is 1,2,3,... respectively. So the set of values 1,2,3,...; 1/2,1/3,1/4,... are 
just reshuffled by f and so, since everywhere else f(x)= x, we.see that f is onto. So f^! exists and 
f/ is continuous at 0 (check!). However, f^! is not continuous at f(0) = 0, since f^! (1/n) = n for 
n —3,5,1,... 


6.11.171 Problem. (45thW.L. Putnam Mathematical Competition, 2002, proposed by T. An- 
dreescu) Let a and b be real numbers in the interval (0,1/2) and let f be a continuous real-valued 
function such that 


f(f(x)) 2 af(x) + bx, V x € R. 
Prove that f(0) = 0. 


6.11.171.1 Solution. From the given condition, it follows that f is one-to-one. Indeed, if f(x) = 
f(y), then f(f(x)) = f(f(y)), so bx = by, which implies x = y. Because f is continuous and one-to- 
one, it is strictly monotonic. We will show that f has a fixed point. Assume by way of contradiction 
that this is not the case. So either f(x) > x for all x, or f(x) < x for all x. In the first case f must 
be strictly increasing, and then we have the chain of implications 


f(a) >x => f(f(z)) > f(x) > af (x) + bx > f(x) 9 fla) < I VzcR. 
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b à 
In particular, f(1) « Iz < 1, contradicting our assumption. In the second case the simultaneous 


inequalities f(x) < a and f(f(x)) < f(x) show that f must be strictly increasing again. Again we 
have a chain of implications 


f(z) «22 fS) < fle) 2 af(z) + br < f(x) 9 f(x) > I Vx cR. 


—b 
In particular, f(—1) > 1 > -1,, again a contradiction. In conclusion, there exists a real number 
—a 


c such that f(c) = c. The condition f(f(c)) = af(c) + bc implies c = ac + bc; thus c(a 4- b — 1) = 0. 
It follows that c — 0, and we obtain f(0) — 0. Remark. This argument can be simplified if we use 
the fact that a decreasing monotonic function on R always has a unique fixed point. (Prove it!) 


6.11.172 Problem. Let f : R — R be a continuous decreasing function. Prove that the system 
x= f(y),y = f(z), z = f(x) has a unique solution. 


6.11.172.1 Solution. The fact that f is decreasing implies immediately that 


lim (f(x) -— 2x) =o and lim (f(x) — z) = —ooc. 
1—-—0oo 100 

By the intermediate value property, there is a such that f(a) — a = 0, that is, f(a) = a. The 
function cannot have another fixed point because if x and y are fixed points, with x < y, then 

= f(x) > f(y) = y, impossible. The triple (a, a, a) is a solution to the system. And if (x,y,z) is 
a solution then f(f(f(z))) = x. The function f o f o f is also continuous and decreasing, so it has a 
unique fixed point. And this fixed point can only be a. Therefore, x = y = z = a, proving that the 
solution is unique. 


6.11.173 Problem. Let f : R — R be a continuous function such that 


f(x) - f(y)) z |y — yl, Vv, y €R. 
Prove that the range of f is all of R. 


6.11.173.1 Solution. The inequality from the statement implies right away that f is injective, 
and also that f transforms unbounded intervals into unbounded intervals. The sets f((—oo, 0]) and 
f ([0, 00)) are unbounded intervals that intersect at one point. They must be two intervals that cover 
the entire real axis. 


6.11.174 Problem. A runner runs a six-mile course in 30 minutes. Prove that somewhere along 
the course the runner ran a mile in exactly 5 minutes. 


6.11.174.1 Solution. Let x denote the distance along the course, measured in miles from the 
starting line. For each x € [0,5], let f(a) denote the time that elapses for the mile from the point x 
to the point x + 1. Note that f depends continuously on x. We are given that 


FO) + FO) + FZ) + F) + F(A) + f(5) = 30. 


It follows that not all of f(0), f(1),.. 5) are smaller than 5, and not all of them are larger than 
5. Choose a,b € {0,1,...,5} such that f(a) < 5 < f(b). By the intermediate value property, there 
exists c between a and b such that f(c) = 5. The mile between c and c + 1 was run in exactly 5 
minutes. 


Sf 
t f( 
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6.11.175 Problem. (Soviet Union University Student Mathematical Olympiad, 1975) Given a 
sequence (an) such that for any a > 1 the subsequence (ajan]) converges to zero, does it follow that 
the sequence (an) itself converges to zero? [x] is the greatest integer function. 


6.11.175.1 Solution. The answer to the question is yes. We claim that for any sequence of positive 
integers nj, there exists a number a > 1 such that ([o^]) and (nj) have infinitely many terms in 
common. We need the following lemma. 


6.11.7 Lemma. For any a, 8,1 < a < B, the set LJ7* ,[o^, 8* — 1] contains some interval of the 
form (a, oo). 


Proof. Observe that (3/a)* — oo as k — oo. Hence for large k, a^*! < pF — 1, and the lemma 
follows. 


Let us return to the problem and prove the claim. Fix the numbers o, and £1 1 < a, < ff. 
Using the lemma we can find some kı such that the interval [o^:, 8^: — 1] contains some terms of 
the sequence (ng). Choose one of these terms and call it tı. Define 


1 
a INI 
a2, =t", &- (n5) 


Then [a2, 85] C [@1, 61], and for any x € [o», b2], [z^] = tı. Again by the lemma, there exists ke 
such that [a*?, 8^2 — 1] contains a term of (np) different from nı. Call this term tz. Let 


1 
ES 1\ zz 
ag = 1,7, B= (n5) 


As before, [a3, 03] C [a2, G2], and for any x € [a3, 83], [x^?] = t». Repeat the construction infinitely 
many times. By Cantor's nested intervals theorem, the intersection of the decreasing sequence of 
intervals [a;, 8], j = 1,2,.. is nonempty. Let y be an element of this intersection. Then [y*/] = 
tj, j = 1,2,.. which shows that the sequence (7) contains a subset of the sequence (ng). This proves 
the claim. 


6.11.176 Problem. Let f : (0,00) — IR be a continuous function with the property that for any 
x 0, lim, 4s; f(nz) = 0. Prove that lim, ,55 f(x) = 0. 


6.11.176.1 Solution. The solution follows closely that of the previous problem. Replacing f by 
|f| we may assume that f > 0. We argue by contradiction. Suppose that there exists a > 0 such 
that the set 

A= f^! ((a,00)) = {x € (0,00); f(x) > a} 


is unbounded. We want to show that there exists xo € (0,00) such that the sequence (nao) has 
infinitely many terms in A. The idea is to construct a sequence of closed intervals Jy, Iz, I3, ..... 
with lengths converging to zero and a sequence of positive integers n1 < n3 < ng < .... such that 
nel, C A V k > 1. Let I, be any closed interval in A of length less than 1 and let n, = 1. Exactly as 
in the case of the previous problem, we can show that there exists a positive number m such that 
Um>mı Mı is a half-line. Thus there exists ng > nı such that nof; intersects A. Let J2 be a closed 
interval of length less than 1 in this intersection. Let Iz = ado. Clearly, Iz C I, and the length of 
I» is less than 1/ng. Also, noI5 C A. Inductively, let nk > ng—1 be such that nij, intersects A, 
and let J; be a closed interval of length less than 1 in this intersection. Define I, = ak: 
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We found the decreasing sequence of intervals I; D I5 2 I3 2 .... and positive integers nj < n5 < 
n3 < ... such that ni; C A. Cantor's nested intervals theorem implies the existence of a number zo 
in the intersection of these intervals. The subsequence (n;zo) lies in A, which means that (nico) 
has infinitely many terms in A. This implies that the sequence f(nzg) does not converge to 0, 
since it has a subsequence bounded away from zero. But this contradicts the hypothesis. Hence our 
assumption was false, and therefore lim; ,55 f(x) = 0. 
Remark: This result is known as Croft’s lemma. It has an elegant proof using the Baire category 
theorem. 


6.11.177 Problem. Suppose that f : [0,1] — R is continuous and has a local maximum at each 
point in [0,1]. Prove that f is constant. 


6.11.177.1 Solution. Since [0,1] is compact and f is continuous, so by the extreme value theorem, 
f attains its infimum at some point xg € [0,1]. Fix some a € [0,1] such that there exists some 
b € [0, 1, xo € (a,b) and f(xo) > f(x) V x € (a,b). The existence of such a,b is guaranteed by 
assumption that f has local maximum at every point. Define the following set 


B, = {b;b € [0,1], b > a, xo € (a; b) and V x € (a,b); f(zo) > f(x) 


Let b € Ba. Observe that for each x € (a,b), we have f(xo) > f(x) by construction and that 
f(zxo) € f(x) by the fact that f(xo) is the infimum of f on [0,1]. Hence, f is constant on (a,b). 
Moreover, since this gives us that the left-hand side limit of f at b is f(xo), then by continuity of 
f, we have f(b) = f(xo). This holds for each b € Ba. Let 6 = sup Ba. Since Ba is bounded, then 
B is finite and 6 € 1. We claim that belongs to Ba. Suppose not. Then, there exists x € (a, 8) 
such that f(x) > f(xo). But, then for all b € (x, 8), we have that b ¢ Ba. Hence, for all b € (x, 8), 
we have b > sup B, = f, a contradiction. Now, suppose that 8 < 1. Then, by the observation 
that f(b) = f(xo) for each b € Ba, we have f(b) = f(xo). But, f has a local maximum at f by 
assumption, so we can find some b < 1 such that 6 € (a,b) with f(xo) = f(8) > x for all x € (a,b). 
But, then b € B, and b > 8, which is a contradiction. Therefore, b = 1. 

Now, if we fix b — 1 and consider the set 


A; = {a;a € [0,1]; a < 1; xo € (a, 1] and V z € (a, 1]; f(zo) > f(x)} 


Following the same argument as above, we find that inf A; = 0 and 0 € A,. Thus, f (xo) is both the 
supremum and infimum on [0,1] and therefore f is constant. 


6.11.177.2 Solution. 2. Since f is continuous on the compact set [0,1], by extreme value theorem 
it attains absolute minimum, say, m, at some c € [0,1]. Let K = f-![(m]]. Since c € K, K is 
nonempty. It suffices to show that K = [0,1]. Since f is continuous and K is the pull-back of a 
singleton, which is closed in R, K is closed in [0,1]. Now since [0,1] is connected, any nonempty 
subset of [0,1] which is both open and closed must be the whole space [0,1]. As we know K is closed 
in [0,1], it suffices to show that K is also open in [0,1]. To this end, let y € K. Since f has a local 
minimum at y, there is e > 0 such that f has absolute maximum at y on U = (y — €, y + e) A [0, 1]. 
But since y € K, f has absolute minimum on [0,1] at y. Thus f must be constant on the e- ball U 
of y. But since f(y) = m, f must be identically m on U. Hence U C K. So y is an interior point of 
K. Since y € K was arbitrary, K is open in [0,1]. Thus K = [0,1]. This shows the assertion. 


6.11.178 Problem. Suppose that f : R > R has a closed graph gr(f) (closed as a subset of R?). 
'Then f is locally bounded implies that f is continuous. 
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6.11.178.1 Solution. f is locally bounded = f is continuous: Suppose f is not continuous at the 
point x = €. Then there exists a sequence (an) — £ such that f(a,) — n 4 f(E) with € € R, as f is 
locally bounded. Thus, the sequence of points {(an, f(an))} — (€,7) in R?, contradicting the fact 
that gr(f) is closed, since the point (€,7) € gr(f) and is a limit point of gr(f). 


6.11.179 Problem. Let t and e be real numbers with |e] < 1. Prove that the equation z — esin x = t 
has a unique real solution. 


6.11.179.1 Solution. Define the function f(x) = esin x +t. Then for any real numbers x and 22, 


. : . = en 
|f (231) — f(x2)| = lel] sin zı — sin xg] < 2]|e]. |sin a 5 T2 sos Z 5 a 


< 2le|. [sin ^ < ella, — zəl. 


1— T2 
2 


Hence f is a contraction, and there exists a unique x such that f(x) = esin x +t = x. This x is the 
unique solution to the equation. (J. Kepler) 


6.11.180 Problem. If f : [a,b] — R be continuous, then for each e > 0 d a step-function g with 
domain [a,b] such that |f (x) — g(x)| < e V x € [a,b]. 


6.11.180.1 Solution. By previous result, for each e > 0 4 6 > 0 such that |/(x) - f(y) «eV z,y € 
[a,b] for which |x — y| < à. Now, we choose n € N such that (b — a)/n < ô, and divide the interval 
[a,b] into n subintervals of equal lengths, by points a = co,C1,...., Cr, ...c& = b. Then if g is the 
step-function given by 


g(a) = f(a), g(x) = f(e.) x € (Gr-1, ¢-) r = 1,2,...n, 


we have that | f(a) — g(a)| = 0 and that | f(x) — g(x)| = |f(x) — g(c,)| for x € (cr_1, er) r = 1,2,.., n. 
Since |a—c,| < (b—a)/n < 6 whenever x € (c, 1, c,), it follows that |f(z) —g(x)| < eV x € [a,b]. 


6.11.181 Problem. Let f,g : [a, oo) be continuous functions on [a, oo). If 


lim (f(x) — g(z)) = 0 


z—00 
then then f is uniformly continuous on |a, oo) if and only if g is uniformly continuous on [a, o). 


6.11.181.1 Solution. Let us suppose that g is uniformly continuous on [a, oo) and let us prove 
that so f is. Let e > 0 be fixed. The following claims hold: 


1. There exists b > a such that |f(z)—9(z)| < €/6 V z € [a, oo) (because lim, _,..(f(x)—g(x)) = 0; 


2. There exists 6, > 0 such that |g(z) — g(y)| < €/6 V x,y € [a, oo) such that |r — y| < ó1 (because 
g is uniformly continuous on |a, oc). 


3. There exists d2 > 0 such that |f (x) — f(y)| < €/2 V x,y € [a,b] such that |x — y| < 9» (because 
g is uniformly continuous on [a, b] (by Heine-Borel theorem). 


Next we prove that for x, y € [a, oo) the relation |x — y| < min(ó1,02) implies |f(z) — f(y)| < e. By 
virtue of (iii), we just have to consider the following cases: 
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Case 1. x,y € [b, oo) and |x — y| < min{d), 462}. The triangle inequality and properties (i) and (ii) 
yield 


f) — FO) S 1f) — g) + lgl) — ay) + lgl) = FY) S e/2. 


Case 2. a < x < b < y and |x — y| < min{ô1, 2}. We deduce from (iii) and Case 1 that 


f(x) — F S IEE) — FO) IEO — Fa) « e. 


6.11.182 Problem. Let f : [a, oo) —> R be continuous on [a,oo). The function f is uniformly 
continuous on [a, oo) provided that one of the following conditions is satisfied: 


1. lim. f(x) exists (equivalently, the graph of f has an horizontal asymptote). 


2. There exist m,n € R,m 4 0, such that lim,...(f(a) — ma — n) = 0 (equivalently, the line 
y = mz +n is the oblique asymptote for the graph of f). 


6.11.182.1 Solution. Hint: The function g(x) = ma + n is uniformly continuous on for every 
m,neéeR. 


6.11.183 Problem. If f : [a,oo) — R is uniformly continuous on [a, oo) then there exist A > 0 and 
B > 0 such that 
|f (z)| < Ax V x € [B,oo). 


6.11.183.1 Solution. Let ô > 0 be such that 
[r,y € [a, oo), |e — y| < 9] = |f (x) — f(y)] < 1, (A) 
and let z > a+27'6 be fixed. Now let us consider points 
a = £o < Ti <... < Ln = T, 


such that x; — x;-1 = 2718 Vi € {2,..,n} and 0 < z1 — £o < 2716. Note that we have 


z—a— 5 (zi ti) > 2 (i — mii) = (n — 1)2716. (B) 
and : 
f(z) - f(a) = (f(s) — f(2i1)) 


i=1 


Hence we deduce, using the triangle inequality, (A), and (B), that 


f(x] € 2 lf) = f(zi-1)| + M(2)) < n + |f(a)] < 267 (x — a) - 1- |f(a)]; 


and the result follows with A = 20^! + 1 and B = 20^ !|a| - 1 ^ |f (a)]. 


The previous problem is particularly useful to determine functions that are not uniformly con- 
tinuous. 


6.11. PROBLEMS AND SOLUTIONS ON CHAPTER 6 379 


6.11.184 Problem. If f : |a, oo) — R satisfies 


lim f) = 


? 
LoCo x 


then f is not uniformly continuous on [b, oo) for any b > a. 


6.11.184.1 Solution. Assume, reasoning by contradiction, that f is uniformly continuous on [b, oc) 
for some b > a. Previous problem guarantees the existence of A > 0 and B > 0 such that 


UG Av s € [B,%), 


and then the limit lim,_,., f cl could be, at most, A, a contradiction. 


There are lots of functions that are not uniformly continuous. We point out the most important 
ones in the following problem: 


6.11.185 Problem. 
1. The function g(x) = z^ with a € R,a > 1, is not uniformly continuous on [a,oo) for any 
a 2 0. 
2. The function g(x) = e” is not uniformly continuous on [a, oo) for any a € R. 


6.11.185.1 Solution. In all cases we have 


lim g(a) = oo, 
qz—0o0 T. 


so the conclusions follow by virtue of (6.4). 


Next we present a family of uniformly continuous functions on [0, oc): 


6.11.186 Problem. 


1. The function g(x) = x* with a € R, with o < 1, is uniformly continuous on |a, oc) for every 
a > 0; moreover, g is uniformly continuous on (0,00) if and only if 0 € a <1. 


2. The function g(x) = lnz is uniformly continuous on [a,oo) for every a > 0, and it is not 
uniformly continuous on (0, oc). 


6.11.186.1 Solution. 


1. The cases a = 1 and a = 0 correspond to affine functions. For œ < 0 we can prove that 
g is uniformly continuous on [a,oo) for every a > 0; on the other hand, a < 0 implies 
lim;.,04 g(a) = oo, hence g is not uniformly continuous on (0, oo) in these cases. 

For a € (0,1) it suffices to prove that g is Lipschitzian on [1, oo), because g is continuous on 
[0,1], thus uniformly continuous on [0,1] by virtue of Heine-Borel theorem. 
Let 1 € x < y, then 


|z“ = y*| (ar A gS) = zy? _ yry _ y*zl-* J qy941-9 


< |x — y| + |z^y! ^ * — y®% a" (A) 
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Note that a > 0 and 1 — a > 0, so 1 < x < y implies that 


pry 9 = y*zl-* « yey z qy941-9 —34-—2, 
and, analogously, z^y! ^^ — y^z!^*^ > y — 2, thus (A) gives 
2 
Ig eps gega |z — yl. 


Finally, note that y!7® + x!7°® > 2, if x,y € [1, 00) and then the claim follows. 


2. Let a > 0 be fixed and let and let (£n), (Yn) be a pair of sequences in [a,co) such that 
(£n — Yn) — 0. We have to prove that In(z,) — In(y,) = ln(£n/Yn) tends to 0. Note that 
0<y,! Xa Vn EN, thus 


Tn ll [En — Yn «a tjen- ynl Vn EN, 
Yn Yn 
which implies that 
3 Tn 
lim — = 1, 
n> Yn 


and therefore 


To prove that g is not uniformly continuous on (0,00) simply note that limz_,o+ ln(x) = 
—oo. 


6.11.187 Problem. Let f : [0, 1) — R be continuous, and let lim. ,55 f(x) = 0. Then f is uniformly 
continuous on [0, oc). 


6.11.187.1 Solution. Let e > 0 be fixed. Since lim, ,5; f(x) = 0, then there exists M € [0, c0) 
such that for all x > M, we have that f(x) < e/2. Moreover, we have that since f is continuous on 
[0, M +1] which is compact, then it is uniformly continuous. Hence, there exists ô > 0 such that for 
all x,y € [0, M + 1], if |z — y| < ô, then |f(x) — f(y)| < e. We may assume that ô < 1. 

Now, let x,y € [0, 1) with |r— y| < à. If x,y > M, then we have that |f (z) — f(y)| < |f()|+|f(y)| < 
c/2 + €/2 =e. If both z, y < M, then uniform continuity of f on [0, M + 1] applies. If y > M and 
x < M, then since 6 < 1 and |x — y| < 6, then y < M + 1 and again uniform continuity of f on 
[0, M +1] applies. Thus, f is uniformly continuous on all [0, oc) as desired. 


6.11.188 Problem. 

Give examples of each of the following: 
1. Composition of two functions, one uniformly continuous other is not uniformly continuous. 
2. Composition of two functions, both are not uniformly continuous. 


6.11.188.1 Solution. 


1. Let f,g : R — R defined by f(x) = x, g(x) = x?;(f o g)(x) = x? and f og is not uniformly 
continuous. Again, if f,g : [0,0o) — R defined by f(x) = yx, g(x) = x7; ; (f o g)(x) = z is 


uniformly continuous. 
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2. Let f,g : R — R defined by f(x) = x”, g(x) = x3; (f o g)(x) = xê and f og is not uniformly 
continuous. Again, if f,g: (0,1) 2 R defined by fa) = + = g(x) ; (f o g)(£) = x is uniformly 
continuous. 


6.11.189 Problem. Prove or disprove that the function f(x) = sin z?/z,x > 0 is uniformly con- 
tinuous on (0, oo). 


6.11.189.1 Solution. We wish to show that f(x) is uniformly continuous on (0,1). First, define g 
on [0,1) as follows: 


f(x) ifz 0, 
0 if rz = 0. 


Now, by L'Hospital's rule, we find that 


lim f(x) = 


z—04 


Thus, since f is continuous on (0,1) and lim,o4 g(x) = g(0) then g is continuous on [0,oc). 
Therefore, g is uniformly continuous on any compact subset of [0,1). Moreover, for all x > y > 0, 
observe that 


lg(x) — e(v)| < l)] + lov) < : + 


Now, let e > 0 be fixed. Let zo > 0 be so that z < e. Hence, we have that g is uniformly continuous 
on [0, zo] and that for all z, y > xo, we have 


lez) sy) = ft) - f) Z < e 


Xo 


Thus, g is uniformly continuous on [0,1) and so f is uniformly continuous on (0,1) as desired. 


6.11.190 Problem. Suppose f : R > R is continuous and satisfies f(f(x)) = x. Let a € R and 
suppose a < f(a). Show that f[a, f (a)] = [a, f (a)]. 


6.11.190.1 Solution. Let y € f[a, f (a)], there exists x € |a, f (a)] such that y = f(x) then f(y) = 
f(f(z)) 2 x. Hence a < f(y) € f(a) implies fla, f(a)] € [a, f (a)]. Again, let v € fa, f(a)] then by 
IVP 3u € [a, f(a)] such that f(u) 2 v => v € f([a, f(a)]). Thus fla, f(a)] = [a, f (a)]. 
6.11.191 Problem. Let f : R — R be continuous and increasing and E C R be bounded. Prove 
that f(sup E) = sup f(£). 

6.11.191.1 Solution. E is bounded implies sup E exists, let sup E = a, two cases can arise, (1) 
a € E and (2) a ¢ E. Let sup f(E) = f, so 


rEXoavVzcE 
=>f(x) € f(o) V x € E as f is increasing 
= sup f(x) € f(a) 

xzEE 


>$ < fla). 
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If possible, suppose 6 < f(a) and let e < f(a) — B. Since f is continuous at « so d ô > 0 such that 
|z —a| < ó and x € E implies 

f(x) — f(o)| < e « fla) - 8 
(o) — f(a) < €< f(a) - 8 
(x) > B = sup f(E), a contradiction. 
Hence f(a) = B i.e. f(sup E) = sup f(E). 


6.11.192 Problem. Let f : [a,b] — R be increasing and continuous and A C R; g: A > R, where 
g(A) € [a,b]. Prove that 


>f 
S 


sup(f o g)(x) = f (sup g(x)) 
zcA zcA 


and 
inf (f og)(r) = f (inf g(z)). 


6.11.192.1 Solution. Let sup,c 4 g(x) = a, then g(x) € a € [a,b] for all x € A. As f is increasing, 
so f(g(x)) € f(a) V x € A => f(a) is an upper bound of {(f o g)(x); z € A}. Since f is continuous 
at a, fore > 046 > 0 such that x € (a — ôa + 6) > f(x) € (f(a) — e, f(a) + e). Now, a being a 
supremum, so d y € A such that g(y) > a — ô and this implies f(g(y)) > f(a) — € which shows that 
f (o) is the supremum of {(f o g)(z);z € A). Hence 


sup(f o g)(x) = f(sup g(x)). 
zcA zcA 


Similiarly for infimum. 


6.11.193 Problem. Suppose f : IR — R be continuous, such that lim, ; 44 f(x) = 0 and lim, ,45 f(x) = 
0, prove that f is bounded and attains either a maximum or a minimum on RR. 


6.11.193.1 Solution. Let € > 0, then d Mı, Mọ > 0 such that |f(x)| < e V x < —M, and 
|f (z)| < €, V x > M». Since f is continuous on [M;, M3], thus f is bounded on R. 


6.11.8 Note. If f(z) > 0, Va €R, then f does not attain a minimum, and if f(z) « 0, V x € R, 
then f does not attain a maximum,and if d x € R such that f(x) = 0, then f attains both maximum 
and minimum. 
Consider f (x) = e7? g(x) =e”, 
= e” if x < -log2, 
1 1 
and h(a) = 2 3log2 
—e 7 if x > log2. 


(x + log2), if -log2 < x < log2 


6.11.194 Problem. Let f : [a,b] — R, such that V x € [a,b] 3 à, > 0 and f is bounded on 
N(x; 62) N [a,b]. Prove that f is bounded on [a,b]. 


6.11.194.1 Solution. Let A = {N (x; ðs); x € [a,b] and f is bounded on [a,b] O N(a;6;)}. Now 
A becomes an open cover of [a,b]. Since [a,b] is compact, then 3 z1,25,.., 4 such that [a,b] C 
Uia N(xi;95,). Suppose |f (x)| € Mi;i = 1,..n.. 

Then |f(z)| € M = max(M;;i = 1,..n.}V x € [a,b]. Thus f is bounded on [a,b]. 
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6.11.194.2 Solution. Let f be unbounded on [a,b]. So for each n € N,3 £n € [a,b] such that 
f(z4) >n. Since (£n) is a bounded sequence on [a,b], by B-W theorem there exists a subsequence 
(Ln, ) converges to c for some c € [a, b]. By the condition 3 ôe > 0 such that f is bounded on N (c; ôe). 
Solet |f(z) € Me, Vx € N(c; ôe). Now tn, > c => I m € N such that for k > m, £n, € N(c; ôe), 
then d p € N such that np > Me. If t > max(p, m}, then £n, EE N(c, 0.) and f(z4,) > ne > M. 
contradicts f(an,) > Me. Hence f is bounded. 


6.11.195 Problem. Suppose that f is a real-valued function of a real variable, and that f(a+y) = 
f(x)f(y) for all x and y, f (1) Æ 0, and lim; ,o f(x) exists. Prove that lim, ,o f(x) = 1. 


6.11.195.1 Solution. Since for all x € R,x = 2y for some y, we have f(x) = f(2y) = f(y)? > 0. 
Further, f(1) = f(0+1) = f(0)f(1), and since f(1) Z 0, f(0) = 1. Now let L = lim; 5o f(x). Then 


1 = f(0) = f(e 2) = f(x) f(—«) > 22. 


Since L cannot equal —1 since this would imply f(x) € 0 for some x, we have L = 1. 


6.11.196 Problem. Let f be a continuous function that maps the closed unit interval J = [0,1 
into itself. Show that if f(f(x)) = x for all x € J, then either f is strictly increasing on J or f is 
strictly decreasing. 


6.11.196.1 Solution. f(a) = f(b) = f(f(a) = f(f(b)) = a = b; therefore f is injective on 
J. Since f is continuous, it assumes all intermediate values. It follows that if f were not strictly 
monotone then it could not be injective. 


6.11.197 Problem. Let f : R —> R defined by 


| JO. if Ee QP? 
fern f iz = 2,(p,q) =1. 


Show that f is continuous at every irrational number and discontinuous at every rational number. 


6.11.197.1 Solution. If a = p/q is rational, then if we take e = 1/2q, for every irrational z, 
|f (x) — f(a)| = [0 — 1/q| = 1/4 > 1/24 = €. 
Since every interval |x — a| < 6 contains irrational points, there is no ô > 0 such that 
|f(z) — f(a)] < eV |z — a| <6 


Therefore f is discontinuous at every rational value of x. On the other hand, given any e > 0, we can 
find an integer Q such that e > 1/Q. For any irrational value a, consider the interval |x — a| < 1/2. 
In this interval there are at most q rational numbers of the form p/q, so that there are at most 
Q(Q — 1)/2 such numbers for which 1/q > 1/Q. If we take 


p 
——4à 
q 
then ô ¥ 0. since a is irrational, and if |x — a| < min(1/2, ô) |f(x)— f(a)| = |0 — 0| < e when x is 
irrational; while if « = p/q;q > Q, so that 

f(x) — f(a)| = 1/4 € 1/Q < e. 


Therefore this function is continuous for every irrational value of x. 


ô = min 
q«Q 
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6.11.197.2 Solution. Let £o € R\Q. Let us observe a sequence of rational numbers (rz) converging 


to ro, where rj, = c and assume that Icd(m,z, ny) = 1 for every k € N. But then lim 55 nj = oo, 
hence 

lim f(r) = lim f (5) = tim + =0= f(zo) 

Qu A mii Nk Ei ne P 


It is trivial that for every sequence of irrational numbers (ix) converging to (xo), and we get 
lim f(ry) =0 = f(xo). 
k—oo 


Thus f is continuous at every irrational number. Assume now that xo € Q. Then zo is a rational 
number of the form zo = “, where led(m, n) = 1. By the definition f(zo) = 4+, Let us consider 


mk +1 


———,k 
m ei 


Tk — 


This sequence of rational numbers converges to £o as k > oo. 


: x al 1 
pel) d ar Cae 


Hence the function f has a discontinuity at every rational point. 


6.11.198 Problem. Let {r,;n € N} be an enumeration of the rational numbers in R. For each 
x € R, we consider 
L,—-í(ncN;n, < a}. 


Now define a function f : R — R by 


f= us 


nC€L; 


Show that f is strictly increasing, and has a jump discontinuity at every rational number and 
f(x) > 0 as x — —oo and f(r) > 1 as x — oo. 


Also show that f is right continuous and f|p\g is continuous. (This gives, for example, a monotone 
function that is discontinuous at rational numbers and continuous at irrational numbers.) 


6.11.198.1 Solution. We will first show that f|p\g is continuous. Let us fix an irrational number 
e € RXQ. Let e > 0 then we can find an m € N such that 


Let 
ô = min(|ry — eļ;rk < e, k = 1,2,..,m — 1}. 


Suppose x € R be such that |x — e| < à. Ifa < e, then Le N Ly C (m, m + 1,...] and so 
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If x >e, then Lz \ Le C {m,m + 1,...} and so 


Thus f is continuous at e. Thus f|r\ọ is continuous. Now we prove that f is right hand continuous 
at rational numbers. Let e > 0 and a rational number z, let (£n) € RN such that 


Ln > LASN— oo. 
Since f is strictly increasing, we have 
f(r) < flan) V n € N. 


Then 
1 


f(zs) — F(@)| = Fen) - F@) = 5, ge 


n€S,s 


where 
Ska = {n E N; £ < rk < xp} 


Now choose an integer mo € N such that 


and consider the set A C R, defined by 


A= N (2, Tn) 


{nEN,n<mo,rn>z} 


Evidently A = (x,r) for some r € Q. Moreover, every rational number in A is of the form rn, with 
n > mo. Because x, — x+ we can find an integer kg such that 


zk € AVk> ko. 


Therefore 
|f (zi) — f(z)| < €V k > ko. 


and so f is right hand continuous at x. 


6.11.199 Problem. Construct a strictly increasing function that is continuous at each irrational 
and discontinuous at each rational. 


6.11.199.1 Solution. Let (r,;n € N} be an enumeration of the rationals and define f : R > R by 
f(x) = NE 1/2". Note that f(r,—) = f(rn) = f(rn+) — 1/2" and f(x—) = f(x) = f(at+) for 
all x € R \ Q. 


6.11.200 Problem. Let (ran) be a sequence of rational numbers and a function f : R — R defined 


by 
1 
f(z) = 5 2n 
{n3rn <x} 


is lower semicontinuous. 
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1 
6.11.200.1 Solution. Suppose y = rm € Q. Then f(x) > ae f(y) V x >y, so 


inf _ f(x) > dee f(y) > fy) 


y<a<ytd 2m 
for any ô > 0. We now estimate infy_sce<y f(x). If x < y, then 
1 
HKoe-f8-. X». 2 
(nizEra«y]) 
Suppose y — ô < x € y, then (n; z € rn < y} C (m;y — ô< rn < y) and so 


Korif8- X xm] 


{n;y—ð<rn <y} 


We claim that for each N > 1 3 ô > 0 such that ifr; € (rm — 6,rm) then j > N. Suppose 
by contradiction that this is false. Then 3 No > 1 such that for each 6 = 1/k 3 j(k) such that 
Tj) € (rm — 1/k, rm) and j(k) < No. Hence j(k) takes only a finite umber of values between 1 
and No, therefore there exists a subsequence (k;) such that k; — oo as à — oo with j(k;) — s and 
rs € (rm — 1/ki, rm) V i. Letting i > oo we get Tm € rs < Tm, a contradiction. 

Now given e > 0,3 N > 1 such that >. = < e, and by the claim there exists 69 > 0 such that 
{n;y — ĝo < rn < y) C (n; n > N}. consequently 


1 1 
» p pU 


{n;y— ĝo <rn <y} n>N 


and so f(x) > f(y) - for y— ô< x € y and 0 < ó € do. Thus, 
inf f(x)» f(y-—-evV0«ó6 €, 


y—ó«zzXy 
and so 
j j > — ; 
TM ee) > fly)-eVe>0 


6.11.201 Problem. Prove that, lim; ,o w£(N(p; h) N [a,b]) always exists. Explain why the limit in 
question is guaranteed to exist. 


6.11.201.1 Solution. Hint. Since wş(N (p; h) N [a,b]) is a decreasing function of h. In fact, AC B 
implies wy(A) € wș(B). 


6.11.202 Problem. Let f be a uniformly continuous mapping from R into itself. Show that if 
f(0) = 0, there exists a positive real number B > 0 such that |f (x)| € 1 + B|v| for every x € R. 


6.11.202.1 Solution. There exists ô > 0 such that |x — y| < 6 implies |f (x) — f(y)| < 1. Let 
B = 1/6. Take any x > 0 and let n, = [x/ô] the greatest integer not exceeding z/ó. Then 


If(@)| = [F(2) — f(0)] SIF@) — f(na9)] +5 f) — F(@— 1)6)| 


<l+nz < 1+ Biz. 


The proof for z « 0 is similar. 
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6.11.203 Problem. Let the real-valued function f on [0,1] have the following two properties: 


1. If [a,b] € [0,1], then f([a, 6)) contains the interval with endpoints f(a) and f(b) (i.e., f has 
the Intermediate Value Property). 


2. For each c € R, the set f~!({c}) is closed. 


Prove that f is continuous. 


6.11.203.1 Solution. Suppose that f is not continuous at c € [0,1]. Then, d € > 0, such that there 
is a sequence (£n) converging to c € [0,1] with |f(z,) — (f(c)) > €Y n €N, ie. Hence Vn € N, 
either f(zx,) > f(c) +e » f(c) or f(z4) € f(c) — e< f(c). By the first condition, 3 yn such that yn 
lies between c and z,, ie. |y, — c| < |£n — c| and flyn) = f(c) ^ eor flyn) = f(c) +e. Then, we 
can show that yn — c and the set {y,;7 = 1,2,...} is not closed, for, we observe that 


cE {unii =1,2,..} =f ((0-9Uf (9*9 


and this contradicts the second condition. 


6.11.204 Problem. Prove that a function f defined on an interval (a,b) is continuous if and only 
if: 


1. f has the Cauchy property (that is, the image of each interval (p,q) C (a,b) is an interval). 
2. For each c € R, the set f~'({c}) is closed. 
(a, b) stands for any one of the four kinds of intervals |a, b], (a, b), [a, b), or (a, b]. 


6.11.204.1 Solution. Hint: Prove that if lim, ,,, f(a) < c < lim; ,4, f(x) and c Æ f (xo), then the 
set f-!((c]) is not closed. 


6.11.205 Problem. If a function f is defined on (a,b) and takes the same two distinct values in 
every arbitrary subinterval of (a,b) is totally discontinuous in (a, b). 


6.11.205.1 Solution. Let A and B be the two constant values which f takes in every subinterval 
of (a,b). If xo € (a,b) then 3 a nbhd. N of zo and a sequence (£n) in N such that rn — x and 
lim;, 54, f(@n) = A and similarly 3 a sequence (27) in N such that x}, — xo and lim, 42, f(x) = 
B. But as A ¥ B it follows that lim; ,4, f(x) does not exist. Hence f is totally discontinuous in 
(a, b). 


6.11.206 Problem. Show that the function f : (0,1) — R defined by 


0, if £ = r1T223.....and the digits x1, x3, £5.. 
in the odd places form a non-periodic sequence 
f(x) = 4 Ge + Sey + Set +... ifthe digits £1, £3, 25.. 


in the odd places form a periodic sequence 


from some point on, say after zo, 1 


is totally discontinuous although it takes all values intermediate between any two of its values. 
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6.11.206.1 Solution. Let (a,b) be arbitrary subinterval of (0,1). We show that f takes all the 
values between 0 to 1 as x varies from a to b. It will follow then that f is totally discontinuous in 
(0,1). Let yo € (0,1). We show that 3 zo € (a,b) such that yo = f(xo). Since yo € (0,1), we can 
write yg = 0.t4tsts..... The values of z may be written as 


y= T1, T3 , T5 , j Z2n-1 , 
10 103 105 ^"^" © 102n-1 ' 
T2 T4 T6 T2n 
ucc is A 
+ 792 * 104 * 108 + 10m * (a) 


If f(x) is different from 0, the numerators in the first row must, from some point on, becomes 
periodic. Let £2n—1 be the last numerator before the periodicity begins. Suppose a point z' of (a, b) 
is taking the first 2n — 1 terms of the fraction; that is, let 

/ Tı T2 X3 Z2n—1 


* = 30 7 108 * 198 * 777 


Whatever digits be chosen as numerators following r2n_1, the value of x can differ from x’ by at 


most eet: By the proper choice of n we can make 


1 


10-1 < |b 2 |, 


and hence the value of x lies within (a,b). In (A) we shall now replace those numerators following 
Z2n—1 having even subscripts by the digits used in defining yo; that is, we define zo by 


The point zo then a point in the subinterval (a,b) and f(xo) = yo. But yo € (0,1) and hence f(x) 
must take all values between 0 and 1 as z is given the values in (a,b). Thus by the previous problem, 
f is totally discontinuous in (a, b). 


6.11.207 Problem. Show that a function f : R — R is continuous if and only if 
1. f(I) is an interval for each interval J C R and 
2. f 1((y)) is closed for each y € R : 
In fact, show that (2) may be replaced by f~!({y}) is closed for each y € Q. 
6.11.207.1 Solution. Left to the reader. 


6.11.208 Problem. Give an example of a function which satisfies Intermediate Value Property 
without being continuous. 


6.11.208.1 Solution. Example: Consider the function f : [0, 1] > R defined by 


1, ifz-0 
f(r)- 4a, ifücz«1 
0, ifr=1. 


6.11.209 Problem. Is the condition “for any c € R the set f~'({c}) is closed” sufficient for the 
continuity of f? 


6.11. PROBLEMS AND SOLUTIONS ON CHAPTER 6 389 


6.11.209.1 Solution. For example, a discontinuous function f : R — R defined by 


dyes T, if x is rational 
l-cz, ifv is irrational. 


6.11.210 Problem. Suppose that f is a continuous function on R which is periodic with period 1, 
i.e., f(x +1) = f(x). Show: 


1. The function f is bounded above and below and achieves its maximum and minimum. 
2. The function f is uniformly continuous on R. 
3. There exists a real number zo such that f(xo +7) = f (xo). 


6.11.210.1 Solution. 


1. Let fı be the restriction of f to [0,2]. The ranges of f and f; are the same by periodicity so 
f attains its extrema. 


2. Let 6 > 0. fi is uniformly continuous, being a continuous function defined on a compact set 
so there is € > 0 such that 


| fi(a) — fi(b)| < € for a,b € [0,2], |a — b| < e. 


Let x,y € R with |z — y| < e. Then there are 21,22 = z1 + 1,y1, yo = yı + 1 € [0,2] with 
f(zi) = f(z2) = f(x) f(u) = f(v2) = fly) and |f(zi) — f(yi)| < € for some choice of 


i,j € {1,2}, and the conclusion follows. 


3. Let f attain its maximum and minimum at £1 and £», respectively. Then 


f(& +r) — f(&) « 0and f(£a--9) — f (£2) > 0; 


as f is continuous, the conclusion follows from the Intermediate Value Theorem. 


6.11.211 Problem. Let f be a continuous real valued function defined on [0,1] x [0, 1]. Let the 
function g on [0,1] be defined by 


g(x) = max(f(v, y); y € [0, 1])- 
Prove that g is continuous. 


6.11.211.1 Solution. For each y € [0,1], consider the function gy(x) = f(x,y). Then g(x) = 
sup gy(r). The family (gy) is equicontinuous because f is uniformly continuous. It suffices then to 
show that the pointwise supremum of an equicontinuous family of functions is continuous. Let e > 0, 
xo € [0, 1]. There is yo such that 


gy (xo) € g(xo) < gy, (xo) + €. 


Let ô > 0 such that if |r — s| < 6, then |gy(r) — g,(s)| < ô V y, and |xo — xı| < ô. For some yi, we 
have that 
gy (21) < g(1) € gy (01) + € 
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Further, by equicontinuity of {gy}, we have the two inequalities |g,, (xo) — gy, (z1)| < € and |gy, (zo) — 
gy, (21)| < e. By combining them we get 


y; (40) < Gyo ($1) + € < g(21) +€ < gy, (21) + 2€ 


and 

gy, (21) € gy, (o) + € € g(xo) + € € gy (o) + 2e. 
These two inequalities imply |gy, (z1) — gy, (zo)| < 2e. This, combined with the first two inequalities, 
shows that |g(xo) — g(z1)| < 3e. Since this holds for all e and xo and all x close to xo, thus g is 
continuous. 


6.11.212 Problem. Let f be a continuous function from R to R such that |f(x) — f(y)| 2 |z — y 
for all x and y. Prove that the range of f is all of R. 


6.11.212.1 Solution. The inequality given implies that f is one-to-one, so f is strictly monotone 
and maps open intervals onto open intervals, so f(R) is open. Let zn = f (£n) be a sequence in f(R) 
converging to z € IR. Then (z,,) is Cauchy, and, by the stated inequality, so is £n. Let x = lim zp. By 
continuity we have f(x) = f(lim zn) = lim f(x4) = z, so f(R) is also closed. Thus, f(R) = R. 


6.11.213 Problem. Let A = [a,b] and let f : A — A be a continuous function with the property 
that for all x,y € A,|f(x) — f(y)| > |x — yl, (f is expanding). 


1. Prove that f is one-to-one and the inverse map f^! : f(A) > A is continuous. 
2. Show that f(A) — A. 
6.11.213.1 Solution. 


1. Suppose « # y then |f(x) — f(y)| > |r — y| > 0 implies f(x) Z f(y), ie. f is one-one. 
Again, let y, — b € f(A). Since f is one-one, so, there exist x, € A and a € A such 
that y, = f(x,) and b = f(a) which means f(x,) — f(a), since f is continuous, hence 
In > a > f l(y.)— f (b). Thus f^! : f(A) > A is continuous. 


2. Let f(A) = [c,d] with f(a) = c and f(b) = d such that a < c < d < b then |f(b) — f(a)| = 
d — c « b — a, a contradiction. 


6.11.214 Problem. Prove that a continuous function from IR — IR which maps open sets to open 
sets must be monotonic. 


6.11.214.1 Solution. Suppose f : R — R is continuous, maps open sets to open sets but is not 
monotonic. Without loss of generality assume there are three real numbers a < b < c such that 
f(a) « f(b) > f(c). By Weierstrass Theorem f has a maximum, M, in [a,c], which cannot occur 
at a or b. Then f((a,c)) cannot be open, since it contains M but does not contain M + e for any 
positive e. We conclude then that f must be monotonic. 


6.11.215 Problem. Either prove or disprove (by a counterexample) each of the following state- 
ments: 


1. Let f: R > R,g:R-R be such that 


lim g(x) — b and lim f(z) = 


Then lim, +a f(g(z)) = c. 
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2. If f : R > R is continuous and U is an open set in R, then f(U) is an open set in R. 


6.11.215.1 Solution. 

0 ift £0 

1 ift=0 

we have lim; ,o g(t) = limo f(t) = 0 but lim, ,o f(g(t)) = 1. 


1. This is false. For f(t) = g(t) = 


2. This is false. f(t) = t? maps the open interval (—1,1) onto [0,1), which is not open. 


6.11.216 Problem. Let f : [a,b] —^ R be bounded. Prove that the limit 


wr(p) = lim wr(N(p;h) a, 6]) 


h—04- 
always exists and that wr(p) = 0 & f is continuous at p. 


6.11.216.1 Solution. Suppose w;(p) = 0 and let e > 0. Then there exists 6(€) > 0 such that if 
0 « h< ô, then 

sup {|f (x°) — f(y), y" € N(p; h) n [a b]) < e. 
So, if |p — x| < ô, and z € N(p; h) n [a,b] then |f(p) — f(x)| < € implies that f is continuous at p. 
Conversely, suppose f is continuous at p and let e > 0. Then there exists ô > 0 such that |p— x| < 6 
implies |f (p) — f(x)| < €/2, so for 

x,y € N(p; h) n [a,b] 

f(x) — FM) = f(x) — Fe) + fe) — Fw)! 

< f(x) — f() + MG») — f(y)] < €/2 + e/2 = e. 


Therefore sup (|f (x) — f(y)|;2,y € N(p; 6)  [a,0]) < e. Thus wr (p) = 0. 


6.11.217 Problem. Let f : [a,b] ^ R be bounded, and let e > 0 be given. Assume that wy(x) < € 
for every x € [a,b]. Then there exists a ô > 0 (depending only on €) such that for every closed 
subinterval T C [a,b], we have wf(T) < e whenever the length of T is less than ô. 


6.11.217.1 Solution. For each x € [a, 0] there exists Ny = N(x; ôx) such that 
wy (Na N [a b]) < w(x) + [e = wz (x)| = e 


The set of all balls N(a;6,/2) forms an open cover of [a,b]. By compactness, a finite number (say 
k) of these will cover [a,b]. Let their radii be 64/2,05/2, ..,0,/2 and let 6 = min(61/2,65/2, ..,0,,/2). 
When the interval T' has length < 6, then T is partly covered by at least one of these balls, say 
by N(z,;05/2). However, the ball N(z£p;ôp) completely covers T (since 56, > 25). Moreover, in 
N (£p; Ôp) N [a,b] the oscillation of f is less than e. This implies that w;(T) < e and the theorem is 
proved. 


6.11.218 Problem. Let f be defined and bounded on [a,b]. For each e > 0, define the set A, as 
A, = {x;a € [a,b], w(x) > e}. Then A. is a closed set. 


6.11.218.1 Solution. Let x be an accumulation point of Ae. If  ¢ Ae, we have w(x) < e. Hence 
there exists By = B(x; ôx), such that wg(B, N [a,b]) < e. Thus no points of B, can belong to Ae, 
contradicting the statement that x is an accumulation point of Ae. Therefore, x € A, and A, is 
closed. 
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6.11.219 Problem. 
1. Prove that every continuous function f : [a,b] — [a,b] has a fixed point. 


2. Prove that if the function f : [-a, a] —> [—a, a] is continuous, then the equation f(x) = —z has 
at least one solution. 


6.11.219.1 Solution. 


1. Consider the function F defined by F(x) = f(x) — x then F(a) = f(a) — a, F(b) = f(b) — b, so 
F(a) > 0, F(b) < 0 thus 3c € (a,b) such that F(c) = 0, hence f(c) = c. 


2. By the problem, f(—a) = a and f(a) = —a thus f(—a)f(a) = —a? < 0, hence J c € [-a,a 
such that f(c) = 0. 


6.11.220 Problem. Prove that there exists no continuous function f : IR — IR such that 


(fo f)(z) =—-2? YzER. 


6.11.220.1 Solution (Hint: If a function g is strictly monotone, then gog is strictly increasing.). 


6.11.221 Problem. Find all continuous functions f(a) whose graph G (of y = f(a)) has the 
following property: For each chord C of G, if C’s projection onto the z-axis has length d?, then C's 
midpoint lies d units above G. 


6.11.221.1 Solution. Let (a, f(a)) and (b, f (b)) be arbitrary points on the graph with b > a and 
let c — oth We are given that 


or equivalently, 


b—a 


Take the limit as b — a (and b > c, c — a) to see that f"(a) = 8. Since a is arbitrary, we have 
y = 4x? + Art B. 


6.11.222 Problem. Let A and B be disjoint subsets of R and f : AU B — R a continouus function. 
Assume that f is uniformly continuous on A and on B. Is it true that f is uniformly continuous on 
AU B? 


6.11.222.1 Solution. Let A = (0,1) and B = (1,2), and define f: AU B > R by 


0, «EA 
rozh rcB 


It is easy to show that f is a continuous function. To show that f is uniformly continuous on A, let 
€ > 0 and take any 6 > 0. Then x,y € A and |x — y| < ô implies |/(x) — f(y)| 2 0 < e. Similarly f 
is continuous on B. Now we show that f is not uniformly continuous function on AU B, let e = 1 
and take any ô > 0. Let x = 1 — min{1/2,6/4} and y = 1 + min(1/2,0/4). Then x,y € AU B and 
|z — y| < ô but |f(z) - f(y) - 12 € 


6.11. 
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6.11.223 Problem. (Knaster’s Fixed Point Theorem). Prove that every increasing function f : 
[a,b] — [a,b] admits at least a fixed point. Indicate an example where the set of fixed points is 
countable. 


6.11.223.1 Solution. Hint: Consider the point c = sup(x € [a,b]; x € f(x)}. 


6.11.224 Problem. Suppose that f : IR — R is Lipschitz. Show that f extends to a continuous 
function h : R > R. Is h unique? Explain. 


6.11.224.1 Solution. Hint: Given x € R, choose a sequence of rationals (r4) converging to x and 
argue that h(x) = lim, 455 f(r4) exists and is actually independent of the sequence (rn). 


6.11.225 Problem. Does there exist a function f : R — R, such that f is continuous at 


1. 
2. 


N OO Ct A C 


a point. 


finitely many points. 


. countably many points with no limit point. 
. countably many points with limit point(s). 
. countably many points dense in IR. 

. irrationals. 


. uncountably many points dense in R. 


6.11.225.1 Solution. 


1. 


fxi tional 
Function defined by f(x) = if x is rational, 


1— g ifzis irrational 


. Let S = (24,23, ..., 24] be any finite subset of R. Define a function f by 


f) 1 — (x — z1) (£ — £2)....(£ — £n) if x is rational, 
ib] eaen 
1 + (r—zi)mx-—2x3)..(x — x4) if @ is irrational. 


. Consider f(x) = [a]. 
. Let f be defined on [0,1] by 


T ifa —0 


(-1)73, if <a <$ forr =1,2.... 


f is continuous on [0,1] except at the points 0,1, Z, 1, ... The set of points of discontinuity of 


f has only one limit point 0. Also f is bounded on [0,1]. 


Or 
ia I ifr-0 


"A 1 x 
grt) if gr <2 € gu for n = 1,2,... 


f is continuous on [0, 1] except at the points 0, i. x ... The set of points of discontinuity of f 


has only one limit point 0. Also f is bounded on [0,1]. 
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5. Left to the reader. 


6. Thomae’s function; 


7. Thomae’s function; 


6.11.226 Problem. Let J = [a,b], and f : I — R be strictly monotone and continuous on J. Then 
there exists an inverse function g : J — R where J = f(I) such that 


1. g is strictly monotone in J, 
2. g is continuous on J. 


6.11.226.1 Solution. Suppose that f is strictly monotone on I. Let x,y € I with x < y, then 
f(x) < f(y) which shows that « 4 y > f(x) 4 f(y) i.e f is one-one, and f : I > f(T) is surjective. 
Hence f is bijective so there exists an inverse function g : f(T) > I such that y € J = f(I) 3 x such 
that y = f(x) & g(y) = x. We prove that g is increasing (strictly). Let p,q € f(I) then 3 z,y € I, 
such that f(x) = p, f(y) = q with g(p) = z and g(q) = y. So p < q => f(x) < fly) 2» < y => 
g(p) < g(q) implies g is strictly increasing. Since J is bounded and closed, let (yn) be a sequence in J 
converging to y € J and let y, = f(£n),then glyn) = £n is also a sequence in I. Since £n is bounded 
and infinite in I, £n is convergent in I. Suppose £n — x € I, by continuity of f, f(an) — f(x) i.e. 
Yn — f(x) since y, > y then y = f(x) so gly) = x. Hence x, —^ x means glyn) > g(y). This shows 
that g is continuous on J. 


6.11.227 Problem. Show that the function f : IR — R defined by 


f(x) = lim |lim sin’ (nira) 


noo |t20 sin? (n!aa) + t? 


is equal to 0 when z is rational and equal to 1 when z is irrational. Hence show that the f is totally 
discontinuous. 


6.11.227.1 Solution. Let x = p/q be a rational number. Then by taking n sufficiently large n'zc 
can be made an integral multiple of m so that sin(n!rz) = 0. Hence 


— 0, when z is rational. 


f(x) 


= li 
004 


If x is irrational, then 0 < sin? n'zz < 1. 


f ‘ 1 1 
f(x) = lim E 2 | Sh =f; 


noo |t20 ] + SERES 
6.11.228 Problem. Show that the function f : IR — R defined by 


(1--sinzz)!— 1 


f(x) = lim 


too (1-F sin az)! +1 


is discontinuous at the points x = 0,1,2, ..n,.. 
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6.11.228.1 Solution. At x =0,1,2,..n,.., we have sin zz = 0, so that 


f(x) = lim Sno bue NE 


too (12-0)! +1 


at these values. Now, if 2m < x < 2m + 1 (m being an integer), then sin zz is positive. Hence for 
such values of z, we have 


l- Gay 
1+sin 72x)? 
f(x) = lim ———— =], 
EE (1+sin 72x)? 
and if 2m+1 < x < 2m 4-2, sin yz is negative and so limy_,.(1+sin zz)! = 0. Therefore f(x) = —1 


for these values of x. Hence if x is an even integer, then f(x) = 0, f(x+0) = 1 and f(x—0) = —1, and 
if x is an odd integer, then f(x) = 0, f(x --0) = —1 and f(x —0) = 1. Hence f has the discontinuities 
of the first kind at x = 0,1,2,3,..n, ... 


6.11.229 Problem. If a function f is uniformly continuous on a bounded interval J, then f is 
bounded on I. 


6.11.229.1 Solution. Here we suppose that J is one of (a, b), [a,b], [a, b), or (a, b]. To check that f 
is bounded, choose ô > 0 so that |f(a) — f(y)| < 1 whenever x,y € I and |x — y| < 6. There is a 
finite set a = zo < zi < ... < Zn = b such that |x; — x; 1| < 6 for i = 1,2,..,n. Our definition of ô 
implies that f is bounded on each of the intervals [r; 1, xi] O I. Let 


m; = inf{ f (£); £iz1 S£ < tix EI} 
M; = sup{f(x);aj-1 < £ < zi, £ € I} 
m = min{ mı, ..., Mn} 

M = max{M,,..., My}. 


Then, for every z € I,m < f(x) € M, so f is bounded on I. 


6.11.230 Problem. Any function that is continuous on (0,1) but unbounded cannot be uniformly 
continuous there. Give an example of a continuous function on (0,1) that is bounded, but not 
uniformly continuous. 


6.11.230.1 Solution. f(x) = sin (1). 
6.11.231 Problem. Use Baire's Category Theorem to show that the set of all rationals Q is not the 
intersection of a countable collection of open sets. Use this result to show that the set of irrationals 


is not the union of a countable collection of closet sets. 


6.11.231.1 Solution. Assume not. Then there exists (On) a sequence of open sets such that 
Q = NZ On. Since Q is countable, then we may write Q = {rn;n € N}. Let On = On V {rn}, for 
n € N. It is clear that Ó, is open as an intersection of two open sets. Since Q C On, then O, is 
dense in R and consequently On is also dense in R, for any n € N. Baire's Category Theorem implies 


that NZ; On is not empty and is dense in R. But this contradicts 
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Finally assume that the set of irrationals is the union of a countable collection of closed sets. Then 
by taking the complement one can easily prove that Q is the intersection of a countable collection 
of open sets. Contradiction. 

This conclusion means that Q is not Gs5-set and R \ Q not an F. 


6.11.232 Problem. Let C be a subset of R. Define the Cantor-Bendixson derivative of C, 
denoted C", by 


C' = (x € R; ris an accumulation point of C]. 
Show that C" is closed, and if C” 4 Ø, then C is infinite. 


6.11.232.1 Solution. If C’ = (), we have nothing to prove. So assume C" Æ (). Let us prove that C" 
is closed. Let a ¢ C',then a is not a limit point of C. Hence there exists € > 0 such that (a—e,a+e)NC 
does not contain a point different from a. Since a ¢ C, we have (a — e,a -- e) à C = 0). In fact, we 
have (a— e, a4- e) AC' = 0. Indeed assume not, i.e., (a—€,a4- e) C" z 0. Let a* € (a—€,ate)NC’. 
Since (a — e, a + €) is open, there exists ô > 0 such that (a* — ô, a“ +6) C (a—€,a4- e). Since a* isa 
limit point of C, (a* —6,a* 4-6)'1C z 0, which in turns implies (a— e, a- e) 1C z 0, a contradiction. 
Hence R\ C” is open or equivalently C" is closed. Finally let us prove that C is infinite. Assume not. 
So C = (a, ..., Cn}. Since C” is not empty, let c* € C”. Let e = min{|c* — cil; c; Z c*,i = 1,...,n). It 
is clear that € > 0 and (c* — e, c* + e) NC = 0), a contradiction. Hence C is not finite. 


6.11.233 Problem. A subset P of R is said to be perfect if and only if P’ = P, where P' is the 
Cantor-Bendixson derivative of P. Show that any nonempty perfect subset of R is not countable. 


6.11.233.1 Solution. Let P C R be a nonempty perfect set. Since P has a limit point (being not 
empty), P is infinite and is closed. Assume P is countable. Write P = (p,;n € N}. Since po is a 
limit point of P, P (po — 1, po + 1) is not empty and is infinite. Take a p € P (po — 1, po + 1), 
with p Æ po. Then there exists an open interval J; which contains p, such that Tọ does not contain 
po and Ip C (po — 1, po + 1), where To denotes the closure of Tọ. Since J, contains a limit point of P, 
it contains infinitely many points of P. In particular, it contains a point different from p1. Since J; is 
open, it will contain an open interval Jz, which contains a point from P such that I5 does not contain 
pı and I C Ij. By induction, we will construct a sequence of open intervals In C (po — 1, po + 1) 
such that 


1. pn ¢ Ia. 
2. Iny € In 
3. APÓ. 
for any n € N. The sequence (1,, N P) is a decreasing sequence of bounded closed nonempty sets. 


Hence I = MnenIn N P # 0. Let p* € I then p* € I, P for any n € N. Hence p* Æ pn, for any 
n € N. So PV {pn;n € N} z 0. Contradiction. 


6.11.234 Problem. A point a is a condensation point of A C R if for any e > 0, the set (a — €, a + 
€) A is infinite not countable. Let P = (x € R;z is a condensation point of A}. Show that P is 
either empty or perfect. 
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6.11.234.1 Solution. Assume P not empty. Before we prove that P is perfect, let us prove that 
C = A\ P is countable. Indeed, let a € C, then there exists rı < a < r2 with r1,r2 € Q such that 
(71,72) 1 A is countable. Hence 


C C {(q, 42) N A; q1, q2 € Q such that (q1,q2) N A is countable. } 


Since a countable union of countable sets is countable, we conclude that C is countable. Next let us 
prove that P is perfect. Clearly any condensation point of A is also a limit point of A. The converse 
is not true in general. Indeed, if we take A = {1/n;n > 1}, then 0 is a limit of A but it is not a 
condensation point since A is countable. Let a € P', i.e., a is a limit point of P. Let e > 0, then there 
exists p € (a — €,a + e) P, such that p 4 a. Since (a — e, a + €) is open, there exists 6 > 0 such that 
(p—6,p4- à) € (a—€,a-- e). Since (p — 9, p -- 6)N A is infinite not countable, then (a — e,a4- e) N A 
is infinite not countable, i.e., a € P. So P' C P. Let p € P. Then for any e» 0, (p^ e; p4-€) A is 
infinite and not countable. Also (p — e, p + €) MC is countable. Since 


(p—e,pte)NA= ((p—epte)NP)U((p—epte)NC) 


we conclude that (p — e, p + €) P is infinite and not countable. Hence p is a limit point of P, i.e., 
p € P'. Therefore we have P — P', or P is perfect. 


6.11.235 Problem. Let C be a closed subset of IR. Show that C = PU F, where P is perfect, F 
is countable, and P N F = (). This is known as the Cantor-Bendixson Theorem. 


6.11.235.1 Solution. Let P be the set of all condensation points of C. Let F = C \ P. Then 
C = PUF. We have PAF = (. According to previous problem, P is perfect, and F is countable. 


6.11.236 Problem. Suppose that f : [0,1] — R is continuous and has a local maximum at each 
point in [0,1]. Prove that f is constant. 


6.11.236.1 Solution. Since f is continuous on the compact set [0,1], by extreme value theorem 
it attains absolute minimum, say, m, at some c € [0,1]. Let K = f^![(m]]. Since c € K, K is 
nonempty. It suffices to show that K = [0,1]. Since f is continuous and K is the pull-back of a 
singleton, which is closed in R, K is closed in [0,1]. Now since [0,1] is connected, any nonempty 
subset of [0,1] which is both open and closed must be the whole space [0,1]. As we know K is closed 
in [0,1], it suffices to show that K is also open in [0,1]. To this end, let y € K. Since f has a local 
minimum at y, there is € > 0 such that f has absolute maximum at y on U = (y — €, y +€) \ (0, 1]. But 
since y € K, f has absolute minimum on [0,1] at y. Thus f must be constant on the relative e-ball 
U of y. But since f(y) =m, f must be identically m on U. Hence U C K. So y is an interior point 
of K. Since y € K was arbitrary, K is open in [0,1]. Thus K — [0, 1]. This shows the assertion. 


6.11.237 Problem. Let f and g be continuous on [0,1], and suppose that f(0) « g(0), f(1) > g(1). 
Show that there exists z in (0,1) such that f(x) — g(x). Deduce that the equation 


r1 . (5) 
= sin {| — 
3 2 


has a solution in (0,1). 


6.11.237.1 Solution. The function f — g is continuous, and (f — g)(0) < 0, (f — g)(1) > 0. Hence, 
by the intermediate value theorem, there exists c € (a, b) such that (f — g)(c) = 0. 
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6.11.238 Problem. Let a,b > 1, and let f be a bounded function on [0,1] such that 
f(ax) =bf(@) O<a<1/a. 
Show that f is continuous at 0. 


6.11.238.1 Solution. Putting x = 0 in the functional equation, we find that f(0) = f(a.0) = bf(0), 

where b > 1, and this gives a contradiction unless f(0) = 0. Let |f(x)| < M V x € [0,1]. Let f > 0 

be given, and let n € N. Then f(a"x) = b" f(x) V x € (0, a "], and so there exists N € N such that 
f(x) — f(0)] = |F (£) = 6 "|f(a^z) < Mb" < e 


if n > N. Hence, taking ô = a^^, we see that |f(z) — f(0)| < e V x € (—6,6) Ndomf. Thus f is 
continuous at 0. 


6.11.239 Problem. Let f : (—1,1) — R be continuous at 0, and suppose that f(x) = f(x?) Vx € 
(—1, 1). Show that f(x) — f(0) V x € (—1,1). 


6.11.239.1 Solution. Consider the sequence (£n) defined by 


n—1 
Ln = x? 


[poe ae t) 
where x € (—1,1). Then x2” ' — 0, and so, by continuity at 0, the sequence (f (22")) 2 f(0). 


But (f (z? )) is the constant sequence (f(x)), with limit f(x), and so we conclude that f(x) 
f(0) V x € (—1,1). 


6.11.240 Problem. Show that R cannot be covered by a countable family consisting of more than 
one closed disjoint sets. 


6.11.240.1 Solution. This is Sierpinski's result. Note its relationship to the connectedness property 
of R. Assume that R is the union of disjoint closed sets {C;;i = 0,1,2, ....}. Choose z < y € R 
so that x € Co,y € Co. Put ag = sup(Co N (—oo, y)). Then ag € Co and CoN (ao, y) = Ø. Let ài 
be the smallest positive integer such that Ci, N (ao, y) = 0, and put bo = inf(C;, N (ao, y)). Then 
bo € Ci, a0 < bo, and the sets C;,i < i; do not meet (ao, bo). Let i2 be the smallest positive integer 
such that Ci, 1(ao,69) # 0, and put a1 = sup(C;, N (ao, bo)). Then a, € Ci , and ag < a1 < bo. 
Moreover, the sets C;,i < i2 do not meet (a1,09). Let i3 be the smallest positive integer such that 
Cj, (a1, bo) Æ 0, and put bı = inf (Ci, N (a4, bo)). Then bı € Ciz, and ag < a4 < by < bo. Moreover, 
the sets C; for i < i3 do not meet (a1,01). If we keep on going, we get a sequence of intervals 
{[a;, bi]; i = 0, 1,2, ..., } that is nested, and thus there is z such that z € [a;, bi] for all i > 0. It follows 
from the construction that then z ¢ C; Vi > 0. This is a contradiction. 


6.11.241 Problem. If 0 is irrational, show that every point of the interval [-1,1] is a limit point 
of the sequence (sin n70). 


6.11.241.1 Solution. For n € N, let {22} = e — [22 is the fractional part of ng. Multiply by 27 
to get 27{ 2} = rnd — [24], hence sin(27(n0/2)) = sin(n70). Now, the sequence (n6/2) is dense in 
[0,1], hence the sequence (27(n0/2)) is dense in [0,27]. The continuity of the function “sin” shows 
the result. 
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6.11.242 Problem. Prove that the set {(cos n0, sin n0); n € N} is dense in the unit circle (T in C) 
endowed with the Euclidean metric, whenever @ is an irrational multiple of 7. 


6.11.242.1 Solution. Put 0 = az, for a fixed irrational number a. We know that 27(na/2) is 
dense in [0,27]. The mapping x +> exp (nx) maps continuously [0,27] onto the unit circle T in C, 
hence the set 


{exp i(27na/2) = expi(mna) = expi(n0) = (cosn0,sinn0) : n € N} 


is dense in T. 


6.11.243 Problem. Construct a real-valued function on [0,1] that has a limit at each point but is 
not continuous at infinite countably many points. 

1 1 
6.11.243.1 Solution. Let f(z) - 4^. 1? 71 n 

0, otherwise. 
Another example is the Thomae function. Indeed, it has a limit 0 at each point x € (0, 1), and so it 
is discontinuous precisely at points Q (0, 1). 


6.11.244 Problem. 


1. Construct a function f on R that is continuous at all integers and discontinuous at all numbers 
that are not integers. 


2. Construct a function on IR such that f is continuous at all numbers that are not integers and 
f is at the same time discontinuous at all integers. 


6.11.244.1 Solution. 
1. f(x) = (sin zz) D(x), where D is the Dirichlet function, D = xoc. 


0 ifzis not an integer and 


1 if a is an integer. 


2. Let f(x) = 
6.11.245 Problem. Assume that f is a continuous function on [0,1], and that it is strictly increasing 
on (0,1). Is f strictly increasing on [0,1]? 


Assume that 


(y) < f(a), a 


6.11.245.1 Solution. Hint. Yes. By continuity, f(0) < f(x) for all x € (0, 
f(0) = f(x) for some x € (0,1). Then, for 0 < y < x we get f(x) = f(0) € 
contradiction. The proof for z — 1 is similar. 


1. 
f 


6.11.246 Problem. Construct a continuous function f on R such that 
1. f(x) = 0 for all x € R with |x| > 1, and 
2. f(0)=2. 


2cos 5g, if|z|<1 
0, if |z| > 1. 


6.11.246.1 Solution. Let f(x) = | 


6.11.247 Problem. If M C R, then the characteristic function xy of M is discontinuous exactly 
at the points of the boundary 0M of M. 
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6.11.247.1 Solution. Assume that x ¢ OM. Then, if z € M(x € MC), there exists a neighborhood 
U(x) of x such that U(x) C M, hence xm = 1 on U(x) (respectively, U(x) € MC, hence xy = 0 on 
U(x)). This shows that xm is continuous at x. Assume now that x € OM. Then, every neighborhood 
of x intersects both M and MC. It follows that x; is not continuous at x. 


6.11.248 Problem. (Tietze's extension theorem) Show that, if f is a continuous function on a 
closed subset C in R, then f can be continuously extended to R. 


6.11.248.1 Solution. Left to the reader. 


6.11.249 Problem. Assume that f is uniformly continuous on [a,b] and also on [b,c]. Show that 
f is uniformly continuous on [a, c]. 


6.11.249.1 Solution. Hint. If a <x € b € y € c, then |f(y) — f(x)| 
fœ). 


6.11.250 Problem. Show that the function defined for x € R by f(x) = rsinz is not uniformly 
continuous on R. 


IA 


IF) — FO) + |f(b) — 


6.11.250.1 Solution. Consider the sequences (£n), (yn) defined by £n = 2nm and y, = 2n + 1, 
for n € N, we get £n — y, = + > 0, but f(z,) — f(yn) = (2nz + 1)sinl — 2« F 0. This shows 
that the product of two uniformly continuous functions is not uniformly continuous. 


6.11.251 Problem. Let f be a real-valued uniformly continuous function on a bounded open 
interval (a,b). Show that f is bounded on (a,b). 


6.11.251.1 Solution. For e = 1 get 6 from the uniform continuity of f. Let the points a = a1 < 
ag < a3 < ... < an = b be chosen so that the distance of a; to the next a;,1 is less than 6/2. Let 
M = max{ f (a2), ..., f (an 1). If x € (a, b), there is i € (2,3, ..., (n — 1)} such that |x — a;| < 6. Then 
f(x) — f(a;)] < e = 1. Hence |f(x)| < |f(a;)] +1 < M +1. 


6.11.252 Problem. Show that a real-valued function f defined on a subset D of R is uniformly 
continuous on D, if and only if, ó(c) > 0 as e > 0+, where ô is the modulus of continuity of f on 
D. 


6.11.252.1 Solution. Assume first that f is uniformly continuous on D. Then, given a > 0 we can 
find e > 0 such that for every x,y € D with |x — y| € € we have |f (x) — f(y)| € a. It follows from the 
definition of ô that ó(c) € o. Since 6 is increasing on [0, o0) we obtain lim, 4,94 6(€) = 0. Conversely, 
assume that lime ,o,. 6(€) = 0.. Then, given a > 0 we can find e > 0 such that d(€) € a. This shows 
that |f(x) — f(y)| €&o V z,y € D with |x — y| € e. Therefore, f is uniformly continuous on D. 


6.11.253 Problem. Let P be a polynomial of an odd order. Show that the intermediate value 
property implies that P has at least one real root, i.e., P(x) — 0 for some real number z. 


6.11.253.1 Solution. Let P(x) = a,x" + ... + ag, where n is odd. Assume without loss of gen- 
erality that a, = 1. Then, P(x) = x” (1 + Gn—14 +... Tao). Thus, lim,.,5; P(x) = oo and 
lims- P(x) = —oo. This shows that there exist a, b € R such that a < b, P(a) < 0, and P(b) > 0. 
By the intermediate value property, there is z € (a,b) such that P(x) = 0. 


6.11.254 Problem. There exists a function $ defined on [0,1] such that $(J) = [0,1] for every 
nondegenerate interval J C [0,1]. Observe that this gives an example of a discontinuous function 
satisfying the intermediate value property. 
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6.11.254.1 Solution. Hint. (B. Knaster, K. Kuratowski) For x € [0, 1], put z = 0.a1a2a3....... (base 
2) (if x has two such expansions, choose one with finitely many nonzero digits). For n € N, put 
P(n) = a1 4- aa + .... + an. Then define 
$(r) = lim sup pan) 
n— 00 n 
The discontinuity of the function ¢ at each point in [0,1] is a straightforward consequence of its 
behavior on each open subinterval. 


6.11.255 Problem. If the functions f and g have the IVP, it does not follow that f + g has the 
IVP. 


6.11.255.1 Solution. Hint. Let 


t?sin1, ift 40 t?cost, ift 40 
olt) = Uer YM = n 
0, ift — 0. 0, if t — 0. 


Then, let f(t) = (9'(t))? and g(t) = (v/(t))?, and then show that f +g does not have the IVP on 
any interval containing 0. 


6.11.256 Problem. Prove that it is not possible to partition R into a countably infinite union of 
nonempty closed subsets. 


6.11.256.1 Solution. Hint: Assuming that R = U%,C(n) is such a partition, construct a sequence 


of nested intervals |an, bn] such that C(n) n [an, bn] = for all n € N. 


6.11.257 Problem. Let J be an interval in R and f : I ^ R. Show that f is uniformly continuous 
on I iff for every e > 0, there exists M > 0 such that 


RAO! s. ws ar) - ppp ee 


D. Paine, “Visualizing Uniform Continuity,” 
American Mathematical Monthly 75 (1968), 44—45. 


6.11.257.1 Solution. Suppose the condition holds and e > 0 is given, let 6 = €/M then we get 


F2) P0 s = trs) - fi) ee 


Le. € > |f (£) — f(y)| > Mz — y| > Ife) - fl < e 
by the condition |x — y| < 6 2 |f(x) — f(y)| < e, 


ie. |f(z) — f(y)| x € > |z — y| > ô. 


If f is uniformly continuous and e > 0 is given, choose 6 > 0 so that |f (x) — f(y) 2 e= |r - y| 2 ô 
and let M = 26/e. Assume (without loss of generality) that f(x) < f(y). and choose n € N 
such that 7 = (f(x) — f(y)) /n € [e 2e]. Divide [f (x), f(y)] into n equal parts using the partition 
{f(x)+kn;0 € k € n) Using the Intermediate Value Theorem, choose zo = z,21,22,..., 24, = y such 
that f(a.) = f(x)--kn. Now, we can deduce that |x—y| > nó and hence |f (x)— f (y)|/|x—y| € M. 
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6.11.258 Problem. Find a subset S of the real numbers R such that both (1) and (2) hold for S: 
1. S is not the countable union of closed sets. 
2. S is not the countable intersection of open sets. 


6.11.258.1 Solution. Let A be a subset of [0,1] that is not a countable union of closed sets, and 
let B be a subset of [2,3] that is not a countable intersection of open sets. (Irrationals and rationals 
for instance, respectively.) We show that S = AU B satisfies (1) and (2). Suppose for the sake of 
contradiction that S is the countable union of closed sets {Fn}. Then 


A=Sn (0,1) = (Ù Job V (Fa [0, 1]) . 


Note that F, N [0,1] is closed for each n, so A is a countable union of closed sets, a contradiction. 
Likewise, if S is the countable intersection of open sets, it follows that B is the countable intersection 
of open sets, a contradiction. Hence S satisfies (1) and (2). 


6.11.259 Problem. Suppose that f : [a,b] > R is a continuous and non-constant function. Prove 
that the function f cannot have any small periods. 


6.11.259.1 Solution. Proof: Let f is continuous at q € [a,b], and by hypothesis that f is non- 
constant, there is a point p € [a,b], such that |f(p) — f(q)| = M > 0. Since f is continuous at q, 
then given e < M, there is a 6 > 0 such that for x € (q — ô,q + ô) [a,b], we have 


f(x) — f(a)] < M. (A) 


If f has any small periods, then there is a point r in the set (q—6,q+6)N[a, b] such that f(r) = f(p). 
It contradicts to (A). Hence, the function f cannot have any small periods. 


6.11.9 Remark. 


1. There is a function with any small periods. 


6.11.10 Example. Consier the function f : R — R defined by 


= JO, ife € Qe? 
rozh ife c Q. 


Since f(x +q) = f(x) for any rational q, we see that f has any small periods. 


2. Prove that there cannot have a non-constant continuous function which has two periods p, and 
q such that q/p is irrational. 
Since q/p is irrational, there is a sequence (qn/pn) with qn/pn € Q such that 


P 


1 
<— => [Pan — Pad < — 0asn— oo. 


Pn 


Pn Dp 


wa 
n 


So, f has any small periods, by this exercise, we see that this f cannot a non-constant contin- 
uous function. 
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6.11.260 Problem. Show that the composition of 


1. an uniformly continuous function and another uniformly continuous function is again an uni- 
formly continuous function. 


2. an uniformly continuous function and a non-uniformly continuous function may be uniformly 
continuous function or not an uniformly continuous function. 


3. a non-uniformly continuous function and an uniformly continuous function may be uniformly 
continuous function or not an uniformly continuous function. 


4. a non-uniformly continuous function and another non-uniformly continuous function may be 
an uniformly continuous function or not an uniformly continuous function. 


6.11.260.1 Solution. 
1. Left to the reader. 
2. (a) Let f,g : R — R be defined by f(x) = x and g(x) = z?, then f(g(x)) = 2? is not 
uniformly continuous. 
(b) Let f,g : (0,00) —> R be defined by f(x) = Vx and g(x) = z?, then f(g(x)) = x is 
uniformly continuous. 
3. (a) Let f,g : R — R be defined by f(x) = x? and g(x) = x, then f(g(x)) = 2? is not 
uniformly continuous. 


(b) Let f,g : (0,00) — IR be defined by f(x) = xz? and g(x) = Vz, then f(g(x)) = x is 


uniformly continuous. 


4. (a) f, g: R IR be defined by f(x) = x? and g(x) = z3, then f(g(x)) = x9 is not uniformly 
continuous. 


(b) f,g : (0,1) — R be defined by f(x) = 1/x and g(x) = 1//z, then f(g(x)) = Vz is 
uniformly continuous. 


6.11.261 Problem. Let f : R — R be uniformly continuous, then there exist A,B > 0 such that 
|f(z)] € Alz| + B. 


6.11.261.1 Solution. Since f is uniformly continuous on R, given e > 0, there is a ô > 0 such that 
lz -y| <=> [f() - f(y)) « 1 


Given any x € R, then there is a positive integer N such that (N — 1)ó < |x| < No. If x > 0, we 
consider 


Yo 0,41 0/2, ya Ô, ..., Y2N—1 = Nô — 6/2, yon =T. 


Then we have 


N 
f(x) — FO) € S 7 Lf Gen) — £ (u2r-1)| + Mii) — F(y2x-2)| 
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which implies that 


|f(x)| < 2N + |f(0)] 


«9 (1 + E + |f (0)| since |z| > (N — 1)ó 


< lc + (2+ LEODD. 


Similarly for x < 0. So, we have proved that |f(x)| € A|x| + B for all x. 


6.11.262 Problem. Let f be a continuous mapping of R into itself. Show that if f is monotone 
and bounded in R, f is uniformly continuous in R. 


6.11.262.1 Solution. Left to the reader. 


6.11.263 Problem. Let f be a continuous function on [a, b]. Prove that if s,t are distinct values 
taken by f in [a,b], then 


6(s,t) = inf{|a — y; f(x) = s, f(y) = tj 


is positive. Prove that if r, s,t are values taken by f in [a,b], where r < s < t, then ó(r, s) < ó(r,t). 
Prove further that ó(r, s) < ó(r, t). 


6.11.263.1 Solution. ó(s,t) implies that there exists £n, yn; n = 1,2,..., with |En — Yn| < + such 
that f(tn) = s, f(yn) = t. But |En — Yn| < 1/m < 6 (i£ n > N) implies that |f(5) — f(ya) < € (since 
f is continuous in [a,b] and so uniformly continuous), i.e., |s — t| € e, which is false since s Z t. 

Next, choose £n < Yn with f(r4) = r, f(y4) = t, such that |v, — y4| = d(r,t)+1/n. Since r < s < t,, 
f takes the value s between £n, Yn, say at Wn, le. zx, < Wn < Yn, such that f(w,) = s. Then 
|2n—Wn| < |za—ys| = O(r, t)+l/n (for all n) and so is less than or equal to ó(r, t), i.e., ó(r, s) € ó(r, t). 
Finally, if ó(r, s) = ó(r,t). for some r < s < t, then there exist £n < Wn < Yn, with f(x4) = 
r, f(Wn) = s, f(yn) = t and then (Wn — £n) — (Yn — £n) —^ 0 as n — oo, i.e., Yn — Wn — 0 as n — oo, 
and so f(Yn) — f (w4) > 0, by the continuity of f, i.e., |s — t| < e, which is false since t Z s. 


6.11.264 Problem. Let f : R — R and for 6 > 0, define 
(x, 6) = sup{| f(x) — f(y)l;y € B(;0) and 
(9) = sup[ó(z;0); x € R}. 
Prove that 
1. w is nondecreasing, 
2. w is bounded, 
3. (6) — 0 as 6 — 0 if and only if f is uniformly continuous on R. 


6.11.264.1 Solution. 


1. Let 6; > 62. Then $(z,01) > $(x,09), V x, since the left side is the oscillation of f in 
(a — 61,2 + ài) while the right side is the oscillation of f in (x — 62,2 + 62). Therefore, 
sup, (x, ô1) > sup, (2, d2) i.e. (01) 2 v(01). 
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2. First, let f be bounded: m < f(x) € M. Then for all z,y € R,|f(x) - f(y)| < M-m, 
so $(z,0) < M — m for all z,ó(7 0) and hence (0) € M — m for all 6 > 0, i.e., v is 
bounded. Conversely, let » be bounded, say sup w(d) = M (inf is greater than or equal to 0, 
of course). Then for all x and all 6 > 0, ¢(x,6) € v(0) € M. In this case, take x = 0 (say) 
to get $(0,0) € M. for all 6 > 0 and so |f(0) — f(y)| < M, if —ô < y < ô for all ó > 0, i.e., 
M — f(0) < f(y) « M + f(0) for all y (since 6 can be any positive real number), i.e., f is 
bounded, as required. 


3. First, let f be uniformly continuous on R. Then given e > 0, there exists an 7 > 0, such that 
f(x) — f(y)| < eif |x — y| < 7 and so $(z,60) < eif 6 < m (for all x € R), and so v(6) € e if 
ó « n, i.e., (6) > 0 as ó > 0. Conversely, let (6) > 0 as ô — 0, and we just work backwards 
to get f is uniformly continuous on R. 


6.11.265 Problem. Show that a continuous, rational-valued function must be a constant. 
6.11.265.1 Solution. Apply IVP. 


6.11.266 Problem. Which one of the following statements is sufficient to determine the value f (0) 
of f(x)? Give the values when determined: 


1. f is continuous at x = 0 and takes both positive and negative values in any neighbourhood of 
xr=0. 


2. Given e > 0, there exists a ô > 0 such that | f(x)| < e for 0 < |a| < ô. 
3. (f(h) + f(—h) — 2f(0))/h — 1 and f(h) — a as h — 0. 
6.11.266.1 Solution. 


1. f(0) is determined and equals 0. Indeed, being continuous at r — 0, we have f(0) — 
lim; 0, f(z) = lima; o9. f(x) , so f(0) is determined. If f(0) were positive, then, being 
continuous at z = 0, f(a) > 0 in a sufficiently small neighbourhood of 0, a contradiction to the 
hypothesis. Thus f(x) is not greater than 0. Similarly, f(0) is not less than 0. So f(0) = 0. 


2. f(0) is not determined by this condition; for example, let f(x) = xsin(1/z), for x z 0. Then 
|f(x)| = ||| sin(1/z)| < |z| < e, if 0 < |x| < 6; so the condition is satisfied but f(0) is not 
defined. 


3. Write f(h) =a + en, where e, — 0 as h — 0. Then 


(f(r) + f(-h) -2f(0) _ (a+ en tat en = 2f(0)) 
h h 
(2a + ey + e, — 2f (0)) 
h 
— las h > 0 (given). 


It follows that 2a = 2f (0), giving f(0) =a. 


6.11.267 Problem. Let f(x + y) = f(x).f(y). 
1. Prove that if f is not identically equal to 0, then f(x) » 0. 


2. Prove also that if f is bounded in some interval [- X, X], then inf;ei. x, x1 f(x) > 0. 


406 CHAPTER 6. CONTINUITY 


6.11.267.1 Solution. 


1. Take y = x to get f(2x) = (f(x))? > 0 for all x. Suppose f(a) = 0 for some a. Then 
f(at+ x) = f(a)f(x) =0 for all z, i.e., f(x) = 0, a contradiction. 


2. Let A = sup f in [- X, X] attained at £, i.e., f(€) = A. Suppose, to the contrary, that inf f = 0. 
Then, given e > 0, there exists n; such that 0 < f(n) < e. So f(n4- x) = f(n).f(x), i.e., f(x) = 
(1/f(n))-f(n-+2) > (1/6).f(n+ x). Now take x  £—m so FE-n) > (1/9)f(£) = (1/94 > A, 
if e < 1, a contradiction. 


6.11.268 Problem. Let f be defined in [0,1], f(0) = 0. For x € [0,1], there exists an h(x) > 0 such 
that f(x) — f(a’) € Q if a’ € (x — A(x), x + h(x)), for all 0 < z' < 1. Prove that f(x) € Q for all 
x € [0, 1]. 


6.11.268.1 Solution. The open intervals B(x; s) form an open cover of [0,1]. By the Heine-Borel 
theorem, there exists a finite subcover, say, (A; — Pese yi-L2,.n] where, without loss of 
generality, assume that A; N A;41 Æ 0 for each i = 1,2,...,n — 1. Choose pi € Ai N Ajai; then 


(1) f(0) — f(n) = pı € Q, 
(2) f(22) — f(p1) = p2 € Q, 
(3) f(z2) — f(p2) = ps € Q, 
(4) f(zs) — f(p2) = p4 € Q. 
Now (1)2 f(pi) € Q, since f(0) = 0, and so (2) f(x2) = f(p1) + p € Q Therefore, by (3), 


f(p2) € Q, and so by (4), f(x3) € Q, and so on. Thus f(v;) € Q for all 7 and so f(x) € Q, by the 
equation f(x) — f(x’) € Q. The condition f(0) = 0 is essential, for, take f(x) = V2 for all æ € [0, 1]. 
This function satisfies the conditions of the theorem (except that f(0) — 0) but fails to satisfy the 
conclusion. 


6.11.269 Problem. Does there exist a real nonconstant function f such that f(x + p) = f(x) for 
all p > 0? 


6.11.269.1 Solution. No: For otherwise there would exist xı # x2 such that f(zi) Z f(zx2). 
Suppose, without loss of generality, that zı < zs, say zi +p = z2. Then f(a, + p) = f(x2) > 
f(z1) = f (#2), which is a contradiction. 


6.11.270 Problem. Give two examples to show that a function f can satisfy one of the following 
properties without satisfying the other: 


1. Given e > 0, there exists a ô > 0, such that |x — 1| < ô implies that | f(x) — 1| < e. 
2. Given 6 > 0, there exists a € > 0, such that |x — 1| < ô implies that | f(x) — 1| < e. 


6.11.270.1 Solution. 


0, ifl-bzrzlcd 
1 : mS 1 ifa#>1 
().f()-is-Qex) itus? 2). f() ^4, 
7) F: 1 ifa <1. 
EER Ig lus 


10 


6.11.271 Problem. Determine whether the given conditions are sufficient to ensure that f(a) tends 
to a finite limit as z — oo 
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1. f(x) > 0, g(x) < 0, f(x) — g(x) > 0 as z ^ oc. 
2. (f(x))? — A as £ — œ, À < oo. 
Distinguish between the cases A = 0, A Z 0. 


6.11.271.1 Solution. 


1. The condition ensures that f(x) — 0 as x — oo. Indeed, |f(x) — g(x)| < e if x > A, i.e., 
g(x) —e « f(x) < g(x) 4- e if x > A. Here, the right side is less than e, since g(x) < 0 and 
—e < f(x), since f(x) > 0. Thus —e < f(x) < eif x > A, i.e., |f(x)| < € if x > A, which means 
f(x) — 0 as z — oo. 


2. If A 40, this does not ensure that f(a) tends to a finite limit, for example, let 


1,  ifrc([2n,2n-4 1) 
f(@) = . 
—1, ifr € [2n+1,2n+4 2). 


Then f? = 1, which tends to 1, but f does not tend to any limit as x — oo. However, if A = 0, 
then f? > 0 as x — oo. 


6.11.272 Problem. Let f : [0,1] — R be continuous, with f(0) = f(1) and let n € N. Then the 
graph of f has at least n horizontal chords whose lengths are integral multiples of 1/n. 


6.11.272.1 Solution (Rosenbaum). For each of k = 1,2,...,n — 1, if f has no horizontal chord 
of length a = k/n, then it has two horizontal chords of length 1 — a = (n — k)/n and vice versa. 
Thus, there always are 2 horizontal chords, either of length k/n or of length (n — k)/n or one each 
of length k/n, (n — k)/n and this is the case for each of k = 1,2,...,n — 1. For n odd, this, gives 
2(n — 1)/2 = n — 1 horizontal chords of the required type and for k = n, there always is a horizontal 
chord of length 1 = n(1/n) (an integral multiple of n). This gives the full set of n horizontal chords, 
as required. For n even, n — 1 is odd and the counting is different, viz. either there are 2 horizontal 
chords of length k/n or two of length (n — k)/m or one for each of k = 1,2,..., (n — 2)/2; in all 
2(n — 2)/2 =n — 2 plus one of length 1 = n(1/n), giving the full set of n again. 


6.11.273 Problem. Construct an example of a two-to-one function f : [0,1] > R. Prove that no 
such f can be continuous on [0,1]. 


6.11.273.1 Solution. Let {rn;n € N} be an enumeration of the rationals in [0,1] and define 
f : [0,1] > R by 


|2x— 1| if is rational 
f(x) = 4 rox-1 if £ = raa 


Tok—1 if £ = T2k. 


Suppose now that f is a continuous two-to-one function. We can then assume that its, say, minimum 
is attained at the points rz, < z2, and z2 is not an endpoint. Choose disjoint closed intervals 
(a1, bı], [a2, be] with xı € [a1, b1], £1 A bı and x» € (a2,b2). Then the intermediate value theorem 
implies that a value r with min{ f (b1), f (a2), f(b2)} > r > min f is taken on at least three times. 


6.11.274 Problem. If f : R — R has a local maximum at each x € R, then f(R) is countable. 
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6.11.274.1 Solution. For every a € f(R) choose xq € R with f(x.) = a and an open interval Ia 
with rational endpoints such that £a € I, and for each x € Ia, f(x) > f(xa4) =a. Then for a € f(R) 
the function 


ac Ig € { (p,q); p,q € Q} 


is one-to-one. 


6.11.275 Problem. Let p : R — R be an odd degree polynomial, that is p(x) = 3 aya, 


where dgm41 Æ 0 and m € N. Prove that p has a real root, i.e. there is an zo € R such that 
p(xo) = 0. 


6.11.275.1 Solution. Assuming that a2,,41 > 0, we have 


(x) 2m+1 
= , aj, lim ghe = ü2m41 > 0 
ras 1—00 


Jim q2m-c1 
because all the limits are 0 except for the k = 2m+1 term where the limit is 1. Take € = a2,,41/2 > 0, 


then there is an Rọ > 0 such that if x > Ro, then p(z)/z?"*! > a544,1/2, which implies that 
p(x) > 0. Similarly we have 


EET p(—-y) _ : k—2m-1 _ 
mi 2. (ax) lim y = —a2m41 < 0 


im 
r—— o x2m+1 


and so there is an Rı < 0 such that for z < Rı < 0, p(z)/a?"*! < —a?™+1/2 < 0 which implies 
that p(x) < @3++2?™t! < 0 as p is continuous since it is a polynomial, so as p(R1) < 0 < p(Ro), 
the Intermediate Value Theorem implies there is an zo € [R4, Ro] such that p(xo) = 0. 


6.11.276 Problem. For each z € [0,1], let 


x if x is rational 
f(x) = a Ms te 
1—7 ifzis irrational. 


Prove that: 
1. f(f(z)) =a VY z € (0, 1]. 
2. f(z)- f(1— xz) 21V zx € [0,1]. 
3. f is continuous only at the point « = 1/2. 
4. f assumes every value between 0 and 1. 
5. f(x +y)-— f(x) — f(y) is rational V x, y € [0, 1]. 


6.11.276.1 Solution. 


1. If x is rational, then f(f(r)) = f(a) = x. If x is irrational, then f(f(x)) = f(1— x) = 
1—-(1-2z)-2z. 


2. If x is rational, then 1 — x is also rational, so f(x) + f(1l—-z)—-z-4-1-z- 1. 
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3. Suppose that f is continuous at x = c. Let (rn) be a sequence of rationals converges to c, then 
f (Tn) converges to f(c). Since f(rn) = rn, and (rn) converges to c, so f(c) = c, Again, let (in) 
be a sequence of irrationals converges to c, then f (in) converges to f(c). Since f(in) = 1 — in, 
and (i4) converges to c, so f(c) = 1 — c. Thusc=1—c>c=35. 

4. Given a € [0,1], we want to find x € [0,1] such that f(x) =a. If a € Q, then choose x = a, we 
have f(a) =a. If a € QC, then choose x = 1— a € QÏ, we have f(1— a) = 1 — (1— a) = a. 
'Thus f assumes every value between 0 and 1. 


5. Consider the cases 


(a) If z, y € Q then z +y € Q. Hence f(z-- y) - f(z) - f(y) ^» -y-z—-y-20€Q. 
) 


(b) If z € Qand y € Q€ then z4-y € Q€. Hence f(x+y)— f(z) - f(y) = 1-—-y-z-1-y = 
—2r E€ Q 

(c) If z € Q€ and y € Q then z4-y € Q€. Hence f(z--y) - f(z) - f(y) = 1—-r-y—-1+r-y = 
-2y€Q 


(d) If x,y € Q€ then either x +y € Q or z +y € QF. Hence 


fæ +y) - f(x) - fly) 
| je&ty-1-2z—-1-y-2(z-y)-2€Q ifztyceQ 
"»|i-z-y-1-z-1-y--1€Q, ifety€Q?. 


Thus f(a + y) — f(x) — f(y) is rational V z, y € [0, 1]. 
6.11.277 Problem. Let Un : R — R denote the “ramp” function defined by 
—n ifa<—n 
U,(r) —-4vr if —-n<a<n 
n ife>n 
and let F : R — R denote a real function of a real variable. Show that F is continuous if and only 
if U, o F is continuous for all n € N. 


6.11.277.1 Solution. Clearly U,, is continuous. So, if F is continuous, then U,,oF is the composition 
of continuous functions and hence is continuous. Conversely, suppose that U» o F is continuous for 
all n. To prove F is continuous it is enough to show F~!(a,b) is open for every bounded interval 
(a, b). Let n > max (|a|, |b|}. Then Uz ! (a, 6) = (a,b) so 


F~ ((a,b)) = F7! (Uy "((a,8))) = (F7! o Uz") ((a, b)) = (Un o F) ^ (a, b)) 


which is an open set by the continuity of Un o F. 


6.11.278 Problem. Suppose that a function f is defined and one-to-one on (a,b) and continuous 
at a point c € (a, b). 


1. Is f-! necessarily continuous at the point f(c)? Does f^! always have one-sided limits at 
f(e)? 


2. Is f^! continuous at the point f(c) if f is strictly monotone? 
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6.11.278.1 Solution. 


1. Consider, for example, the function 


1-z fo -l<a<0 
z + [a1] 

1-(2-z)!-c4[2—-2)! 

2r(2-a)ix[2-3z)1 fonl«rc«2 


and the point c — 0. 
2. Left to the reader. 


6.11.279 Problem. Call a mapping of X C R into Y C R open if f(V) is an open set in Y whenever 
V is an open set in X. Prove that every continuous open mapping f : R > R is monotonic. 


6.11.279.1 Solution. Claim(1). a Æ b => f(a) Æ f(b). Since f is a continuous function on a 
compact set, so it must attain its maximum and its minimum, so let 


M = sup f(z)and m — inf f(x), 
x€[a,b] x € [a,b] 


and there must be some 2}, z2 € [a,b] such that f(z1) = m and f(z) = M. If M = m, then f 
is constant on [a,b], but then f((a,b)) = {M} = {m} is just a point, which is not an open set, 
contradicting the openness of f. Therefore, we can assume M > m. There are four cases left: 


1. f(z;i) = m for some zı € (a,b), so f((a,b)) contains z1 € R but does not contain any real 
numbers less than z1. Then any neighborhood N of zı will contain real numbers less than 21, 
and N thus cannot be contained in f((a,b)), so it is not open, a contradiction. 


2. f(z2) = M for some z2 € (a,b), so f((a,b)) contains z2 € R but does not contain any real 
numbers greater than z2. Then any neighborhood N of zə will contain real numbers greater 
than z2, and N thus cannot be contained in f((a,b)), so it is not open, a contradiction. 


3. f(a) =m and f(b) = M. Then f(a) + f(b). 

4. f(a) = M and f(b) =m. Then f(a) £ f(b). 
Claim(2). If a « b « c and f(a) < f(b), then f(b) < f(c). 

1. f(c) = f(a). Since c Z a this case contradicts claim 1. 
2. 


c) = f (b). Since c Æ b this case contradicts claim 1. 


c) « f(a). Then f(c) « f(a) « f(b), and by the Intermediate Value Theorem there is some 
€ (b, c) such that f(d) = f(a), but a ¢ (b, c), so a Z d, contradicting claim 1. 


Aw a o 


4. f(a) < f(c) < f(b). Then f(a) < f(c) < f(b), and by the Intermediate Value Theorem there 
is some d € (a,b) such that f(d) = f(c), but c ¢ (a,b), so c Z d, contradicting claim 1. 
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The only case left is f(c) > f(b), and since all the other cases lead to contradictions, this is the only 
possible one. 

Finally, if we assume f is not monotonic, then either there are some a < b < c such that f(a) < f(b) 
and f(c) < f(b) or there are some a < b < c such that f(a) > f(b) and f(c) > f(b). The first case 
contradicts claim (2). The second case turns into the first case if we replace f(x) by — f(x), which 
is still a continuous, open function. 


6.11.280 Problem. Assume that f is a continuous real valued function defined in (a,b) such that 


(=) < Pla) + fy) Va,y € (a,b). 


2 
Prove that f is convex. 
6.11.280.1 Solution. To prove that f is convex on (a,b) we must show that 


Let A represent the set of values for A for which (A) holds. It’s immediately clear that 0,1 € A. To 
prove that f is convex we must show that [0,1] CA. 
We first prove that, if i,j € A then ti E A, let m = ti then 


f (= (1—-i)y , jr (1 =") 


f(ma + (1—m)y) = + 


f@a+(1—iy) + fljex +(1-— i)y) 
zs 2 

if(x) +(1—4) f(y) - 3f(x) - (1 —3)f(u) 
= 2 

i+j (2-i-j 
Ses 3 mdi 


< mf(x) + (1— m)f(y) 


which shows that m € A. 

Next, we show that the set D — xs meEeZ,neENO<m< n} is a subset of [0,1]. We prove this 
by induction. Let E be the set of all n for which the lemma is true. We know that {0,1/2,1} C A, 
so we have 0,1 € E. Now assume that E contains 1, 2,..,k. Choose an arbitrary m such that 
0 € m «x 2**, 


1. m is even: Let m = 2a for some a € Z then 0 < a < 2^ and therefore m/2**! = a/2k By the 
hypothesis of induction a/2k € A therefore m/2**! € A. 


2. m is odd: Then let m =a and mH = b for some a,b € Z with a,b € [0, 2^]. From this, we 


have 
m | m-cl m- 1 1/a b 
9k+1 — 9k+2 ' 9k+2 E 2 \ 9k + 9k J^ 


By the hypothesis of induction 5%, dr € A. Therefore, by the above, m/2**! € A. This covers 
all possible cases for m, so k+ 1 € E. This completes the inductive step, therefore E = Z. 
Lastly, every element of [0,1] is a member of A. Choose any p € [0,1]. We see that D is 
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dense in [0,1] so we can construct a sequence (pn) in D such that lim, p, = p. Each (pn) is an 
element of D, so for each n we have 
f(psz + (1— pn)y) < Paf (æ) + (1 — Pn) f(y) 
'The function f is continuous, so, taking the limit to get 
f(pz + (1— p)y) S nf(x) + (1 — p)f(y) V z,y € (a,b) 


which means that p € A. This shows that f is convex. 


6.11.281 Problem. Let f : R — R be continuous and that f(x +y) f(x)-- fly) V x,y € R. 
Define f(1) = a; g(x) = ax. Show that f(x) = g(x) V xz ER. 
6.11.281.1 Solution. 

1. We show that f(n) = g(n), V n € Z. Let n € N, then f(n) = f1+1+..4+1) 2 nf(1) = 
na = g(n). Again, f(1+ 0) = f(1) + f(0) implies f(0) = 0, so 0 = f(0) = f(1 + (—1)) implies 
f(—1) = —f(1). Thus, f(—n) = —f(n) = -na = g(—n). Hence f(n) = g(n) V n € Z. 

2. Next, we show that 2f (2) = f(x). Now, f(x) = f(zx/2 + x/2) = f(/2) + f(«/2) = 2f(«/2) 


shows that f (2) = $f(z). 


3. Define D — [im € Zn € N}. Since 


ICOREICO 


B 2 ex) 
1 m 
— gf (ss) = see 
= Z f(m) = mf (1) = ma =g (Z). 


As f and g agree on a dense set D and f is continuous, Hence f(x) = g(x) V x € R. 


6.11.282 Problem. A function f : R — R is continuous on R and 


zct+y\ d 
s (532) = Sue ron 
for all x,y € R. Prove that f(x) = az + b, (a,b € IR) for all x € R. 


6.11.282.1 Solution. From the relation f (529) = $(f(x) + f(y)), we get 


7 (FF) = 5022) v» 
= f(a) = 52) + f()) 
> Flo) + f() = 5(F22) + £(0)) + 5(F2u) + £0) 
f 
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Let ¢(x) = f(x) — f(0), then 
P(x) + ly) = f(x) — FO) + Fy) — FO) 
= f(x y) + f(0) — 2f(0) 
+y) = f(0) = ó(z +y). 


Thus $(x + y) = $(x) + (y). Since ¢ is continuous, we can prove easily that ó(x) = ax for some 
a € R. Hence $(x) = ax implies that f(x) — f(0) = ax, i.e., f(x) = az +b. where f(0) = b. 


6.11.283 Problem. Fix a set of distinct real numbers, indexed by the natural numbers, A = 
{a,;n € N}. Define 


Show that fa is discontinuous at exactly the points of A. 


6.11.283.1 Solution. We begin by showing that f4 is discontinuous at the points of A. Let (£m) 
be a sequence in AF converging to the point a, € A. (This sequence exists because AC is dense.) 
Then lim f(r4,) = 0 Z 1/n = f(a,) and thus f4 is discontinuous at all points of A. 

We now must show that f4 is continuous at all points of AC. Fix one point b € AF. So f4(b) = 
Let e > 0. We need to find a ô > 0 to guarantee that |y —b| < ô implies | fA(x) — fA(b)| = |fa(z)| < 
So choose some N € N where n » N implies that 1/n « e. Let ó — $min{|a; — b|; j = 1,2,.., N 
Then if |x — bj| < € there are two possibilities: 


0. 
Y 


e z € A? and fa(z) 20 < €or 


e z — a, for n > N and so fa(an) = 1/m < e. 


In either case |x — b| < 9 implies |fA(x)| < € and so f4 is continuous at b. We are done. 


6.11.284 Problem. Let f : R — R be a continuous function. A point z is called a shadow point 
if there exists a point y € R with y > x such that f(y) > f(x). Let a < b be real numbers and 
suppose that 


e all the points of the open interval J = (a,b) are shadow points; 


e a and b are not shadow points. 


Prove that 
1. f(a) < f(b)Va< z< b; 
2. f(a) = f(b). 


6.11.284.1 Solution. 


1. We prove by contradiction. Suppose that exists a point cin(a,b) such that f(c) > f(b). By 
Weierstrass theorem, f has a maximal value m on [c, b]; this value is attained at some point 
d € |c,b]. Since f(d) = maxzej.2) f(x) > f(c) > f(b), we have d 7 b, so d € [c,b) C (a,b). 
The point d, lying in (a,b), is a shadow point, therefore f(y) > f(d) for some y > d. From 
combining our inequalities we get f(y) > f(d) > f(b). 
Case 1: y > b. Then f(y) > f(b) contradicts the assumption that b is not a shadow point. 
Case 2: y < b. Then y € (d,b] C [c, b), therefore f(y) > f(d) = m = maxsetu f(x) > f(y), 
contradiction again. 
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2. Since a < b and a is not a shadow point, we have f(a) > f(b). By part (1), we already have 
f(a) € f(b) V x € (a,b). By the continuity at a we have 


f(a) = lim f(z) € lim, f(b) = (b). 


r—a4- wat 


Hence we have both f(a) > f(b) and f(a) € f(b), so f(a) = f(b). 


6.11.285 Problem. Prove that if f : [0,1] — [0,1] is a continuous function, then the sequence (£n) 
of iterates 2,41 = f(x4) converges if and only if 


im (Eni — zn) = 0. 


6.11.285.1 Solution. The “only if?" part is obvious. Now suppose that limp+o(@n41— £n) = 0 
and the sequence (£n) does not converge. Then there are two cluster points a,b and a < b. There 
must be points from the interval (K, L) in the sequence. There is an x € (a,b) such that f(a) 4 a. 
Put e = 4| f(x) — z| > 0. Then from the continuity of the function f we get that for some ô > 0 for 
all y € (x— ô, x +ô) and |f(y)—y| > e. On the other hand for n large enough we get |an41—2n| < 26 
and |f(zx4) — z4| < |xn41 — z4| < e. So the sequence cannot come into the interval (x — ô, £ +ô), but 
also cannot jump over this interval. Then all cluster points have to be at most x — ó (a contradiction 
with b being a cluster point), or at least x + 6 (a contradiction with a being a cluster point). 


6.11.286 Problem. Let f be continuous and nowhere monotone on [0,1]. Show that the set of 
points on which f attains local minima is dense in [0,1]. (A function is nowhere monotone if there 
exists no interval where the function is monotone. A set is dense if each non-empty open interval 
contains at least one element of the set.) 


6.11.286.1 Solution. Let (x — a,x +a) C [0,1] be an arbitrary non-empty open interval. The 
function f is not monotone in the intervals [x — o, z| and [z, x + o], thus there exist some real 
numbers r—a << p<q<au<r<s<ax+as0 that f(p) > f(g) and f(r) « f(s). By 
Weierstrass theorem, f has a global minimum in the interval [p, s]. The values f(p) and f(s) are not 
the minimum, because they are greater than f(q) and f(s), respectively. Thus the minimum is in 
the interior of the interval, it is a local minimum. So each non-empty interval (x — a,x +a) C [0,1 
contains at least one local minimum. 


6.11.287 Problem. Suppose m, n € Z, and f is defined on (0,00) by 


ft) ema (3). 


Discuss the uniform continuity of f for different values of m and n. 


6.11.287.1 Solution. We shall discuss about the following cases. 


1 
i. If m =n = 0 then the function f(x) = x" sin (=) becomes the constant function and so f 
x 


is uniformly continuous. 


ii. If m =0,n < 0 then f(x) = sinx? where s = —n then for n = —1 being uniformly continuous 
but for n « —1 not. 


iii. If m = 0,n > 0 then f(x) = sin (Æ) which is not uniformly continuous. 


P 


6.11. 


iv. 


vi. 


vii. 


viii. 


ix. 
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If m < 0,n = 0 then f(x) = sinl where r = —m, then f is not uniformly continuous by 
6.3.2(1). 


. If m > 0,n = 0 then f(x) = x” sinl then f is uniformly continuous on (0,00) for m = 1 and 


not for m > 1 by using result 6.3.2(3) 


If m < 0 and n > 0 then lim, 49 f(x) does not exist then by 6.3.2(1) f is not uniformly 
continuous. 


If m > 0 and n < 0 then the function is of the form f(x) = x™ sin z* where k = —n, for m = 1 
the function is not uniformly continuous as can be proved by contradicting the definition of 
uniformly continuous by taking x = V2nr and y = (/2ns + 5. For m > 1 the function is not 
Lf£()] 


x 


uniformly continuous as the function is not bounded in the interval [1, oo). 


If m < 0 and n < 0, then f is of the form f(x) = 4 sinz? where r = —m,s = —n. If r = s 
then clearly lim4.,o f(x) = 1 and lim,_,~ f(x) = 0, so the function is uniformly continuous 
in this case. If r < s then m > n and limz-40 f(x) = lim; ,55 f(x) = 0, and again uniformly 
continuous. But if r > s then m < n and lim;.,o f(x) does not exist, therefore not uniformly 
continuous. 


for m > 0 and n > 0, we consider m = n,m — n 4- 1, m « n and m » n 4 1. 
For m > 0 and n > 0, that is m,n € N. For m = n, the function 


implies the function can be extended continuously on the interval [0,1] and hence uniformly con- 


1 
tinuous on the the interval [0,1] as well as on the interval [1, oo). So the function x” sin (=) 
gn 


is uniformly continuous on the interval (0, oo) by the esult 6.3.2(5). 


1 1 
If m =n 4- 1 then the function f(x) = x™ sin (=) becomes f(x) = z"*!sin (=) and 
x x 


f(x) = (n + 1a” sin e TUN ce 


Again since limy_,.. f'(x) = n so the derivative of the function f, that is f'(x) is bounded 
on the interval [1, oo) [using the result 6.3.2(2) for f'] so the function is uniformly continuous 
on the interval [1, oo) by 6.3.2(5). Again function f is also uniformly continuous on (0,1] as 
can be extended continuously on the interval [0,1] and hence f is uniformly continuous on the 
interval (0,00) if m — n 4 1. 
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1 sin = $ 
If m < n then the function f(x) = z” sin ( ) = (z ) where r is such that m +r = 
T cs 


n. Now in this case lim, ;54 f(x) = lim, ,9 f(x) = 0 and hence the function is uniformly 
continuous in this by 6.3.2(1). 


Ifm>n+1 then 


on the interval [1,0o). But since lim, ,4; z"'^! sin (4) lim; 55s x" sin (4) >ooasm>n+l 
and hence there does not exist any positive number such that racan < M for x > 1. Therefore 
by result 6.3.2(3) f is not uniformly continuous on the interval (0, oo). 


Thus we conclude that the function f(x) = z"' sin (4) is uniformly continuous only for m = n 


for m,n € Z, for m = 0 and n = —1, for m = 1 and n = 0, for m,n < 0 with m > n, and for 
m,n € N with m =n+1 and for m,n € N with m < n. For the othere cases f is not uniformly 
continuous on (0, oo). 


6.11.288 Problem. Let f : R — R be a real function. Prove or disprove each of the following 
statements. 


1. If f is continuous and range(f) — R then f is monotonic. 
2. If f is monotonic and range(f) = R then f is continuous. 
3. If f is continuous and monotonic, then range( f) = R. 


6.11.288.1 Solution. 


1. False. Consider function f(x) = xz? — x. 


2. True. Assume first that f is non-decreasing. For an arbitrary number a, the limits lim; ,4— 
and lim,.,4,4, exist and lim; ,4,. < lim, ,4,. If the two limits are equal, the function is 
continuous at a. Otherwise, if lim, ,4 = b < lim; ,44 = c, we have f(a) € b V x « a and 
f(x) 2 cV x >a; therefore range(f) C (—co, b) U (c, o0) U {a} cannot be the complete R. 


3. False. Consider he function g(x) = tan! x. 


6.11.289 Problem. Suppose that f and g are real-valued functions on the real line and f(r) < g(r) 
for every rational r. Does this imply that f(x) € g(x) for every real x if 


1. f and g are non-decreasing? 
2. f and g are continuous? 


6.11.289.1 Solution. 


1. No. Suppose that, f and g are chosen as the characteristic functions of [V3, oo) and [v/3, oc) 
respectively and we are done. 
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2. Yes. By the assumptions g — f is continuous on the whole real line and nonnegative on the 
rationals. Since any real number can be obtained as a limit of rational numbers we get that 
g — f is nonnegative on the whole real line. 


6.11.290 Problem (Continuity of Arithmetic operations in IR). Addition is a mapping + : R xR —> 


R that assigns to (x,y) the real number x + y. Subtraction — : R x R > R and multiplication 
-: R x R 5 R are also such mappings. Division is a mapping + : R x R — R that assigns to (x,y) 
the number z/y. Prove that all the operations +, —,:,— are continuous functions. 


6.11.290.1 Solution. Sketch: Let (a,b) € R x R be given and let e > 0 be given. 
(+): Let ô =e. If |x — a| + |y — b| < 6 then 


I(x y) - (a5) = |(x — a) + (y — b)| < |z — al + |y -b| <b = €. 
(2: Let 6 = e. If |x — a| + |y — b| < 6 then 
I(x- y) — (a — b)| = |(x — a) — (y — b)| < |z — aļ + |y -b| < ô = €. 
(-): Let 6 = min(1, e/(Ja| + |b|)). If |z — a| + |y — b| < 6 then 
(x+y) — (a: b)| = |ally — b| + |x — alld] < e. 
(+): Let 5 = min(|b|/2, 1, eb?/(2(|a| + |b|) + 2). If |x — a| + |y — b| < 6 then 


br — ay 
: =b)| = 
(e+) - (as B 
b= — 
_ lzb- zy] Fly ^ oy] o 
[by] 

6.11.291 Problem. Prove that any Lipschitz function f : Q — R extends uniquely to a continuous 
function g : R > R. 


6.11.291.1 Solution. Lipschitz functions are, in particular, uniformly continuous. Since Q is dense 
in R and R is complete, then by the extension theorem, we conclude that f extends uniquely to a 
continuous function g : R > R (in fact, we showed that g is uniformly continuous). 


6.12 Additional Exercises on Chapter 6. 


6.12.1 Exercise. Show that, if f : R — R satisfies the Intermediate Value Property and f(x +0) 
both exist at every x € R, then f is continuous. 


6.12.2 Exercise. 
1. Give an example of a function f : (0,1) — R which is continuous, but such that there is no 
continuous function g : [0,1] — R which agrees with f on (0,1). 


2. Suppose f : A — R. Prove that if f is uniformly continuous then there is a unique continuous 
function g : A > R which agrees with f on A. 


6.12.3 Exercise. Let D C R and f : D — R be a function. If c be an isolated point of D then f is 
continuous at c. 
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6.12.4 Exercise. Let D C R and f : D — R be a function. If c € DN D' then f is continuous at c 
if and only if lim, ,« f(x) = f(c). 


6.12.5 Exercise. Let f bea continuous function on 0 < x < oo satisfying f(1) = 5 and f (X) = 
f(x) +2 for 0 < x « oc. 

1. Find lim, 4. f (x). 

2. Prove that lim, ,o9« f(x) = +00. 

3. Find all such functions f. 


6.12.6 Exercise. Let J = [a,b] and let f : I > R be continuous on J. If f has an absolute maximum 
[respectively, minimum] at an interior point c of I, show that f is not injective on J. 


6.12.7 Exercise. Let f : [0,1] > R be a continuous function that does not take on any of its values 
twice and with f(0) « f(1). Show that f is strictly increasing on [0,1]. 


6.12.8 Exercise. If J = [a,b] is an interval and f : J > R is an increasing function, then the point 
a |respectively, b] is an absolute minimum [respectively, maximum] point for f on J. If f is strictly 
increasing, then a is the only absolute minimum point for f on J. 


6.12.9 Exercise. Show that if I = [a,b] and f : I > R is increasing on J, then f is continuous at 
a if and only if f(a) = inf(f(z);x € (a, dj}. 


6.12.10 Exercise. Let J C R be an interval and let f : I — R be increasing on I. Suppose that 
c € I is not an endpoint of J. Show that f is continuous at c if and only if there exists a sequence 
(£n) in I such that z24, 1 < c and zo, > c for n € N and such that £n > c and f(an) > f(c). 


6.12.11 Exercise. Consider the function g defined by g(x +y) = g(x) + g(y) for all z, y € R where 
R is a vector space over the field Q of rationals. Show that g is not continuous on R. 


6.12.12 Exercise. Is the inverse image of a convergent sequence under a continuous function 
necessarily a convergent sequence? 


6.12.13 Exercise. Give an example of a continuous function with domain IR such that the image 
of a closed set is not closed. 


6.12.14 Exercise. Let f = p + where p is a polynomial of odd degree and g is a bounded 
continuous function on the real line. Show that there is at least one solution of f(x) — 0. 


6.12.15 Exercise. If g is a continuous function on a compact set, show that either g has a zero or 
g is bounded away from zero (|g(s)| > 1/n for all x in the domain, for some 1/n). 


6.12.16 Exercise. If f is continuous on [a,b] and g is continuous on fb, c], show that 


jJ f(x), ifz € [a,b] 
M o if x € [b,c] 


is continuous if and only if f(b) = g(b). 
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6.12.17 Exercise. Give an example of a function on R that assumes its sup and inf on every 
compact interval and yet is not continuous. 


6.12.18 Exercise. Show that a continuous, rational-valued function must be a constant. 
6.12.19 Exercise. Suppose that f : [0,1] ^ R is continunous with f(0) = f(1) = 0. Prove that 


1. there exist two points zı and x» such that as |a1 — z2| = 1/n, we have f(z1) = f(x2) £0 for 
all n. In this case, we call 1/n the length of horizontal strings. 


2. Could you show that there exists 2/3 as the length of horizontal strings? 


6.12.20 Exercise. Show that every rational function is continuous at every point where it is neither 
infinite nor indeterminate. What is the most set of points of discontinuity which such a function 
may have? 


6.12.21 Exercise. A function f : [0,1] — [0,1] is defined by 
JR ad 
Prove that 
1. f is bijective., and f^! = f. 
2. f is continuous only at 1/2, but not continuous on (0, 1] 


Hence f^! exists without being continuity of f. 


6.12.22 Exercise. Let f : IR — R be continuous at a. If V ô > 0, 3x € N(a;ó) such that f(x) = 0, 
prove that f(a) — 0. 


6.12.23 Exercise. Let f : R — R be continuous, let a € R such that f(a) > u. Prove that d a 
nbhd. U of a such that f(x) » u V x € U. 


6.12.24 Exercise. Give an example of a continuous function f : R > R such that 


1. Z(f) = (x € R; f(x) = 0) is a bounded enumerable set. 


2. Z(f) = (x € R; f(x) = 0) is an unbounded enumerable set. 


6.12.25 Exercise. Let f : IR — R be continuous, a point x € R is said to be a fixed point of f if 
f(x) = x. Prove that that the set S = (x € R;z is a fixed point of f} is a closed set. 


6.12.26 Exercise. Give an example of a bounded continuous function f : R — R with both 
sup{ f(x); € R} and inf{ f(x);x € R} € ran(f). 


6.12.27 Exercise. Let f be à non-constant, periodic and continuous at least one point. Prove that 
this function cannot have arbitrarily small positive periods. 


6.12.28 Exercise. Let f : [0,1] — R be continuoous with maximum and minimum values not 
occuring at either 0 or 1. Show that f is not injective. 


6.12.29 Exercise. Suppose that f,g are uniformly continuous on an interval I. 


420 CHAPTER 6. CONTINUITY 


1. Prove that f + g is uniformly continuous on I. 
2. Give an example to show that fg may not be uniformly continuous on J. 


3. Find additional hypothesis on f and g that will guarantee that fg is uniformly continuous on 
I. 


1 
4. Under what conditions, F is uniformly continuous on 7? 


6.12.30 Exercise. Suppose that f is uniformly continuous on (a,b). Prove that f is bounded on 
(a, b). 


6.12.31 Exercise. Suppose that f is uniformly continuous on [a, b]. Given a positive integer n, let 
zi =a + i(b — a)/m, for 0 € i € n, and define a function sn and ln on [a,b] by 


: A if x =a; 


f(a), ifa1<a< a; 
and 
i (a), fa 


ln = 4 f(a) — f(zi-1) 


Ti — X4—1 


(x— zi) + f(x), faji<r< a; 


Begin by drawing a graph to indicate how the graphs are related to the graph of f. Then prove that 
V € > 0,3 a positive integer p such that |sy(x) — f(x)| < e and |I,(x) — f(z)| < e, Vx € [a,b]. 


6.12.32 Exercise. Suppose that a function f : [a,b] — [a,b] be continuous. Prove that there exists 
at least one point x such that f(x) = zx. 
A point with this property is known as a fixed point of f. 


6.12.33 Exercise. A function f : [a,b] — [a,b] is said to be contraction on [a,b] if 3 a € (0,1) 
such that |f(z) — f(y)| € alx — y, V x,y € [a,b]. 


1. Let f be a contraction on [a,b]. Prove that f is uniformly continuous on [a, b]. 


2. The previous problem shows that a contraction on [a,b] must have a fixed point on it. Prove 
that a fixed point of contraction is unique. 


3. Suppose thaat f is a contraction on [a,b]. Let zo be any point on [a,b] and define a sequence 
(£n) recursively by £n = f(z4 1), V n > 1. Prove that(f(r4)) converges to the fixed point of 


f. 
4. Prove that f(x) = v3x + 2 is a contraction on [1,5] and find its fixed point. 
2 
5. Find an interval on which f(x) = z? + = is a contraction. 
6. Use the identity 
cos(a — b) — cos(a + b) = 2 sinasinb 


and some properties of sine function to prove that cos x is a contraction on [0, 1]. What is the 
fixed point of this contraction? 
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6.12.34 Exercise. Give an example of a continuous function f : [0,1] — R for which the set 
{x € [0, 1]; f(x) = v} is infinite for at least one v c R. 


6.12.35 Exercise. 


1. Let f : [0,1] > [0,1] be monotone and surjective. Show that f is continuous, 
2. Let g : [0,1] — [0, 1]be continuous and injective. Show that g is strictly monotone. 


6.12.36 Exercise. Let f be a finite function on R and define 


ws(ô) = sup{| f(x) — f(y);|x — yl < ô}, 


ô > 0, to be the modulus of continuity of f. Show that w;(ó) decreases 0 as ô decreases to 0 and 
that f is uniformly continuous if and only if w;(0) — 0 as ô > 0. 


6.12.37 Exercise. If f : [0,1] — [0, 1], defined by 


0, ifr =0, 
f(z) = 1/n, tae ( i Jt 


n-41' n 
Prove that 


1. f is increasing, 


Ap. il, 
2. f is continuous at 0,1 and on (X | 
n+i n 


3. f is discontinuous at 1/n;V n > 2. 


6.12.38 Exercise. Let f : [0,1] — R be continuoous with maximum and minimum values not 
occuring at either 0 or 1. Show that f is not injective. 


6.12.39 Exercise. 
1. The f : R > R is defined by 


T, when|z| € 1 
f(a) = i 
l/r, when|z| >1 
Prove that f o f — f. 
2. Define f : R — R by 


f(x) = 


f —z, if x is a rational number, 


=g, if x is an irrational number. 


Show that f(f(x)) = x, V x € R and that f is not continuous. Furthermore, show that there 
is no interval [a, b] such that f[a,b] C [a,b]. 


6.12.40 Exercise. Let (xn) be a sequence in R with no convergent subsequence. Prove that 
(z4;n € N} is a closed subset of R. 
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6.12.41 Exercise. A function f : R — R is said to be periodic if 4 a positive integer p such that 
f(x +p) = f(x), Vx € R. Suppose that f : R — R is a periodic function. Prove that a continuous 
periodic function on IR is bounded and uniformly continuous on R. 


6.12.42 Exercise. Let f : [a,b] — IR be continuous and (£n) is Cauchy sequence in [a,b]. Prove 
that f(r,) is a Cauchy sequence. 


6.12.43 Exercise. Let f : [a,b] > R be monotone, then f can be uniformly approximated on Ja, b] 
by step functions. 


6.12.44 Exercise. A f : [a,b] > R is called a polygonal function if there exists points co, c1, .., Cm 
and numbers p1, po, ..., py, Such that a = co < co < ... < Cm = b and that for r = 1,2,.., m we have 


Cr — X X — Cr— 
se) = ( : Je H ( 7 L) pr for Cr—1 S £ < Cr 
c 1 


r — Cr- Cr — Cr—1 


(ie. the graph of f consists of a finite number of segments joining the points (cr, pr) to form a 


polygon.) 
Prove that if f is continuous on [a,b], then f can be uniformly approximated on [a, 6] by polygonal 
functions. 


6.12.45 Exercise. Let f : (a,b] —^ R be continuous. Is it true or false that f must attain at least 
one of its supremum and infimum on (a, b]? Prove your assertion. 


6.12.46 Exercise. Let In = [zi i ,Vn € Nand let E = {0} UU , In. Then define a function 
f:E-R by 


0, if =0 
q)— 
F(x) " if x € Ip. 
Prove that f is continuous on EF. 


6.12.47 Exercise. Let In = |$, $} + i], V n € N and let E = {0} UU, In. Then define a 
function f : E — R by 


rof ifz-0 


sin (Z), ifs ef. 


Prove that f is continuous on E. 


6.12.48 Exercise. Let ((an,bn)) be sequence of disjoint open intervals and let G = LJ (an, bn). 


Given a sequence vn € IR, and define a function f : G — R by f(x) = un, if x € (an, b,). Prove that 
f is continuous on G. 


6.12.49 Exercise. Many statements in mathematics involve the so-called logical quantiers ‘for all’ 
(V) and 'there exists' (3). The order of these quantifiers is essential as interchanging them can alter 
the logical meaning of the statement. As an example we give a definition of the continuity of a 
function f : D — R at a point a € D. The function f is continuous at the point a € D if 


(V e > 0)(38 > 0)(Y x E€ Dy (x — a| < 6 = |f(x) — f(a)| < €) 
i.e. Ve > 0 ô > 0 such that V x € D and |x — zo| < 6 2 |f (x) — f(zo)| < €. 
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We often need to find the negation of this statement. It can be shown that this is equivalent to 
interchanging (V) and (3): 


(3e» 0)(Y ô > 0)(3z € D)(|z — a] < à and |f(z) — f(a)| > c) 


Let zo € R. Following are eight e-ó conditions on a function f : R > R. Which, if any, of these 
conditions imply continuity of f at zo? Which, if any, are implied by continuity at xo? 


1.Ve»03620 such that |x — zo| < 6 = |f(x) — f(xo)| < e. 
2. Ve» 036 »0 such that |f(x) — f(zo)| < 9 2 |x — zo| < e. 
.Ve>056>0 such that |x — zo| < € => |f(x) — f(xo)| < ô. 


. Ve >046>0 such that | f(x) — f(zo)| < € > |x — zo| < ô. 


.Je»0 such that Y ô >0 |x — zo| < ó => |f(x) — f(xo)| < €. 


3 
4 
5 
6. de» 0 such that Vó >0 |f(x) — f(zo)| < 6 9 |x — zo| < e. 
7. Je» 0 such that Y ô 2 0 |z — zo| < e 2 |f(x) — f(ao)| < ô. 
8 


.Je»0 such that Y ô >0 |f(x) — f(zo)| < € = |z — zo| < ô. 


For each of the eight conditions of the above exercises, describe in words which functions satisfy the 
condition. (Some of these conditions characterize familiar classes of functions, including the empty 
class.) 


6.12.50 Exercise (Universal Chord Theorem). Let f : [0,1] —^ R and f(0) = f(1), i.e. there 
exists a horizontal chord of length 1, then there are horizontal chords of lengths 1/2,1/3,1/4,..., but 
not necessarily a horizontal chord of any given length that is not the reciprocal of an integer. 


6.12.51 Exercise. Give an example of a continuous function f : [0,1] — R for which the set 
{x € [0, 1]; f(x) = v} is infinite for at least one v € R. 


6.12.52 Exercise. 


1. Let f : [0,1] > [0,1] be monotone and surjective. Show that f is continuous. 
2. Let g : [0,1] — [0, 1] be continuous and injective. Show that g is strictly monotone. 


6.12.53 Exercise. Let f be a continuous function on R and define 


w() = sup{| f(x) — File — y| < 9j. 


ô > 0, to be the modulus of continuity of f. Show that w(d) decreases 0 as 6 decreases to 0 and that 
f is uniformly continuous if and only if w(d) — 0 as 6 — 0. 


6.12.54 Exercise. 
1. Prove that R \ Q is a Gs set. 


2. Find a function f : R — R whose set of points of discontinuity is R \ Q. 


6.12.55 Exercise. Give an example of a non-constant continuous function f : IR — R and an open 
set G such that f(G) is not open. 
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6.12.56 Exercise. Let ((an,bn)) be sequence of disjoint open intervals and let G = (J7 (an, bn). 
Given a sequence vn € R, and define a function f : G — R by f(x) = vn, if x € (an, bn). Prove that 
f is continuous on G. 


6.12.57 Exercise. Definition(Periodic Function): A function f : R > R is said to be periodic 
if d a positive integer p such that f(x +p) = f(x),Vx € R. 
Suppose that f : R — R is a periodic function. Prove that f is uniformly continuous on R. 


6.12.58 Exercise. Let f : I — R be a function defined on an interval J is continuous on some open 
interval J, and c is a maximum point for f (i.e. points where it takes on its maximum value on J), 
inside this interval. Common sense suggests f should be increasing immediately to the left of c and 
decreasing immediately to the right of c. Is this true? Either prove it, or give a counterexample. 
(Note that a constant function is considered to be both increasing and decreasing.) 


6.12.59 Exercise. Let f : J — R be continuous on the compact interval J, and suppose that f has 
an infinity of maximum points (i.e. points where it takes on its maximum value on J), an infinity of 
minimum points on J, and that between any two maximum points lies at least one minimum point. 
Prove f is constant on I. Why isn't f defined by f(x) = sin(1/x) a counterexample? 


6.12.60 Exercise. Let f be à non-constant, periodic and continuous at least one point. Prove that 
this function cannot have arbitrarily small positive periods. 


6.12.61 Exercise. Let f : R —^ R and t,a # 0 € R. Define g, h : R — R bt g(x) = f(x +t) and 
h(a) = f(ax). Prove that, if f is continuous(uniformly continuous) then show that g,h are also 
continuous(uniformly continuous). 


6.12.62 Exercise. 
Let f : R — R be such that f satisfies Cauchy functional equation 
f(x y) = f(x) + f(y) Vv, y ER. 


1. If f is continuous at a point zo € IR, show that f is continuous on R and J a constant c € R 
such that 


f(z) =ca Va eR. 


2. If is bounded above on some interval or f is monotonic on R then also J a constant c € R such 
that 
f(x) — ex V x € R. 


6.12.63 Exercise. Let f : (0,00) — IR be such that f satisfies 


f(xy) = f(x) *- f(y) V z,y ER. 


If f is continuous at a point zo € (0,00), show that f is continuous on R and d a constant c € R 
such that 


f(x) = clog x V x € (0,00). 
6.12.64 Exercise. Let f : (0,00) — R be such that f satisfies 
f(xy) = f()f(y) V v, y ER. 


If f is continuous at a point zo € (0,oo), show that f is continuous on R. Find all such continuous 
functions. 
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6.12.65 Exercise. Find all such continuous functions f : R — R such that f(x) — f(y) is rational 
for rational x — y. 


6.12.66 Exercise. For |g| « 1, find all such continuous functions f : R — IR such that f is is 
continuous at 0 and satisfies 


f(x) + f(qa) = 0. 


6.12.67 Exercise. Let f : R — R be such that f satisfies functional equation 


f(x y)- f(zx)f(y)Vz,y€R. 


If f is continuous at 0, show that f is continuous on R and d a constant c € R such that 
f(z)-— e VzcR. 
6.12.68 Exercise. Find all such continuous functions f : R — R such that f(x) satisfies Jensen 


equation 
(242) L010 v sen 


6.12.69 Exercise. Find all such continuous functions f : (a, b) — R such that f(x) satisfies Jensen 


equation 
s (E89) at Ti m 


6.12.70 Exercise. Let f : R > R be such that either f(x+) or f(x—) exists finitely then show 
that the set of discontinuities of f is countable. The result holds even if the limit exists infinitely. 


6.12.71 Exercise. Let f : [a,b] — R be continuous on [a,b]. Suppose f has a local minima 
(maxima) at two different points 71,22 € (a,b). Show that there exists a point £ with zi < £ < 2» 
where f has a local maximum(minimum). 


6.12.72 Exercise. Let f : [a,b] + R be continuous such that for each c € (a,b) there is no nbhd. 
U of c such that either f(x) > f(c) or f(x) € f(c), Vx € U. Prove that f is either strictly increasing 
or strictly decreasing on [a, b]. 


6.12.73 Exercise. Let f : [0,1] — R be continuous such that f(0) = f(1). Prove that for each 
positive integer n,3 z € [0, —1/n] such that f(x) = f(x + 1/n). 


6.12.74 Exercise. Let f : (0, 1] — R be continuous and bounded. Is it true or false that f must 
attain at least one of its sup of inf on (a, b]? Justify. 


6.12.75 Exercise. Let f : R — IR be bounded. And in every closed interval it itattains supremum 
and infimum there. Is it continuous on IR? Justify. 


6.12.76 Exercise. Let f : [a,b] — R be monotone, then show that f can be uniformly approximated 
on [a, b] by step-functions. 


6.12.77 Exercise. Let f : [a,b] — IR be continuous, show that f can be uniformly approximated 
on [a,b] by polygonal functions. 
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6.12.78 Exercise. Prove that the function f : IR — R defined by 


1 
PENES 
n 


f) = int { 


vnen} 


is continuous on R. 
6.12.79 Exercise. Let f : IR — R be continuous. 


1. If f(0) > 0, show that Ja € R such that f(x) > 0, Vz € (—a,a). 


2. If f(x) > 0 for all rational x, show that f(x) > 0, Vx € R. Is it true when "7 0" replaced by 
aS 0”. 


6.12.80 Exercise. Let f : [a,b] + R be continuous at c € [a,b] and suppose that f(c) > 0. Prove 
that 3 m > 0 and an interval [u, v] € [a,b] such that c € [u,v] and f(x) > m,Vz € [u,v]. 


6.12.81 Exercise. Let (rn) be the enumeration of Q and (vn) be a sequence of non-zero real 
numbers that converges to 0. Define a function 


0, if x is irratioal, 
t] = 
f) d VncN 


Show that f is continuous everywhere except for the set Q. 
6.12.82 Exercise. (Characterization of Monotone Functions). 
1. Show that f : R > R is monotone if and only if f^! (I) is an interval for every interval IJ C R. 


2. Give an example of a continuous function f : R > R and an interval J C R such that f^ !(I) 
is not an interval. 


6.12.83 Exercise. Show that there can be no continuous function f : IR — R that satisfies 
f(z) e Qe f(x-1) e QC. 


6.12.84 Exercise. Suppose that f : [a,b] — R is monotone. Prove that f is continuous a.e. 
everywhere on [a,b]. 


sin 1, ifzrz0 


6.12.85 Exercise. For the function f(x) — j ; 
0, ifa=0. 


find w(0). 


6.12.86 Exercise. Suppose that f : [a,b] > R is a bounded function and let c € [a,b]. Prove that 
f is continuous at c iff w¢(c) = 0. 


6.12.87 Exercise. Let S C R, f : $ — R. Consider the statements 


1. Vy € S and Y € > 0, dó > 0 such that x € S and |x — y| < 6 > |f(x) — f(y)| < e. 


2.Ve»03ó»0suchthatVyc S xE S |r—y| « ó => |f(z) — f(y)| « e. 


One of these says that f is continuous, the other that f is uniformly continuous. Which is which? 
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6.12.88 Exercise. Let f : R — R be continuous on R and let S = (x € R; f(x) = 0} be the “zero 
set” of f. If (zn) is in S and x = lim zn, show that x € S. 


6.12.89 Exercise. Let A C B CR, let f : R > R and let g be the restriction of f to A (that is, 
g(x) — f(x) for x € A). 


1. If f is continuous at c € A, show that g is continuous at c. 
2. Show by example that if g is continuous at c, it need not follow that f is continuous at c. 


6.12.90 Exercise. Let f : (0,1) — R be bounded but such that lim; ,o f(x) does not exist. Show 
that there are two sequences (£n) and (yn) in (0,1) with lim(z,) = 0 = lim(y,), but such that 
(f(z,)) and (f(£n)) exist but are not equal. 


6.12.91 Exercise. Let r1,22,....., 24 be real numbers, each in the domain of some function f. Show 
that f is uniformly continuous on the set X = (z1,235,.., En}. 


6.12.92 Exercise. Let X = {x1, £2,.., £n}. What property must X have so that every function 
continuous on X is uniformly continuous on X? 


6.12.93 Exercise. Suppose f is uniformly continuous on each of the sets X1, X», ...., Xn and let 
X = Uri Xi. Show that f need not be continuous on X. Show that, even if f is continuous on X, f 
need not be uniformly continuous on X. 


6.12.94 Exercise. Suppose f is uniformly continuous on each of the compact sets X1, X», ...., Xn. 
Prove that f is uniformly continuous on the set X = U; X;. Show that this need not be the case 
if the sets X; are not closed and need not be the case if the sets X; are not bounded. 


6.12.95 Exercise. Give an example of a function f that is continuous on IR and a sequence of 
compact intervals X1, X», ...., X, .... on each of which f is uniformly continuous, but for which f is 
not uniformly continuous on X = U; Xj. 


6.12.96 Exercise. Suppose that f : E — R is continuous. If E is compact, then f must be uniformly 
continuous on E. Conversely, if every continuous function f : E — R is uniformly continuous, then 
E must be compact. 


6.12.97 Exercise. Show that, if f € C(R) is strictly decreasing, then f(x) = x for a unique z € R 
ie., f has a unique fixed point. 


6.12.98 Exercise. If f € C[0, 1] satisfies f ([0,1]) C Q, what can you say about f? 
6.12.99 Exercise. Show that no function f € C[0, 1] assumes each of its values exactly twice. 
6.12.100 Exercise. Let J and J be (nonempty) intervals. 


1. Show that, if f, g : I — R are uniformly continuous (on T), then so is f. Show that the same 
is true for fg provided f and g are both bounded (on J). Give an example to show that, if 
one of f,g is unbounded, then fg need not be uniformly continuous. 


2. Show that, if f : I —^ R and g : J > R are uniformly continuous and f(I) C J, then go f is 
also uniformly continuous. 


6.12.101 Exercise. Show that, if S C R is bounded, then any uniformly continuous f : S — R is 
bounded. Show (by example) that f need not be bounded if S is unbounded. 
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6.12.102 Exercise. Show that, if f : [1,00) — IR is uniformly continuous, then f(x) = O(x) (x ^ 


6.12.103 Exercise. Let J C R be an interval and f : J — R. Show that, if for each e > 0 there is 
a uniformly continuous function g : I — R such that 


f(x) —g(a)| «eVxeLVvzrcl, 


then f is also uniformly continuous. 


6.12.104 Exercise. Let Ø Z S CR. For all x € R, show that the function 
ds(x) = inf{|x — s|;s € S) 
is Lipschitz: |ds(x) — ds(y)| € |x — y| Y x,y € R. 


6.12.105 Exercise. 
1. Let F C R bea closed set. Show that there is a function f € C(IR) such that F = (zx; f(x) = 0]. 


2. Let E, F CR be closed sets such that EN F = Ø. Show that there is a function f € C(R) such 
that E = (x; f(x) = 1} and F = {a; f(x) = 0}. Hint: Use the functions dg and dp introduced 
in previous problem. 


6.12.106 Exercise. (Kepler's Equation). Show that, for any constants a € (0,1) and b € R, the 
equation x = asin x + b has a unique solution. 


6.12.107 Exercise. Let a < b and suppose that f : [a,b] — [a,b] satisfies | f(a) — f(y)| € |x — yl 
for all z, y € [a,b]. Show that the sequence (£n) defined recursively by £n+1 = (£n + f(an))/2 and 
an arbitrary xı € [a,b], converges to a fixed point of f. Hint: Show that (xn) is monotone by using 
the identity 


1 


n2 — Vni = 5 [f(zn41) — fen) + Enti — 24] Vn € R. 


6.12.108 Exercise. Let a < b and let f : [a,b] — [a,b] be Lipschitz with Lipschitz constant 1 i.e., 
|f(z) — f(y)| € |x — y| for all x, y € [a,b]. Show that the set of all fixed points of f is a subinterval 
la, 8] € [a,b] possibly reduced to a single point. 


6.12.109 Exercise. (Contractive Map). Let Ø #4 S C R. A map f : X > X is said to be 
contractive if 


f(x) - fi) <le -yl Y x,y €X 
1. Show that a contractive map has at most one fixed point. 
2. Show that the function f(x) = x + 4 is contractive on [1, 00) and does not have fixed points. 
3. Show that g(x) = (x + sin £) is contractive on R. Is there a fixed point? 


4. Show that, if f is contractive on a (nonempty) compact set K C R, then it has a unique fixed 
point. Hint: Look at inf(|f(x) — x|;z € K}. 
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6.12.110 Exercise. (Expansive Map). Let Ø 4 S C R. A map f : X —> X is said to be 
expansive if 


|f(z) - f(y)) 2 |z- y| V z, y € X. 


Show that if f : IR — R is both continuous and expansive, then it is a homeomorphism with Lipschitz 
inverse f: R —> R. 


6.12.111 Exercise. Let f : [a,b] — R be continuous and satisfies f(a) < f(b). Show that there are 
c,d € [a,b] such that a < c < d € b and f(a) = f(c) < f(x) < f(d) = f(b) for all x € (c,d). 


6.12.112 Exercise. 


1. Show that, if f has a local maximum at every point x € I, then the range of f is count- 
able. Hint: For each y € f(I), pick an interval J, with rational endpoints such that y = 
max{ f(x); x € I N Jj). Assuming in addition that f is continuous on J, show that f must be 
constant. 


2. Show that M = {x € I; f has a strict local maximum at x} is countable. 


3. Show that, if f : [a,b] — R be continuous and does not have a local maximum or minimum at 
any point in (a,b), then it must be monotone. 


6.12.113 Exercise. 
1. (Characterization of Monotone Functions) Show that f : R — IR is monotone if and only 


if f71(J) is an interval for every interval J C R. 


2. Give an example of a continuous function f : IR — R and an interval J C R such that f^1(J) 
is not an interval. 


6.12.114 Exercise. Suppose that A is a nonempty subset of R consisting only of accumulation 
points. Can A be countable? 


6.12.115 Exercise. Give three examples of a function f that fails to be continuous at a point 
xo. The first should be discontinuous merely because f is not defined at xo. The second should be 
discontinuous because lim; 4, f(x) fails to exist. The third should have neither of these defects but 
should nonetheless be discontinuous. 


6.12.116 Exercise. Prove or disprove: If f is a continuous function on [0,1) such that lim, 55 f@) — 


x 
1, then f is uniformly continuous on [0,1). 


0, ifr—0 


6.12.117 Exercise. Define a function f on [0,1] by f(x) — . 
rlnnz, if0<a<1. 


Is f uniformly continuous on [0,1]? 


6.12.118 Exercise. Prove that for every set S of real numbers, except for a subset of S of the first 
category, every point of S is a point of second category of S. 


6.12.119 Exercise. Prove that the set Se of points of the second category ot any set S is perfect. 


6.12.120 Exercise. Prove that if S is a set of real numbers of the second category there is an 
interval every point of which is a point of the second category of S. 
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6.12.121 Exercise. 
1. Prove that R \ Q is a Gs set. 


2. Find a function f : R — R whose set of points of discontinuity is R \ Q. 


6.12.122 Exercise. Let E C R. Recall that 
A set E is a Gs set if E is a countable intersection of open sets. 


A set E is an F, set if E is a countable union of closed sets. Show that 
1. The complement of Fp set is a Gs set. 
2. The complement of Gs set is an F, set. 
3. Countable union of F, sets is an Fp set. 
4 


. Countable intersection of G's sets is a Gs set. 


e 


Intersection of two F, sets is an F, set. 
Union of two G sets is a Gs. 
Every open set is an F set. 


Every closed set is a Gs set. 


o o nuo 


The set difference of two closed sets is an F, set. 
10. The set Q is not a Gs set, but it is an F5 set. 


6.12.123 Exercise. Let F be a closed nonempty subset of R. Assume that F = U7, Fn, where 
each Fn is a closed set. Then there exists n € N such that F, has a nonempty interior relatively to 
F. 


6.12.124 Exercise. Q cannot be written as the countable intersection of open subsets of IR. 


6.12.125 Exercise. R\ Q # D(f) for any f : R 5 R, where D(f) is the set of points of disconti- 
nuities of f. 


6.12.126 Exercise. If IR — U E, where each En is closed, then some Ep contains an open 
interval. 


6.12.127 Exercise. If R = br E, then the closure of some Ep contains an interval; that is, 
(Es)? #0 for some n. 


6.12.128 Exercise. If R \ Q = US, En then the closure of some E, contains an interval; that is, 
(Es)? #0 for some n. 


6.12.129 Exercise. Prove that any dense G;-set in R is necessarily uncountable. 
6.12.130 Exercise. Prove that A has an empty interior in R if and only if AC is dense in R. 


6.12.131 Exercise. If G is open and dense in R, show that the same is true of G \ {x} for any 
xz cR. 
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6.12.132 Exercise. If x, — x in R, show that the set {x} U {£n; n > 1} is nowhere dense in R. 


6.12.133 Exercise. Let (r,) be an enumeration of Q. For each n, let I, be the open interval 
centered at r, of radius 27", and let (JZ; In. Prove that U is a proper, open, dense subset of R 
and that UC is nowhere dense in R. 


6.12.134 Exercise. Is there a dense, open set in IR with uncountable complement? Explain. 


6.12.135 Exercise. Show that any subset of a first category set is still first category, and that a 
countable union of first category sets is again first category. 


6.12.136 Exercise. Prove that any superset of a second category set is itself a second category set. 
6.12.137 Exercise. Show that N is first category in IR but second category in itself. 


6.12.138 Exercise. In R, show that any open interval (and hence any nonempty, open set) is a 
second category set. 


6.12.139 Exercise. Let E be an F; set in R. Prove that E is a first category set in R if and only 
if EC is dense in R. 


6.12.140 Exercise. Let f : IR — R. Show that f is discontinuous on a set of the first category in 
R if and only if f is continuous at a dense set of points. 


6.12.141 Exercise. Show that the complement of a first category set in IR is uncountable. 


6.12.142 Exercise. When is a first category set an F, set? Equivalently, when is a set containing 
a dense G5 set itself a Gs set? 


6.12.143 Exercise. Let f : IR — R be a continuous function that is non-constant on any interval. 
If A is a second category set in R, show that f(A) is also second category. [Hint: If B is closed and 
nowhere dense, show that f^ !(B) is closed and nowhere dense.] 


6.12.144 Exercise. Let S be a subset of IR. A point x € S is said to be a point of first category 
relative to S if, for some neighborhood U of x, the set UMS is of first category in IR. If So is the 
set of points of first category relative to S, show that So is of first category in IR. [Hint: R has a 
countable open base.] 


6.12.145 Exercise. Prove that if (En) is a sequence of closed sets in IR, each having empty interior, 
then UL; En has empty interior. 


6.12.146 Exercise. Is the complement of a first category set necessarily a second category set? 
Likewise, is the complement of a second category set necessarily a first category set? Explain. 


6.12.147 Exercise. If A is either open or closed in R, show that 0A is nowhere dense in R. Is the 
same true of any set A? 


6.12.148 Exercise. Show that (x) is nowhere dense in R iff x is not an isolated point of R. 


6.12.149 Exercise. Prove that a set A C IR without any isolated points is uncountable. In partic- 
ular, this gives another proof that Cantor ser C is uncountable. 


6.12.150 Exercise. If R = UJ* , En, where each E, is closed, show that D = UJ , (En)° is dense 
in R. [Hint: Consider R X D.] 
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6.12.151 Exercise. In R, show that any subset of a first category set is still first category, and 
that a countable union of first category sets is again first category. 


6.12.152 Exercise. In R, prove that any superset of a second category set is itself a second category 
set. 


6.12.153 Exercise. In R, show that any open interval (and hence any nonempty, open set) is a 
second category set. 


6.12.154 Exercise. Let E be an F, set in IR. Prove that E is a first category set in R iff E is dense 
in R. 


6.12.155 Exercise. Show that the complement of a first category set in IR is a dense set of the 
second category in R. In particular, a first category set in IR must have empty interior. 


6.12.156 Exercise. Show that the subset ( (x, £7") ;x > 0) U((0, y); y € R} of R? is not connected. 
6.12.157 Exercise. Which of the following sets are of type F5? 

1. N. 
à ET nec N} ; 


wo N 


. The set {C,;n € N} of midpoints of intervals complementary to the Cantor set. 
4. A finite union of intervals (that need not be open or closed). 


6.12.158 Exercise. Prove that a set of type Fs in R is either first category or contains an open 
interval. 


6.12.159 Exercise. If f and g are functions such that f 4- g is continuous, does it follow that at 
least one of f or g must be continuous? 


6.12.160 Exercise. If |f| is continuous, does it follow that f is continuous? 
6.12.161 Exercise. If ef‘) is continuous, does it follow that f is continuous? 
6.12.162 Exercise. If f(/(x)) is continuous, does it follow that f is continuous? 


6.12.163 Exercise. Let f : [0,1] ^ R be given by 


xz, if is rational, 
z^, if x is irrational. 


Show that f is continuous at 0 and at 1, but is not continuous at any point in (0,1). 


6.12.164 Exercise. Let f be continuous on |a, b] and suppose that it takes every real value at most 
once. Show that f is monotonic. 


6.12.165 Exercise. Let f : (—1,1) — R be continuous at 0, and suppose that f(x) = f(x?) V x € 
(—1,1). Show that f(x) — f(0) V x € (—1,1). 


6.12.166 Exercise. Let a,b,c € R, with a < b < c. Show that if f is uniformly continuous on Ja, b] 
and also on [b,c], then it is uniformly continuous on [a, c]. 
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6.12.167 Exercise. Suppose f has the IVP on (a,b) and is discontinuous at xo € (a,b). Prove that 
there exists y € R such that (x; f(x) = y) is infinite. 


6.12.168 Exercise. If f : A —^ B and C C B, what is xc o f (xc as a characteristic function)? 


6.12.169 Exercise. Is there a continuous characteristic function on R? If A C R, show that xa is 
continuous at each point of A?. Are there any other points of continuity? 


6.12.170 Exercise. Let A and B be subsets of R, and let f : R — R. Prove or disprove the 
following statements: 


1. If f is continuous at each point of A and f is continuous at each point of B, then f is continuous 
at each point of AU B. 


2. If f| A is continuous, relative to A and f|g is continuous, relative to B, then f| Aug is continuous, 
relative to AU B. 


If either statement is not true in general, what modifications are necessary to make it so? 


6.12.171 Exercise. Let (r,) be an enumeration of the rationals in [0,1] and define f on [0,1] by 
f(x) = »5.,.4,2 ". Show that f is everywhere discontinuous on [0,1] but that f is everywhere 
continuous when considered as a function on only [0, 1] V Q. 


6.12.172 Exercise. A continuous function on R is completely determined by its values on Q. Use 
this to “count” the continuous functions f : R > R. 


6.12.173 Exercise. Let 0 < a < 1. A function f € C^[0,1], f is called Holder continuous of 
order o if d K > 0 such that |f(x) — f(y)| € K|x — y|* V z, y € [0, 1]. Prove that 


1. -Q*[0; 1] € C?[0,1] for O< B xw < 1. 


2. If f is Holder continuous of order 1, ie. f is Lipschitz, then f is absolutely continuous on 
[0, 1]. 


3. Let a > 0. Define g(x) = x*^sin(z ?) for x £0 and f(0) = 0. Prove that g € BV(0, 1] and also 
prove that g € C?[0, 1] with a = a/(1 + a), and g ¢ C?[0, 1] for 8 > a/(14- a). 


6.12.174 Exercise. Let f : [a,b] + R be continuous such that for each c € (a,b) there is no nbhd. 
U of c such that either f(x) > f(c) or f(x) € f(c), Vx € U. Prove that f is either strictly increasing 
or strictly decreasing on [a, b]. 


6.12.175 Exercise. Let f : [0,1] — R be continuous such that f(0) = f(1). Prove that for each 
positive integer n, 3 x € [0, — 1/n] such that f(x) = f(x +1/n). 


6.12.176 Exercise. Let f : (0,1] — R be continuous and bounded. Is it true or false that f must 
attain at least one of its sup of inf on (a, b]? Justify. 


6.12.177 Exercise. Let f : R — R be bounded. And in every closed interval it itattains supremum 
and infimum there. Is it continuous on R? Justify. 


6.12.178 Exercise. Exhibit an example of function f : [0,1] — R that maps the convergent 
sequences into convergent sequences and which admits discontinuities. 
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6.12.179 Exercise. Let (rn) be an enumeration of the rational numbers in [0,1]. Prove that the 
function 


f(z) = X 2n 


{n;rn <x} 
is strictly increasing and its discontinuities form a countable dense set. 


It is worth noticing that every set A C R of type Fe is the set of discontinuity of some function 
f :R —> R. See Gelbaum and Olmsted [3]. The particular case of closed sets makes the object of 
exercise below. 


6.12.180 Exercise. Let A be a closed subset of IR. Verify that the characteristic function of the 
set B = AU (A? NQ) is an example of function f : IR — R whose set of discontinuities is exactly A. 


6.12.181 Exercise. (Froda's Theorem). The purpose of this exercise is to sketch a proof of the 
fact that every function f : R — R may have only countably many points of discontinuity of first 
kind. 


1. Prove that if e > 0 and £ is limit of a sequence (an) of discontinuities of the first kind, distinct 
two by two, for which wy(a,) > e, then € is a point of discontinuity of the second kind. 

Qn —1Tn “| 
2 , 2 , 


(Hint: Suppose that the sequence (an) is increasing. Then, in every interval ( 
one can choose points un and vp, such that f(u4) — f(un) > e/2. If € would be a discontinuity 
of first kind, then limpo f(u,) = limno f(Un) = lim; 5e. f(x), a contradiction.) 


2. Prove that the set Dn, of all points a of discontinuity of the first kind such that wy(a) > 1/n, 
is countable. 


3. Conclude that every function f : IR — IR may have only countably many points of discontinuity 
of first kind. 


6.12.182 Exercise. Show that a continuous mapping f : [0,1] — [0,1] which satisfies f(f(x)) =x 
for each x € [0,1], and for which f(x) Z x for at least one x € [0,1], must have exactly one fixed 
point. 


6.12.183 Exercise. Does a continuous mapping f : R — R which satisfies f(f(x)) = x for each 
x € R necessarily have a fixed point? 


6.12.184 Exercise. Describe a continuous mapping f : [0,1] — [0,1] for which f(f(x)) = x and 
f(x) Z x for more than one z € (0, 1]. 


6.12.185 Exercise. Let f : R — [0,co) an arbitrary non-negative function. Assume that 
inf(f(z) + f(y); |e — yl 2 e > 0 


for any e > 0. Prove that each sequence (xn) in IR such that f(x,,) — 0, converges to one and the 
same point x € M. 


6.12.186 Exercise. Let A C R and f : R > [0,0o) an arbitrary non-negative function. Assume 
that 


inf{f(a);inf{|a — y; y € A} > e) 50 


for any e > 0. Prove that each sequence (£n) in R such that f(x,) — 0, contains a subsequence 
which converges to some point x € A. 
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6.12.187 Exercise. Let f : [0, o0) — R be a continuous surjective function. Prove that for every 
a € R, the equation f(x) — a has infinitely many solutions. 


6.12.188 Exercise. Consider a real parameter a and the even function c, : IR — R such that 
ca (0) = a, and for every n € Z, ca(2”) = (—1)" and c, is affine on [2", 271]. 


1. Sketch the graph of this function. 


2. Prove that the function c, has a discontinuity of second kind at the origin, whenever a € R. 


3. Prove that the function c, has the intermediate value property if and only if a € [-1, 1]. 


6.12.189 Exercise. Prove that a function with the intermediate value property may have only 
discontinuities of the second kind. 


6.12.190 Exercise. 


1. Let M C R. If f : M > R is continuous and a € R, show that the sets (x : f(x) > a} and 
[x: f(x) < a} are open subsets in M. 


2. Conversely, if the sets (x : f(x) > a} and {x : f(x) < a} are open for every a € R, show that 
f is continuous. 


3. Show that f is continuous even if we assume only that the sets {x : f(x) > a) and (x : f(x) < 
a} are open for every rational a. 


6.12.191 Exercise. Let f : R — R is continuous. 
1. If f(0) > 0, show that f(x) > 0 for all x in some interval (—a, a). 


2. If f(x) > 0 for every rational x, show that f(x) > 0 for all real x. Will this result hold with 
“> 0” replaced by “> 0"? Explain. 


6.12.192 Exercise. Let A = (0,1] U {2}, considered as a subset of R. Show that every function 
f : A — R is continuous, relative to A, at 2. 


6.12.193 Exercise. Let A and B be subsets of IR, and let f : IR > R. Prove or disprove the following 
statements: 


1. If f is continuous at each point of A and f is continuous at each point of B, then f is continuous 
at each point of AU B. 


2. If f|4 is continuous at each point of A and f|p is continuous at each point of B, then f|AuB 
is continuous at each point of AU B. 


If either statement is not true in general, what modifications are necessary to make it so? 


6.12.194 Exercise. Is there a nonempty subset of R that is open when considered as a subset of 
IR?? closed? 


6.12.195 Exercise. Show that the function (x, y) — d(x,y), from S x S — R, is uniformly contin- 
uous. 


6.12.196 Exercise. If f : [a,b] — [a,b] is a homeomorphism, show that f carries endpoints to 
endpoints. 
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6.12.197 Exercise. Let f : IR — R be bounded and continuous. Define d: R x R 2 R by 


d(x,y) = sup{ f(t — x) — f(t — y);t € R}. 


Show that d is a semimetric on R. Show that d is a metric iff f is not periodic. 


6.12.198 Exercise. Show that the function f : [0,1] — [0,1] defined by 


Xs if x is rational 
f(x) = 


l—z, if is irrational 


is onto and thus satisfies the intermediate value property. Show, however, that f is continuous only 
at x = 1/2. 


6.12.199 Exercise. Let D C R. If f : D — R is uniformly continuous and (r4) is a Cauchy 
sequence in D, show that (f(r4)) is Cauchy. Can uniform continuity be replaced by continuity? Is 
the converse true? 


6.12.200 Exercise. If f : (a,b) > R is uniformly continuous, then show that lim; ,44 f(a) and 
lim,»— f(x) exist. 


6.12.201 Exercise. Show that an increasing function f : [a,b] — R can have at most countably 
many points of discontinuity. Hint: If x is a point of discontinuity, pick a rational ry between 
lims- f(t) and lim; ,44. f(t) and consider the map x > rg. 


6.12.202 Exercise. Let f,g : R — R be continuous and f(t) Z 0 V t € R. If f?(t) = g?(t) V t, 
show that either f — g = 0 or f +g 2 0. Can continuity be dropped? 


6.12.203 Exercise. Let f : [0,1] x [0,1] — R be continuous. Let 


g(x) = sup{ f(x, y);0 < y € uj. 
Show that g is continuous. 


6.12.204 Exercise. Prove or disprove: A function f : R — R is uniformly continuous on R iff f is 
uniformly continuous on every bounded interval. 


6.12.205 Exercise. Let f : [0,00) be continuous, f(0) = 0, and limg.. f(z) 21. If0<€ <1, 
show that 3 x such that f(x) = £. 


6.12.206 Exercise. Let f : R — R be continuous and limj;,.,4; f(x) = 0. Show that f has either 
a maximum or a minimum value on R. 


6.12.207 Exercise. Show that if f : [a,b] — R is monotonic and has the intermediate value 
property, then f is continuous. 


6.12.208 Exercise. Let f : I — R have the property that for every e > 0, there is a uniformly 
continuous function g : J > R such that f(t) — g(t)| < e. Show that f is uniformly continuous. 


6.12.209 Exercise. Let f : (0,1] — R be uniformly continuous. If limk f(1/k) = L, show that 
lim,.5o9 f(z) = L. Can “uniformly continuous" be replaced by “continuous”? 
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6.12.210 Exercise. If f : (0,1] — R is continuous and e > 0, show that there is a piecewise linear 
function g such that f(t) — g(t)| < e for all t € [a,b]. 


6.12.211 Exercise. Let D C R and f : D 2 R. Show that f is continuous iff f carries convergent 
sequences into convergent sequences. Hint: If x, — x, consider the sequence (yn) where y, = 


E if n is odd 


x, if nis even. 
6.12.212 Exercise. Prove or disprove: 
1. For a continuous function f on the real line the set of points 
{x : f(x) = 1} 
is closed. 
2. For a continuous function f on the real line the set of points 
{x : f(x) = 1} 
can have no points of accumulation. 


3. For a continuous function f on the real line the set of points 


{x : f(x) = 1} 
can have no interior points. 
4. There is a closed set E that has infinitely many points but no points of accumulation. 
5. There is a closed set E that has countably many points of accumulation. 
6. There is an open set E that has no points of accumulation. 
7. There is an uncountable set E that has no points of accumulation. 


6.12.213 Exercise. Show that if f : [0,1] — [0,1] is a continuous function then f has a fixed point. 
Show that this is not necesarily true for discontinuous functions. 


6.12.214 Exercise. Let f : [0,1] — [0,1] be a continuous function and define g = f o f. Show 
that g must have a fixed point too and that every fixed point of f is also a fixed point of g but not 
conversely. 


6.12.215 Exercise. Suppose f : R > R is continuous. Prove or disprove: 
1. f must be unbounded. 
2. f cannot be uniformly continuous unless f is constant. 
3. lim, soo f( /n) = f(1). 
4. f 1(E) is compact if E is compact. 


5. f-!(E) is open if E is open. 
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6. f-!(E) is finite if E is finite. 
7. f-!(E) is countable if E is countable. 
8. f 1(E) is bounded if E is bounded. 
6.12.216 Exercise. Let f be a continuous function on an interval [a, b] and let 
E = (x € [a,b]; f(x) < 0} 
1. If c is a point of accumulation of the set E show that f(c) < 0. 
2. If d is a boundary point of the set E and d Æ a,b show that f(d) = 0. 


3. Show that E can have no isolated points. 


A 


. Is it possible that [a,b] V E has isolated points? 


6.12.217 Exercise. Define what is meant by saying that f is a continuous function on an interval 
I. Define what is meant by saying that f is a uniformly continuous function on an interval J. 


6.12.218 Exercise. Define uniform continuity. 


1. Give an example of a function which is continuous but not uniformly continuous on the interval 
(—1, 1). Prove that your example is not uniformly continuous. 


2. Prove directly from your definition of uniform continuity that the function f(r) = 2° is uni- 
formly continuous on (—1, 1). 


3. Prove directly from your definition of uniform continuity that if a function f is uniformly 
continuous on (—1, 1) then it must be bounded there. 


6.12.219 Exercise. Define what is meant by a closed set of real numbers and an open set of real 
numbers. Prove that for a continuous function f on the real line the set of points 


(z:0« f(x) « 1} 


is open and that the set of points 
(z:0 < f(x) € 1) 


is closed. 


6.12.220 Exercise. Let f : IR — R be an increasing function. Suppose that there are sequences 
(an), (Yn) such that £n < 0 < y, V n € N and f(yn) — f(an) > 0 as n > oo. Prove that f is 
continuous at 0. 


6.12.221 Exercise. Suppose f : [0,1] — [0,1] is a continuous function. Then the sequence of 
iterates z441 = f(a) converges if and only if lim, o, (r4 41 — £n) = 0. 


6.12.222 Exercise. Is it true that if f : [0,1] — [0,1] is 
1. Monotonically increasing 


2. Monotonically decreasing 
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then there is an x € [0,1] for which f(x) = x? 


6.12.223 Exercise. Let f be continuous and nowhere monotone on [0,1]. Show that the set of 
points on which f attains local minima is dense in [0,1]. 


6.12.224 Exercise. Suppose f,g : R — R are two functions such that f is continuous, g is 
monotonic, and f(x) = g(x), V £x € Q. Show that f(x) = g(x), V x ER. 


6.12.225 Exercise. Consider a function f : [a,b] > [a,b] such that | f(x) — f(y)| < |x — y| V x,y € 
[a, 0]. Let a4 € [a,b] and define a44,1 = (a, + f(@n))/2, for n = 1,2,.... Show that limpo dn = ao 
and f(ao) = ao. 


6.12.226 Exercise. Let f : R — R be a continuous function satisfying 


f(a)=f(e+2) ve Qandnen. 


Show that the function f is constant. 


6.12.227 Exercise. (Cauchy) Let ¢: R — R be a continuous function satisfying 


plz + y) = é(x) + oy), V v, y € R. 
Find the set of continuous functions fulfilling the above condition. 


6.12.228 Exercise. Let ¢: R — R be a continuous function satisfying, for a given real a, 
(x +y) = ó(x) + oy) +a, V v, y ER. 
Find the set of continuous functions fulfilling the above condition. 
6.12.229 Exercise. Let ¢ : (0,00) — IR be a continuous function satisfying 
(xy) = p(z) + Oy), V x,y € (0,00). 
Find the set of continuous functions fulfilling the above condition. 


6.12.230 Exercise. Let ¢: R — R be a non-zero continuous function satisfying 


plz +y) = O(a) oy) +a, V z, y ER. 
Find the set of continuous functions fulfilling the above condition. 
6.12.231 Exercise. Let ó : (0,00) — IR be a non-zero continuous function satisfying 
o(xy) = ó(z)ó(y), V x,y € (0,00). 
Find the set of continuous functions fulfilling the above condition. 
6.12.232 Exercise. Let ¢: R \ {—1,1} — R be a continuous function satisfying 


r-cy 
1 + zy 


sa) e) = e( ) YeyeR\ {11} 1+ ey 40. 


Find the set of continuous functions fulfilling the above condition. 
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6.12.233 Exercise. Find all continuous functions f : R — [0, 00) such that 


Paty) - f(x - y) 2 Af(z)f(). 
for all real numbers z, y. 


6.12.234 Exercise. Prove the following version of amalgamation (only minor adjustments should be 
necessary): Suppose —oo < b < oo, f is uniformly continuous on (—oo, 0b], g is uniformly continuous 
on [b, oo), and f(b) = g(b). Then there is a unique function h such that 


1. h is uniformly continuous on (—oo, oc). 
2. h(x) = f(x) for x € (—o, b]. 
3. h(x) = g(x) for x € |b, oo). 


6.12.235 Exercise. (Volterra's Theorem). Let f,g : [a,b] — IR and let Cy and C, denote the 
continuity sets of f and g; respectively. Thus C; = {x € (a,b); f is continuous at x} and C, defined 
similarly. Show that if Cy and C, are both dense, then so is C; N Cg. Deduce that there is no 
function that is continuous on Q and discontinuous on Q°. 


6.12.236 Exercise. Prove that if f is uniformly continuous on J and J, where these are two intervals 
which overlap, but are not assumed to be compact, then f is uniformly continuous on the interval 
IU J. 


6.12.237 Exercise. Is f : [0,co) — R defined by f(x) = yx uniformly continuous on [0,00)? 
Justify your answer. (Note that its slope at 0 is infinite. There are several approaches to this 
exercise; one of them uses the preceding exercise.) 


6.12.238 Exercise. Assuming the laws of logarithms, and that In is continuous at 1, prove ln x 
is uniformly continuous on |1, 00), a non-compact interval. 


6.12.239 Exercise. Let f : I — R be a function defined on an interval J (not assumed compact), 
and assume that its secants have bounded slope, i.e., for any two distinct points on the graph of 
f defined by gr(f) = {(a, f(zx));z € I} over I, the slope A of the line joining them is bounded: 
|\| « K where K is some fixed number not depending on the two points selected. 


1. Prove f is uniformly continuous on J. 


2. Does f defined by f(x) = yx on [0,1] satisfy the above hypotheses on f? Is it uniformly 
continuous on the interval? 


6.12.240 Exercise. Determine necessary and sufficient conditions on a pair of sets A and B so 
that they will have the property that there exists a continuous function f : R — R such that 
f(z) =0VaeAand f(r) 21V x € B. 


6.12.241 Exercise. (Extensions of continuous functions) If f : A > R,g: B > R, A C B, and 
f(x) = g(x) Va € A, then the function g is said to be an extension of the function f. Prove each of 
the following: 


1. A function that is continuous on a closed set A can be extended to a function that is continuous 
on R. 
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2. A function that is uniformly continuous on a set A can be extended to a function that is 
uniformly continuous on A. 


3. A function that is uniformly continuous on an arbitrary nonempty subset of R can be extended 
to a function that is uniformly continuous on all of R. 


4. Give an example of a function f that is continuous on (0,1) but that cannot be extended to a 
function continuous on [0,1]. 


6.12.242 Exercise. (Absolute Continuity). A function F : [a,b] > R is said to be absolutely con- 
tinuous (on [a, 0]) if for each e > 0 there isa ô > 0 such that, given any collection {[ap, bg]; 0 € k € n) 
of pairwise disjoint open subintervals of |a, b], we have 


S (br — ax) NICE F(ax)| <€. 
k=1 k=1 


1. Show that an absolutely continuous function on [a, b] is uniformly continuous there. To show 
that the converse is false, consider the function 


xsin Z, ifr 0 
Du le ifz — 0. 


Show that f is uniformly continuous but not absolutely continuous on [0,1] Hint: Let € = 1 
and, for each ô > 0, choose M,N € N with 1/6 < M < N such that xiu a, > 1, where 
ay, = 2/(Ak +1). Now let bj, = 2/(4k) and consider the disjoint intervals (a,,b,) with M < 
k<N. 


2. Show that, if F € Lip({a,b]), then it is absolutely continuous. The converse is false again. 
Indeed, as we know, the function f(x) = yz is not Lipschitz on [0,1]. Show, however, that it 
is absolutely continuous on [0,1] as follows. Given e > 0. let 6 = €?/2 and let (a;,b;) C [0,1] 
be pairwise disjoint with Da (b; — aj) < 6. If 6/2 € (aj, bj) for some j, then insert it as an 
endpoint, getting two subintervals (aj, 0) and (ô, bj). Now write 0") (Vbi zva) = 351 225 
where $7, is over all j with b; < 5/2 and >, is over the other j's. Finally, observe that 
Y. < ¢/2 and 


Hs Le nudo) < eo: 


6.12.243 Exercise. Prove that the following are equivalent: 


1. f is lower semicontinuous. 
2. f^1(c,oo) is open V c € R. 
3. f^ !(oo,c] is closed V c € R. 
4 


. If £n > x, then f(x) € sup, f(x.) 


5. Let A be open in R and for each y € A and for each e > 0 d a nbhd. V of y such that 
f(x) > f(y) — e for all x € V. 


442 CHAPTER 6. CONTINUITY 


6.12.244 Exercise. Let A C R and g: A — R and define 
f(x) = lim sup g(y). 
yc 


Prove that f is lower semicontinuous. 


6.12.245 Exercise. If E C R, then xg is lower semicontinuous iff E is open. 
The function f : R — R defined by 


0, if €Q° 
m iff= ®;n €N and m E€ Z; (m,n)=1 


is upper semicontinuous. 


6.12.246 Exercise. Let {fa}aca be a family of lower semicontinuous functions in E C R. Prove 
that f(x) = suPaca fa(x) is lower semicontinuous. 


6.12.247 Exercise. Suppose f : IR —> R is continuous and for every rational number q, there exists 
an integer n such that the n-th iterate of f, f™ = f o f o... o f, evaluated at q is 0. Prove or 
disprove: for every real number r, there exists an integer n, such that f" (r) = 0. 


6.12.248 Exercise. Let r1,72,., be an enumeration of the rationals in the interval [0,1]. For each 
x € [0, 1], define the function ¢, on [0,1] by 


B ify< xr 
$«(y) = n ify > 2. 


Let f be defined on [0,1] by 


F(a) = 9 5 6s(r,)/2" 


Prove that 
1. f is strictly increasing, 
2. f is continuous at x € [0,1] if and only if x ¢ Q. 


6.12.249 Exercise. Define a relation ~ on the circle $1 = {z € C;|z| = 1}, by z ~ a if z = 
ac?"'9- 9 € Q. Prove that the set of all limit points of any eqivalence class coincides with St. 


6.12.250 Exercise. Show that there can be no continuous function f : R —> R that satisfies 
f(x) € Q e f(z--1) e Q*. 


6.12.251 Exercise. Show that there can be no continuous function g : IR > R that maps rational 
numbers to irrational ones and vice versa. 


6.12.252 Exercise. (Volterra's Theorem). Let f,g : (0,1) — R and let Cy and C, denote the 
continuity sets of f and g; respectively. Thus 


C = {x € (0,1); f is continuous at x} 


and C, defined similarly. Show that if C, and C, are both dense, then so is C; N Cj. Deduce that 
there is no function that is continuous on Q and discontinuous on Q€. 
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6.12.253 Exercise. The following exercise shows that any countable set in (a,b) is the set of 
discontinuities of a monotonically increasing function on (a, b). 

Let S = {81, $2, 53,.....} be a countable set on (a,b). Take any sequence (cn) of positive constants 
such that X` c, converges. For each x € (a,b) let 


A, = {n E Nja < sn < T}. 


Define the function f by 


E en A, n» if A, 40 
see) = {Ee if A, =0. M 


Then 

1. f is monotonically increasing on (a, b). 

2. f(sn+) — f(sn—) = cn; that is, f is discontinuous at each point of S. 
f(—a) = f(x) for each x € (a > b). 


e 


4. is continuous at each z € (a,b) \ S. 


6.12.254 Exercise. Show that the following statement is false: if f : R — R is continuous at 0 and 
f(0) = 0, then the inequality |f(z)| € |z|* holds for some a > 0 at least in some neighborhood of 0. 


6.12.255 Exercise. Provide a counterexample to the statement: if f + g is continuous at a, then 
both f and g are continuous at a. What about other arithmetic operations? 


6.12.256 Exercise. Give a counterexample to the statement: if cosof is continuous at a, then f 
is also continuous. What about cosh of? ((cosof)(x) = cos( f (x))) 


6.12.257 Exercise. Verify if the following statement is true: if g o f is continuous at a, then f is 
also continuous. What if the condition of continuity of g at f(a) is added? 


6.12.258 Exercise. Verify if the following statement is true: if g o f and f are continuous at a, 
then g is continuous at f(a). 


6.12.259 Exercise. Suppose f and g are such that both fog and go f are defined in a neighborhood 
of a and f o g is continuous at a. Is g o f also continuous? 


6.12.260 Exercise. Give a counterexample to the statement that: a continuous on [a,b] function 
can not possess infinitely many local extrema on this interval. 


6.12.261 Exercise. Provide a counterexample to the following statement: if f is increasing and 
continuous on the interval [a,c] and on the interval (c, 6], then it is increasing on [a,b]. 


6.12.262 Exercise. Give a counterexample to the statement: a function defined on R cannot be 
continuous at each point x € Z and discontinuous at all other points. 


6.12.263 Exercise. It is known that the convexity condition on an open interval (a, b) — f (axı 4-(1— 
Q)z23) € af (z1)4-(1—a) f (x2), V z1, £2 € (a, b) and V a € (0, 1) implies continuity of f on (a,b). Show 
0 ifz€(-1,1) 


that this implication fails in the case of a closed interval. Hint: Consider f(x) = if oi 
if x = 0,1. 
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6.12.264 Exercise. It is known that any function f that maps continuously a closed interval on 
itself has a fixed point, that is, such point c in the closed interval that f(c) = c. Show that this is 
not true for an open interval. (Hint: consider f(x) = x? on (0,1).) 


6.12.265 Exercise. Provide a counterexample to the following statement: if f is continuous and 
invertible on domain X, then the inverse function f^! is continuous on Y = f(X). Hint: Consider 


jas ifx <0 


x—1 ifr>l. 


6.12.266 Exercise. Provide a counterexample to the following statement: if f is continuous on 
X C R, X z R, then there is a continuous extension of f from X onto R, that is, such function g 
continuous on R, that g(x) = f(x), V x € X. Hint: Consider f(x) = sin E, X = (0,00), notice that 
the statement is true for a closed set X. 


6.12.267 Exercise. Find an example of a function f discontinuous on Q and another function g 
discontinuous at only one point, but g o f is nowhere continuous. 


6.12.268 Exercise. Show that the statement: if f is continuous and has a compact image, then 
its domain is a bounded set, is false. 


6.12.269 Exercise. Show that the following statement is false: if f is continuous and bounded on 
a closed set, then it attains its global minimum and maximum on this set. 


6.12.270 Exercise. Provide a counterexample to the following statement: if f is continuous on 
(a, b] except for only one point, then f is bounded on [a,b]. 


6.12.271 Exercise. Give a counterexample to the statement: if f is defined, but not continuous 
on [a, b], it cannot attain its global extrema on this interval. 


6.12.272 Exercise. Verify if the following *definition" of the uniform continuity is correct: for every 
€ > 0 and every 6 > 0 whenever 21,22 € S and |x, — z3| < 6 it follows that |f(x1) — f(x2)| < e. If 
not, provide a counterexample. 


6.12.273 Exercise. Since the violation of uniform continuity for one of the functions in the compo- 
sition can lead to loss of uniform continuity by the composite function, it may be tempting to state 
that: if f is non-uniformly continuous on X, and g is non-uniformly continuous on f(X), then the 
composite function g o f is non-uniformly continuous on X. Show that it is not true by providing a 
counterexample. 


6.12.274 Exercise. Is it possible to have a point-wise discontinuous function which has the points 
of discontinuity at a set which is perfect and not everywhere dense? Give reasons for your conclusion. 


6.12.275 Exercise. Could one have a point-wise discontinuous function whose points of continuity 
form a discrete set? a set of first species? an enumerable set? a set of first category? a closed set? 
a perfect set? a closed set of measure zero? 


6.12.276 Exercise. If f is a rational integral function on [a,b], does it take all values between f (a) 
and f(b)? Is it uniformly continuous on [a,b]? Does it have a maximum or minimum in [a,b]? Can 
it be represented as the limit of a sequence of continuous functions? 


6.12.277 Exercise. Let f : R — R be defined by f(t) = pave ift= Paq Z and (p,q) = 1 and 
f(t) = 0 if t is irrational. Answer the following: 
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1. Find the set of irrational numbers t where f is continuous. 
2. Find the set of rational numbers t where f is continuous. 
6.12.278 Exercise. Let f,g be two continuous functions on R. For any a € R we define Jal f, g) by 


f(t) ift<a 
g(t) ifta. 


Tal fy g)(t) = 


For what values of a, Ja(f,g) is a contunuous function. 


6.12.279 Exercise. Let A,B be two finite subsets of R. Describe the necessary and sufficient 
condition for the spaces R \ A and R \ B to be homeomorphic. 


6.12.280 Exercise. Let f : R — R be a function and let J be a bounded open interval in IR. Define 
W(f, J) =sup{f(x);x € J} — inf(f(x); € J}. Which one of the following is false? 


1. W(f, Ji) € W(f, Ja) if Ji € Ja. 


2. If f is a bounded function in J and J 2 Jy 2 J5.... D Jn D ... such that the length of the 
interval J, tends to 0 as n — oo, then limno W (f, Jn) = 0 


3. If f is discontinuous at a point a € J, then W(f, J) z 0. 


4. If f is continuous at a point a € J, then for any given e > 0 there exists an interval J C J such 
that W(f,D) « e. 


3sin+ if 0 
6.12.281 Exercise. For x € R, let f(x) = ges: ARE 


0 if x = 0. 
Then which one of the following is false? 
1. lims» /&2 =0 
2. lim, £&2 =0 


3. to has infinitely many maxima and minima on the interval (0,1). 


4. 5e is continuous at x = 0 and not differentiable at x = 0. 
6.12.282 Exercise. For x € R, let 
1 ifr E€ R\ Qu (0) 
f(z) = 1 A eee a 
ERST. 1 c= pn EZ\ {0},pEN,gcd(n,p) =1 
Then which one of the following is true? 
1. all z € Q\ {0} are strict local minima for f. 


2. f is continuous at all z € Q. 


3. f is not continuous at all x € RA Q. 
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4. f is continuous at x = 0. 


6.12.283 Exercise. Let f : [0,1] — [0,1], be a non-constant continuous function such that fof = f. 
Define 


Es = (x € [0,1]; f(x) = x}. 
Then which one of the following is true? 
1. E; is neither open nor closed. 
2. Fr is empty. 
3. Ey need not be an interval. 
4. Ey is an interval. 


6.12.284 Exercise. Let f : R — R with the property that for every y € R, the value of the 
expression 


sup[zy — f(x)] 
zcm 


is finite. Define g(y) = sup,eg|vy — f(z)], y € R. Then which one of the following is true? 
1. g is even if f is even. 
2. g is odd if f is even. 
3. f must satisfy lim; , S5 Hn = +00 
4. f must satisfy lim),),00 I = -—oo. 


6.12.285 Exercise. In the following let f : AU B —^ Rand f|4: A —> Rand f|p : B > R denote 
the restrictions of f to the sets A and B respectively. 

(a) Show that f need not be continuous if f|4 and f|p are continuous. 

(b) If A and B are open and f|4, f|p are continuous, show that f is continuous. 

(c) If A and B are closed and f|4, f|p are continuous, show that f is continuous. 


Chapter 7 


Differentiablity 


To understand mathematics means to be able to do mathematics. 
And what does it mean doing mathematics? In the first place it 
means to be able to solve mathematical problems. 


-George Pólya (1887-1985) 


7.1 Introduction 


We owe the word derivative and the prime symbol to denote the derivative to a French mathematician 
Joseph Louis Lagrange (1736-1813). They appear in his article in 1770. He also wrote du = u'dx in 
his article in 1772 , but the symbols dz, dy, and oy were introduced by Leibniz in 1675. Lagrange was 
probably the best French mathematician of the 18th century. Among his many accomplishments 
is a book M’ecanique analytique (The Analytical Mechanics) published in 1788, which offered a 
revolutionary view of mechanics as the four-dimensional geometry. Lagrange himself was reported 
to have said that “mechanics was really a branch of pure mathematics” and that his book “does 
not contain a single diagram”. Sir William Rowan Hamilton said the work could be described 
only as a scientific poem. Hamilton (1805-1865) was the leading Irish physicist, astronomer, and 
mathematician, who made important contributions to classical mechanics. 


7.2 Differentiablity 


7.2.1 Definition. Let f be a real-valued function defined on an interval I. Let a € I°. We say f is 
differentiable at a if the limit 


im £0) = F@) _ im Fath) Fo) 


r>a r—-a h-0 h 


(7.1) 


exists. In this case we write f'(a) or Ds f(a) = f'(a) for this limit. If the function f is differentiable 
at each point of the set S C J, then f is said to be differentiable on S and the function f' : S — R 
is called the derivative or differential coefficient! of f on S. When f is differentiable at a, the 
tangent line to f at a is the linear function L(x) = f(a) + f'(a)(x — a). 


1see Special Topics 
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Notice that a is not an endpoint of J, In particular, if f is differentiable on [a,b], then 


f(a+h) — f(a) ies n Fb+h)-— IU 
h—04- h anda us m h 


It is important to notice that a function which is differentiable on two sets is not necessarily differ- 
entiable on their union. 


7.2.2 Example. f(x) = |x| is differentiable on A = [71,0] and on B = [0,1] but not on AU B = 
[-1, 1]. Because 0 is the end-point of A and B but in AU B, 0 becomes as an interior point of AU B. 


The following criterion for the existence of a derivative is an immediate consequence of (7.2.1). 


7.2.3 Theorem (Caratheodory). Let Let f be a real-valued function defined on an interval I. 
Let a € I?. Then f is differentiable at a if and only if the function 


f(x)-f(a) ig, xa 
fp(z) = Pun . 
f'(a) ifr#a 
is continuous at x = a. 


7.2.4 Theorem. Let J C R be an interval, let c € J, and let u: I > R and v: I — R be functions 
such that u’ and v' exist at c. Then: 


1. If a € R, then the function au is differentiable at c, and (au)'(c) = au’ (c). 
2. The function u + v is differentiable at c, and (u + v)'(c) = u’ (c) + v'(c). 
3. (Product Rule) The function uv is differentiable at c, and 


(uvY (c) = w'(e)w(o) + u(c)v' (9). 


4. (Quotient Rule) If v(c) Z 0, the function u/v is differentiable at c, and 


u'(c)v(c) — u(c)v'(c) 
v(c))? l 


(u/v) (c) = 


— 


7.2.5 Theorem. (Chain Rule) Let J, J be intervals in R, let g : I > Rand f : J > R be functions 
such that f(J) C I and let c € J. If f is differentiable at c and if g is differentiable at f(c), then 
the composite function g o f is differentiable at c and 


(go f) (c) =I (FO) FO). 
7.2.6 Theorem. Let J C R be an interval, let c € J, and let f : I — R differentiable at c. Then: 
1. If f(c) > 0, then there is a number ô > 0 such that f(x) > f(c) for x € I such that c < x < c+ô. 
2. If f(c) < 0, then there is a number ô > 0 such that f(x) > f(c) for x € I such that c—ó < x < c. 


7.2.7 Theorem (Darboux Intermediate Value Theorem). If f is differentiable on J = [a,b] and if k 
is a number between f'(a) and f'(b), then there is at least one point c € (a,b) such that f'(c) = k. 
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7.2.8 Theorem. Let J C R be an interval, and let f : J > R differentiable on J. Then f'(I) is an 
interval. 


7.2.9 Theorem. Let J C R be an interval, and let f : J — R differentiable on J. Then the derived 
functicn f’ cannot have a jump discontinuity on J. 


7.2.10 Note. 


1. A derived function on an interval can have a discontinuity of second kind. 


2. If f' exists in some deleted neighbourhood of c and lim, ,... f'(z) Z lim, ,,4 f'(x), then f 
cannot be differentiable at c. 


3. If a function f be differentiable on an interval J and f’ is monotonic on J, then f’ is continuous 
on I. 
It follows from the property that a monotone fUnction can have jump discontinuities in its 
domain. 


7.3 Dini Derivatives 


7.3.1 Definition. Let f be a real-valued function defined on a nonempty open subset U of IR. Let 
x € U. Define 


D* f(x) = lim sup fü) = fa). D. f(x) = lim inf Fy) = FC). 
yorct y—moz yout y—-c 

D- f(x) = limsup fo) ~ fe). D_ f(x) = liminf fy) = f(x). 
y>r— yYy— r yr— y—z 


The above quantities are referred to as Dini derivatives of f at x. They exist as elements in 
RU {+00}. 


7.3.2 Definition. Let f be a real-valued function defined on a nonempty open subset U of R. Let 
x € U. If Dt f(x) = D* f(x), then we write 


fi (x) = D+ f(x) = Dy f(z) = lim : 


and refer to this quantity as the right-hand-side derivative of f at x. Similarly, if D^ f(x) = 
D- f(x), then we write 


f'(x)-2D f(x) = D_f(xz) = lim ——————— 


and refer to this quantity as the left-hand-side derivative of f at x. 
'The following result is due to H. Lebesgue. 


7.3.3 Theorem. Let f be a real-valued monotone function defined on a general open interval J. 
Then f(x) exists (a.e.) in J as a real number. 
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7.4 Mean Value Theorems 


7.4.1 Definition. (Local Extrema). Let f : J — R and let zo € I°. We say that f has a local 
maximum (resp., local minimum) at xo if there exists ô > 0 such that f(x) € f(xo) (resp., f(x) > 
f(zo)) for all x € (xo — ô, zo + ô) N I. We say that f has a local extremum at zo if it has a local 
maximum or a local minimum at zo. 


7.4.2 Theorem (Fermat’s Theorem). Let f : I — R. and let zo € I? be an interior point. If f 
has a local extremum at xo and is differentiable at xo, then f'(xo) = 0. In other words, the tangent 
line to the graph of f at the point (xo, f (zo)), is horizontal. 


Pierre de Fermat (1601-1665) was a French lawyer and an amateur mathematician. He never 

published any results, but communicated most of his work in letters to friends, often with little or 
no proof of his theorems. He is best known for *Fermat's Last Theorem” which was discovered 
by his son in the margin of Diophantus's Arithmetica and became widely known in 1670 when the 
son published this book with his father's notes. 
Fermat’s Theorem shows that, if at some point c, f’(c) exists and is different from 0, then f cannot 
attain its extreme value at c. However, this result does not shed any light on the issue whether f is 
increasing or decreasing. For that we will need another theorem. Here is a stepping stone in that 
direction. 


7.4.3 Theorem. (Rolle's Theorem): Suppose that f is a function defined and continuous on an 
interval [a,b], that it is differentiable in (a,b), and that f(a) = f(b). Then there exists c € (a,b) 
such that f'(c) = 0. 


Michel Rolle (1652-1719) was a French mathematician. In 1691, he gave the first known formal 
proof of Theorem 7.4.3. The name Rolle’s theorem was first used by Moritz Wilhelm Drobisch 
(1802-1896), a German mathematician, in 1834. Rolle is also remembered for popularizing the 
symbol for equality =, which had been invented by a Welsh doctor and mathematician Robert 
Recorde, and the symbol for the n-th root v although it had been suggested (for the cube root) 
by Albert Girard. Rolle was an outspoken critic of calculus, and his opposition had a positive effect 
on the new discipline. Eventually, he formally recognized its value by 1706. Geometrically, Rolle's 
Theorem says that, under the listed assumptions, if f takes the same value at the endpoints, then 
somewhere in between the tangent line to the graph of f is horizontal. In other words, somewhere 
in between there is a point at which the tangent line is parallel to the (horizontal) line connecting 
f(a) and f(b). What if the latter line is not horizontal? 


7.4.4 Theorem. (Mean Value Theorem due to Lagrange). Suppose that f is a function 
defined and continuous on an interval [a,b], and that it is differentiable in (a,b). Then there exists 
c € (a,b) such that 

f(b) — f(a) 


f(g- 


Another form of Mean Value Theorem due to Lagrange is known as 


7.4.5 Theorem. Taylor's theorem of order 1. If f : [a,b] — R is continuous and f’ exists 
c € (a,b), then 
f(c- h) = f(c) * hf'(c + 0h), 


where 0 « 0 « 1. 
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7.4.6 Theorem. Taylor's theorem of order n If f : [a,b] — R is continuous and f’, f", .., f" 
exists in (a,b), then 


1 h? LA h” n 
fle+h)= f(c) +hf'(c)4 at (c) +..+ u^ (c 4- 0h), 


where 0 « 0 « 1. 


7.4.7 Theorem. L'Hóspital's Rule: Suppose the functions f and g are differentiable at every point, 


except possibly at c in an interval (a, b). If g'(x) Z 0 for x £ c, and if I H has either the undetermined 
0 


0 


form 5 or = at x = c, then 


F (2) exists. 


provided lim,_,, aCe) 


7.4.8 Theorem. (Cauchy’s mean value theorem) Let f,g : [a,b] — R be continuous and /", g' exist 
n (a,b), and g'(x) Æ 0 in (a,b) then prove that 3 £ € (a,b) such that 


fŒ) —f(a)  f'(&) 


g(b —9(a)  g'(&) 


7.5 Absolute maximum, minimum: 


7.5.1 Definition. Let A C R and let f : A —> R. We say that f has an absolute maximum on 
A if there is a point z* € A such that f(z*) > f(x) for all x € A. We say that f has an absolute 
minimum on A if there is a point x, € A such that f(x.) < f(x) for all x € A. We say that z* 
is an absolute maximum point maximizer for f on A, and that x, is an absolute minimum 
point or minimizer for f on A, if they exist. 


7.6 Relative maximum, minimum: 


7.6.1 Definition. A function f : I > R, is said to have a relative (local) maximum [respectively, 
relative (local) minimum] at c € I if there exists a nbhd. B(c;5) of c such that f(x) < f(c) 
[respectively, f(c) € f(x)] for all x € B(c;ó) NI. We say that f has a relative extremum at c € J, if 
it has either a relative maximum or a relative minimum at c. 


7.6.2 Theorem. Let f be continuous at a point c and on (c — ó, c +0), for some 6 > 0, then f has 
a minimum at c if 


* / = . / c 
and f has a maximum at c if 
. / — : / = 
Jim f'(æ)=-o, lim f'(x) — oo. 


7.6.3 Example. Consider f(x) = x3 at 0. 
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7.6.4 Note. All the extreme values may not be given by solutions of f'(x) = 0, there may be 
extremes at points where f'(x) does not exist. 
A function f need not have an extreme at every point at which f'(x) = 0. 


The term “primitive function" was introduced by Lagrange in 1797. We owe the “antiderivative” 
to a French mathematician Sylvestre-Francois Lacroix (1765-1843). He was known for a number of 
textbooks held in high esteem. 


7.7 Problems and Solutions on Chapter 7 


Warning! Never Never Ever read this solution unless you tried problems quite long time and gave 
up. Doing so may impair your ability to think and solve problems. 


7.7.1 Problem. Universal Chord Theorem: An Application of Intermediate Value Theorem 
[R.P.Boas; Jr., Volume 13, Carus Mathematical Monographs, MAA.] 

Let f : [a,b] + R be continuous, and suppose that f(a) = f(b). Then there exist real numbers c, d 
such that 


l.a«c«d«b, 
2.d—c« es and 
3. f(c) = f(d). 
7.7.1.1 Solution. Let h = "*, and define g : [a, a + 2h] > R by 
g(a) = f(x +h) — f(x). 


Since g is continuous on [a, a + 2h] and that 


g(a) + g(a +h) + g(a 4- 2h) 
= f(a -- h) — f(a) + f(a+ 2h) — f(a 4- h) + f(a 4- 3h) — f(a 4- 2h) 
= f(a + 3h) — f(a) 
= f(b) — f(a) = 0. 


Since the sum of three real numbers is zero, then two cases arise (i) all three are zero,(ii) two of 
them must have opposite in signs. 

In case (i), in particular, 0 = g(a + h) = f(a + 2h) — (a + h) implies c = a + h,d = a + 2h. 

On the other hand, two of them have opposite signs, then by IVT 3 p € (a,a + 2h) such that 
g(p) = 0. Hence f(p) = f(p +h) shows that c = p, d = p + h. Hence the theorem. 


7.7.2 Problem. Let f : [a,b] —^ R be continuous, and suppose that f(a) = f(b). Then there exist 
two sequences (an), (bn) in [a,b] such that V n € N and 


1. a < an < Any € 0544 < bn < b, 
2. bn — an < 52 and 
3. flan) = f (bn). 
7.7.2.1 Solution. Apply the ” Universal Chord Theorem”. 
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7.7.3 Problem. Let f : IR — R be a differentiable function with continuous derivative such that 
š EE / — 
AOE EE eae 
Prove that the function g : R > R, defined by g(x) = sin f(x) is not periodic. 


7.7.3.1 Solution. Assume by way of contradiction that g : IR — R, defined by g(x) = sin f(x) is 
periodic. In that case, g'(x) = f’(x) cos f(x) is also periodic, and since it is continuous (as both f 
and f’ are continuous), g'(x) is bounded. Consider the sequence yn = 2n7. Because f is continuous 
and lim,-5. f(x) = oo, there is some positive integer no such that if n > no, there is x, such that 
f(z4) = ys. Note that lim, ,55 £n = oo. We obtain 

lim g'(£n) = cos2nm.f'(x,,) = 1.00 

n—oo 
'This contradicts the fact that g is bounded. Hence our assumption was false, and g is not a periodic 
function. In particular, sin z? or cos x? is not periodic. 


7.7.4 Problem. (Mean Value Theorem due to Lagrange). Suppose that f is a function 
defined and continuous on an interval [a,b], and that it is differentiable in (a,b). Then there exists 


c € (a,b) such that 
poy = HOLL), 


7.7.4.1 Solution. Define the function g as follows 
a 
(x — a) for x € [a,b]. 


We see that g is continuous on [a, b] and differentiable on (a,b). Then 


f(b) — f(a) 
b—a 


g (x) =—f'(x) + for x € (a,b). 
Furthermore, g(a) = g(b) = 0. Then by the above problem there exists a sequence ([a,,5,]) of 
nested closed intervals such that g(a,) = g(bn) for each n € N, and (),en[an, bn] = {p}, where 
€ (a,b). Since g is differentiable at p, there a unique function gp : [a,b] + R defined by g,(x) = 
g(a)—9(P) V z € [a, 0]. In particular, for each n € N, we have 
a—p 
glan) T (p) DE (an — p)gy(a«) and 
g(bn) = g(p) + (bn — P)Ip(bn) 
But g(an) = g(bn) V n € N and hence (an — p)gp(Gn) = (bn — P)Gp(bn) V n € N. Since an — p < 0 and 


bn — p > 0 we see that gp(an) and gp(bn) have opposite in signs. So the continuity of g at p implies 
that g'(p) = gp(p) = 0. Hence 


7.7.1 Note. Note that the Mean Value Theorem is proved above without using Rolle's theorem, 
and Rolle's theorem now becomes as a corollary of the Mean Value Theorem. 
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fO) = f(ua) 


lim 
x 


7.7.5 Problem. Let a function f : R — R be continuous at 0 and let A, u € R^. Prove that 
r—0 


exists and finite if and only if f is differentiable at 0. 


7.7.5.1 Solution. Let A > u and let y = uz. Then 
f (Ay) - fl) 
r0 x y0 E 
Ji 
flay)- fly) A. 
u ? 


so 
y0 
ô > 0 such that for any |y| < 6, we have 


Fe. 


zur) tags TUI. ue 
y 


where a = ^ > 1. Let e > 0. Then d 
a 


Substituting 4 for y; k = 1,2,..,n in the above relation, we obtain 
1 


1 = y 
(a 9 « 1 Ia « —(a4 
a y a 
1 Ljub 1 
z(a j < £G) /G) z (a €) 
a y a 
1 Tare 
au €) « F < — (la +6). 
Summing up these inequalities, we get 
Pic ae rs AT 
Pine e€) < j quaque e) 
Since f is continuous at 0, we get 
: y 
ux) ego. 
and so as n — oo we have 
1 — f (0 
i de fU fU. Ditis ej 
o—1 y o—1 
()-[00 a A 
a-l A-p 


It follows that 
g y—0 
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so f is differentiable at 0. 
Conversely, if f is differentiable at 0, then 


.  f(àx)— f (0) 1 dne) — FQ) , 
Bay AL end Wa ux 4D 
Hence 


7.7.6 Problem. Let f : R — R be differentiable and assume there is no x € R such that f(a) = 
f'(x) = 0. Show that S = {x;a € [a,b], f(x) = 0} is finite. 


7.7.6.1 Solution. Consider f~'({0}). Since {0} is closed and f continuous, f~!({0}) is closed. 
Therefore S = [0, 1] f~'({0}) is a closed and bounded subset of R. Hence, S is compact. Assume 
that S is infinite. Then there is a limit point x € S; i.e., there is a sequence (r4) of distinct points 
in S which converges to x. Also, as all points are in S, f(a,) = f(x) — 0 V n € N. We now show 
that f'(x) = 0, which will give us our desired contradiction. Since |x, — x| — 0, we can write the 
derivative of f as follows: 


Pes dun PEE DUE que AGE Han) 


noo In —£ n— oo En — T 


The last equality holds since f(x) = f(£n) = 0 holds for all n € N. 


7.7.7 Problem. Use the concept of Lipschitz property of functions to give an alternative proof to 
the fact that f(x) = 1/x is continuous at every zo > 0. 


7.7.7.1 Solution. Hint. We have f'(x) = —1/z?. So, |f’(x)| € 4/z2, if x > 1/2xo. Thus, the 
2 


function is Lipschitz on [520,00) with the constant 4/z?. So put ô = min 4 $20, e) and use the 


Mean Value Theorem. 


7.7.8 Problem. Let f : R — R be a twice-differentiable function with f"(x) > 0 V x € [0,1]. 
Assume that f(0) > 0 and f(1) = 1. Prove that there exists xo € (0, 1) such that f(xo) = xo if and 
only if f'(1) » 1. 


7.7.8.1 Solution. Suppose that there exists zo € (0,1) such that f(xo) = xo. Hence, using Taylor's 
expansion with Lagrange remainder, we get 


(zo — 1)? f" (0) 


zo = f(zo) = f(1) + (zo — 1f (1) + aI 


for some 0 € (xo, 1). Rearranging 


zo— f(1) — (xo — 1)? f" (0) 
To — 1 2! 


fJü- 
Now, since f(1) = 1, zo < 1 and f"(0) > 0, then we get that f’(1) > 1 as desired. 

Conversely, Now, assume that f'(1) > 1. Suppose by way of contradiction that fx € (0,1) such 
that f(x) = x. Hence, since, f is continuous, then, on (0,1), f lies on one side of the line y = x 
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(by applying the intermediate value theorem to the function f(x) — x). But, since f(0) > 0 by 
assumption, then, f(a) >x, V x € [0, 1). But, then, we have the following: V x € [0, 1) 


BEOEEREUESCI 


1-2 l-r 


Hence, taking the limit as x > 1— and using the continuity of f^, we get that 1 > f'(1) contrary to 
our assumption. Hence, there exists zo € (0,1) such that f(xo) = xo. 


7.7.2 Note. The derived function f’ may in turn have a derivative, which is called second order 
derivative of f and is denoted symbolically by zy or f" (x) at the point x. If f’ exists at each point 
in an interval (zo — ô, xo + ô) and is continuous at zo, then the second order derivative at x = xo is 
given by the limit 


lim 
h—0 


f (xo +h) = f'(xo) 
h 


? 


or by the iterated limit 


lim lim Ao +R + E) — f(zo + h) — (zo + k) + f(zo) 
k—0 h—0 hk 


But one should not infer from the above that it is permissible to put h = k to obtain f” (xo) as 


lim f (xo + 2h) — 2f (xo + h) + f(z0) 
h-0 h? 


'This is not always possible, as for example, 
3 1 if 0 

7.7.3 Example. Given that f(x) = ee i DR 
0, if z — O0. 


Consider the existence of f"(0). The first derivative of f(x) is 
3z? cosi+asini, ifz 40 
f(z)- " EC ONE 
0, if x = O0. 
The derived function f’ is continuous at x = 0 and exists in the nbhd. of this point; hence if f"(0) 
exists, it is given by the limit 


im LOH) = £0) 
h 


h-0 


. 1 . 1 
= Tim 3h cos z + sin L 


But this limit does not exist, since limpo sin z does not exist. Again, we have 


fam £0 + 2h) — 2f(0 + h) + f(0) 
h-0 h2 


: 1 1 
= lim 8h cos = + 2h cos y =0, 


and consequently f"(0) is not given by this limit. We may, however, state that: Let f : [a,b] > R 
and f'(x), f(a) exists and finite in (a,b), then 
.. (zo +h) — 2f (zo) + f(zo — h) 
" = 
f (xo) $3 lim h2 
f(zo + 2h) — 2f (£o +h) + f(xo) 
h2 


or f”(zo) = lim 


The proof is left to the reader. 
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1 
ME: 
7.7.9 Problem. Show that the function falx) = ur NM ao 


a for x = 0 
has the intermediate value property if a € [—1,1] but is the derivative of a function only if a = 0. 


7.7.9.1 Solution. The function is not continuous at 0, so it maps any interval that does not contain 
0 onto an interval. Any interval containing 0 is mapped onto [—1, 1], which proves that f has the 
intermediate value property for any a € [—1,1]. For the second part of the problem, we introduce 
the function F defined by 


1 
zi?sin— forx 40 
c 


0 for z — 0. 


F(x) = 


Now, we can show that 


1 1 
2rsin— —cos— forx #0 
zx zx 


0 for x = 0. 


F'(x) = 


7.7.10 Problem. Suppose that f : R — [0, o0) is twice continuously differentiable. Let K be the 
support of f. In other words, let K be the closure of {a € R; f(a) 4 0}. Suppose that K is compact. 
Prove that there is a constant C (depending on f), such that for each z € R, we have 


f^ (z) € Cf(z). 


7.7.10.1 Solution. On R \ K, f is identically zero so all derivatives of f are zero. Furthermore 
f" attains a maximum on K since K is compact. Thus for all x € R one has f"(x) < C for some 
constant C. Using Taylor's Theorem with Lagrange remainders we have for all x € R and for all 
h >00, 


fle +h) = fG) + an+ EO 


for some c € (x, z +h). Now it follows that for all h > 0 and for any fixed z, 0 € f(x +h) < 


C 
f(a)  f'(x)h + 3^. Now Ch? + f'(z)h + f(x) is a quadradic polynomial in h that is always 


nonnegative so it’s discriminant (f'(z))? — 2C f(x) < 0, so (f'(x))? < C f(x). Since x is arbitrary, 
this proves the claim. 


7.7.11 Problem. Suppose that f is a C! function on R which has the properties that 


lim f(x) = A and Jm Tp 


qz—0o0 
for some real numbers A and B. Show that B — 0. 


7.7.11.1 Solution. Let € > 0 be fixed. Since f(x) — A as x — oo, there exists Mı > 0 such that 
for all x > Mi, we have that |f (x) — A| < e/4. Thus, for all z, y > Mi, we have 


f(x) — FY) S f(x) - AL |A — FY) < e/2. 
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Similarly, since f'(x) — B, as x — oo, there exists Mz > 0 such that for all z, y > M», we have 
|F (x) — f'(y)| < €/2. Let M = max(Mi, M3]. Let x > M be arbitrary. We wish to show that 
|F (x)| < e. By the mean value theorem, we have 


f(x +1) - f(x) 


for some 0 € (x, x 4- 1). Moreover, we have that since z, z +1 > M, then |f (x 4-1) — f(x)| = |f'(8)| < 
c/2. Also, since z, 0 > M, then we have |f'(x) — f'(0)| < €/2. But, then we get 

IP (2)| < If ()] + €/2 < e/2 - e/2— € 
as desired. 


7.7.12 Problem. Let f : (1,00) — R be differentiable and define g, h : (1,00) —^ R by 
1 

S aaea un 
x x 


Suppose g is bounded. Prove that h is uniformly continuous. 


7.7.12.1 Solution. It suffices to show that h’ is bounded on (1, oo), for if a differentiable function 
is has bounded derivative then it is uniformly continuous by the Mean Value Theorem. Toward that 
end observe that by the quotient rule, 


We will show that 5e is bounded. We first check that it is bounded on the interval (1,2] by showing 
f is bounded on (1,2]. By our assumption on (1,2], we have that f'(x) is bounded by a constant. 
If we suppose for contradiction that f is unbounded on (1,2] then we may construct a decreasing 
sequence £n, with 2 > x, and rz, — 1 and f(x,) — oo (increasing sequence). Now by the mean 


n) — f(2 
value theorem for any £n we have that there is an Ip, € (4,2) so that Fen) = FO) = f'(In). Now as 
x 


n—2 
n goes to infinity, we have |f’ (ln)| goes to infinity as well since £n — 2 goes to —1, but this contradicts 
f(z) . 

f'(x) being bounded on (1,2]. We next verify that "uu is bounded on [2, oo). By the Mean Value 
Theorem for any x € (2,00) one has 

f(x) = f(2) 

9-79) - i. 

2— 


for some y; € (2,2). By our assumption |f’(yz)| € cy; for some constant c and since y, < x we have 


x—2 
Thus, 
ena... 
x? = 
And it follows that fo Ecc FO) X c4 n It now follows that h'(x) is bounded and 
x x 


therefore h is uniformly continuous. 
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7.7.13 Problem. Show that the set of points where a continuous function is differentiable is a 
countable intersection of F’,-sets. 
7.7.13.1 Solution. Let f : IR — R be a continuous function. We now consider the set 

S = (a € R; f is not differentiable at a}. 
Take c € R. For each n,k € N, put 


1 — 1 
Une = fa ER: J x € R such that 0 < |r — a| < „ and PESSA >c i 


r—a k 


We see that Un, is open. It is easy to see that lim; ,4(f(x) — f(a))/(x — a) > c if and only if a is 
contained in all of the sets Un, x. Thus, for every c € R the set 


te i, ,, 00 (0 , e} 


is a Gs. Similarly we can prove that lim, ,,(f(x) — f(a))/(x —a) € dis a Gs. for every d € R. Now 
the set S of points where f is not differentiable can be written as 


U fa: lin, ,, I) A) Sd< es m, P I] 
c,deQ dud r—a 


and therefore is a countable union of G5-sets. Thus the set of points where a continuous function is 
differentiable is a countable intersection of F,-sets. 


7.7.14 Problem. Let f be a function on [a,b] that is differentiable at c € (a,b). Let L(x) be the 
tangent line to f at c. Prove that L is the unique linear function with the property that 


uates 
r—c f— c 


7.7.14.1 Solution. Let x —c=h, then 


im £7) — H@) _ 4, fle+h)- UO AQ) 
xc z—c h—0 h 
sess eee e (oe, 
m h f£ 


Now if we have another function K that satisfies this limit, then by the continuity of K and f we 
have 


f(c) - K(c) = lim f(x) — K(c) 


= info gf LEE 
f(x) - K(c) 
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Thus K(x) = f(c) + m(x — c) where m is the slope and 
K(c-4- h) — K(c) 


= 0+ f'(0) = f'(Q). 
Thus the line K that goes through the point (c, f(c)) has the same slope as L. Therefore K = L. 


7.7.15 Problem. Suppose a differentiable function f : IR — R has a uniformly continuous derivative 
on R. Show that 


: 1 ; 
Jim n l/ («+ z) sto) = f (x). 
7.7.15.1 Solution. Since f’ is uniformly continuous on R, given e > 0, there exists 6 > 0 such that 


|F (x) — f'(y)| < € for any z, y € R for which |x — y| < 9. Let N € N such that for any n > N we 
have 1/n < ô. Then for any x € R we have 


IFE — f'(z)| < efor any t € c =| 


Since f is differentiable, we can use the Mean Value Theorem to obtain 


1 
a|s (2+1) - 9 - e a) 10 f(a) 
Pazi 


=|" (tn) - 


1 
for some tn € (s a+ 2) , which yields 
n 


1 
lim n L (e+ ) — r) SeN: 
noo T, 
7.7.16 Problem. Let f : R — R be differentiable at x = 1, f(1) = 1 and k € N. Show that 


dmn f (1+ 3E ris) +r) = yay, 


7.7.16.1 Solution. Let = = h, then the expression becomes 


A EE 


Pil) F(1 42h) ++ f (+ bh) - KFA) 
 Jü 9) =f), ,fü-- b) - FQ) , ,Fü kh) - f(1) 
h ' 2h ' kh i 


k 
Hence lim E =(1 +2 +.. +k) f (1) = 
h=>0 
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7.7.17 Problem. If f : R— R be differentiable at x = c € R. Show that 


1 
f'(c) = lim ZU (c+ ) — ro}. 
noo n 
However, show by example that the existence of the limit of this sequence does not imply the 
existence of f'(c). 


7.7.17.1 Solution. First part is left to the reader. Example: f(x) = |x| at z = 0. For 


exists but f'(0) does not exist. 
7.7.18 Problem. Let f(x) be differentiable at a. Find 
fan (2) — 2" F(a), 


noo r—a 


7.7.18.1 Solution. We have 
a"f(z)— x" f(a)  a"f(z) — a" f(a) +a” f(a) — x" f(a) 


t—a t—a 


r—a i z—a 

=a" f'(a) — f(a)yna"!. 

7.7.19 Problem. We say a function f : (a,b) > Ris uniformly differentiable if f is differentiable 
on (a,b) and for each e > 0 there exists a ô > 0 such that 0 < |x — y| < 6 and x,y € (a,b) implies 


a 
ay 


« €. 


Prove that if f is uniformly differentiable, then f' is continuous. Then give an example of a function 
that is differentiable but not uniformly differentiable. 


7.7.19.1 Solution. Suppose that f is uniformly differentiable and e > 0 be given. Then there exists 
some 6 > 0 such that 


Hence, 


f(x) - f'a) = 


shows that f’ is continuous. 
For the next part, consider the function f defined by 


1 
z?sin-  ifz 40 
z 


0 if x = 0. 


f(x) = 


Then the function is differentiable everywhere but f'(x) = 2x sin 1 —cos 4 for x # 0 and lim, ,o f (a) 
does not exist. Thus, f’ exists but is not continuous. 
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7.7.20 Problem. Let f : R — R be a continuous function. Consider the sequence zo € R and 
Inti = f(z4). Assume that lim; ,55 £n = l and f'(l) exists. Show that |/'(1)| < 1. 


7.7.20.1 Solution. Assume not, i.e., |/'(I)| > 1. First note that since f(x) is continuous and 
Xna4q = f(x), for any n > 1, we get by letting n — oo, f (I) = I. Since 


then im |) ! TAUES 
x x l 


Take e = l=! > 0, Then there exists 5 > 0 such that for any x € (l — 6,0 + ô), we have 


f(x) =! 
-1 


x 


Poes | | <lf( +6 


or 


a z oe 


z—l 
In particular, since 1 < |f’(1)|, we have 


PORE! 


=i -i 
e-i] le - 15 


< |f) — 1| 
for any x € (l — 6,0 + 9),. Since (£n) converges to l, there exists N > 1 such that for any n > N, we 
have x, € (l — 0,0 + 6),. So 


[zs = I| < |f (an) = 1] = [£n = l| 


for any n > N. In particular, we have |zy — l| < |xw41 — l| < |En — I| for any n > N. If we let 
n — oo, we will get [zy — I| < |zy44 — l| € 0 which generates the desired contradiction. So we must 
have |f'(D)| € 1. Note that one may think that maybe |f’(1)| < 1. That is not the case in general. 
Indeed, take f(x) = sina. Then (£n) converges to 0 but f’(0) = cos0 = 1. 


7.7.21 Problem. Let f : R — R be continuous and differentiable everywhere in (a,b) except 
possibly at c € (a,b). Assume that lim, ,. f'(x) = l. Show that f(x) is differentiable at c and 
f'(c) — 1 


7.7.21.1 Solution. Let x Z c. Since Then by MVT, we get 
f(x) — f(c) 


Ti —C 


Exi Pe); £ € (a,c) or (c, b). 


Since lim,_,. f'(x) exists, given € > 0, there is a 6 > 0 such that as 0 < |r — c| < 6 , we have 
l—e< f'(x) «l- e. So, if we choose x € (c— ô,c + ð), x Æc, we then have 


Ex =f (E) <l+e 


That is, f'(c) exists and equals l. 
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7.7.22 Problem. Let f be a continuous function on [a,b], differentiable on (a,b), and f'(x) 4 0 
for any x € (a,b). Show that f is one-to-one. Then show that f'(x) > 0 for every x € (a,b), or 
f'(x) < 0 for every x € (a,b). Deduce from this, that f’ satisfies the Intermediate Value Theorem 
without using of continuity of f’. 


7.7.22.1 Solution. Assume that f(x) is not one-to-one. Then there exists 7; < £ such that 
f(zi) = f(z2). Rolle’s theorem will imply the existence of c € (x1, £2) such that f(c) = 0 which 
contradicts our assumption. Next we will prove that f(x) is monotone. Without loss of generality, 
assume f(a) < f(b). Let x € (a,b). Assume f(a) « f(b) < f(x). Since f(x) is continuous on [a,b], 
the Intermediate Value Theorem implies the existence of c € (a, x) such that f(c) = f(b). Clearly 
c Æ b which generates a contradiction with f(x) being one-to-one. The same ideas will imply that 
f(a) < f(a) < f(b) does not hold. Therefore we must have f(a) < f(x) « f(b) for any x € (a,b). 
Next let x,y € (a,b) such that x < y. Assume f(y) < f(x). Then we have f(y) < f(x) « f(b). 
Again the Intermediate Value Theorem implies the existence of c € (y, b) such that f(c) = f(z). 
Clearly c Z x because x < y. This is a contradiction with f(x) being one-to-one. Therefore, for 
any x,y € (a,b) with x « y, we have f(x) « f(y), ie., f(x) is increasing. This will imply that 
f'(x) > 0 but since f'(x) Z 0, we get f'(x) > 0 for any x € (a,b). Finally let us prove that f'(x) 
satisfies the conclusion of the Intermediate Value Theorem. Indeed, let z1,x2 € (a,b) anda € R 
such that f’(a1) < a < f'(r2). Without loss of generality we assume that zı < zo. Next define 
g(x) = f(x) — ox. The function g(x) inherits all the properties of f(x). In particular, we have 
g'(x) = f'(z) — o. Assume that g'(x) 4 0 for any x € (z1, 2). From the first part, we deduce that 
g'(x) > 0 or g'(x) < 0 for any z € (#1, %2). It is easy to check that this conclusion still holds at xı 
and x2. Hence g'(x) > 0 or g'(x) < 0 for any x € [x1, £2]. In other words, we have f'(x) < a or 
f'(x) > o for any x € [x1, 22]. This is a contradiction with f'(z1) < a < f'(x2). Therefore there 
exists c € (z1, %2) such that g'(c) = 0 or f'(c) =a. This completes the proof of our statement. 


7.7.23 Problem. Let f : R — R. Assume that for any x,t € R we have 
If(z) - FOl € |e = tte 

where a > 0. Show that f(x) is constant. 

7.7.23.1 Solution. For any x Æ t, we have 


HORTO] 
e= 


< |x — t|“. 


Since lim,_,, |£ — t|“ = 0, we deduce that 


f(x) - 10 _ tim BOO _ 5 


at |x — t| 


Hence 


we deduce that f(a) is constant. 
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7.7.24 Problem. Let f : [0,co) — R differentiable everywhere. Assume that lim; sS (f(x) + 
f'(z)) = 0. Show that lim; ,55 f(x) = 0. 


7.7.24.1 Solution. Let g(x) = e” f(x). Then, we have g'(x) = e” (f(x) + f'(x)). Let € > 0. There 
exists A > 0 such that for any x > A we have |f (z) + f'(x)| < e/2. Let x > A, the generalized Mean 
Value Theorem implies the existence of c € (A, x) such that 


g(c)  g(x)— 9(A) 


ec et — eA ? 
Or TEP? 
ro fo) = -A 


In particular, we have 
€ x 
g(x) — «(4)I < 5le* — e^| 
€ x A 
-lg(z)| < 5le* — e^] 1g (4)] 


or » 
KG) « $ 


because 0 < e^-*? < 1. Since limx lim, 5; |f(A)e4~*| = 0, there exists B > 0 such that for any 
x > B we have |f(A)e^-?| < 2i Let A* = max(A, B}, then for any x > A* we have 


I1 — e^7*| + |f(4)e^7*| « e/2  |f(A)e^7?| 


€ 


2 


f) «5 -2-* 


'This completes the proof. 


7.7.25 Problem. Let f : [0,1] > R be continuous and differentiable on (0,1) such that 
1. f(0) = 0, and 
2. there exists M > 0 such that |f'(x)| € M|f(x)|, for x € (0,1). 

Show that f(x) = 0 for x € [0,1]. 


7.7.25.1 Solution. Let D = {x € [0,1]; f(t) = 0 for t € [0,z]}. Since 0 € D, D is a nonempty 
subset of [0,1]. So the supremum of D exists. Let s = sup D. Note that continuity of f(x) implies 
s € D. In order to complete the proof of our statement, we want to show that s — 1. Assume 
otherwise that s < 1. Then there exists a9 > 0 such that s + a9 < 1 and aoM < 1. For any 
x € (s, s -- ag), the Mean Value Theorem ensures the existence of c € (s, x) such that 


f(x) — f(s) = f'(e)yts — s). 
Since f(s) = 0, we get f(x) = f(c)(x — s). Hence 


FISI Olle— s| < Mao max IAO 


for any x € [s,s + ao]. Hence 


<M t 
mm |f(z)| € UM UN |f (t)] 
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Since aoM < 1, we get 


< t 
EUM fœ) € e s lf (| 


which is the desired contradiction. So s = 1 or f(x) = 0 for any x € [0, 1]. 


7.7.26 Problem. Consider a function f : (a,b) — IR be continuous whose second derivative f"(x) 
exists and is continuous on (a,b). Let c € (a,b). Show that 


im £60 72/0 + feh) _ 


h—0 h? 


Is the existence of the second derivative necessary to prove the existence of the above limit? 


7.7.26.1 Solution. Fix z,c € (a,b) with x Æ c. Let 
F(t) = fE) + f'(Q(z — t) - M(z - t 


where M is chosen such that F(c) = f(x). Then we have F(x) = f(x) = F(c). The Mean Value 
Theorem implies the existence of 6 between x and c such that F'(0) = 0. But 


F'(0) = f'(0) + f" (0)(x — 6) — (6) - 2M(z —6) = 0 


which implies M = f"(0)/2. So for x, c € (a,b), there exists 0 between x and c such that 


n 
0 
fle) = fo) + F((e- 0) Pe-o 
So for any h > 0, there exist 01 € (c, c +h) and 62 € (c — h, c) such that 


feth) = Ho + Pn Oe 


and 
fe- 8) = fo - (n e Lie. 
So 
fon LEEM- 2/0) + e-h) — PU) + FO) 


h-0 h2 2 


It is clear that when h > 0, then 0; > c for i = 1,2. And since f” (x) is continuous at c, we get 


. f(eth)-—2fl)+fle—h) _ on 
Hi he = NG) 


For the converse, the answer is in the negative. Indeed, take f(x) = x|z| and c = 0. Then we have 


im FOA- 2/0) + f(0 — h) 


h—0 h2 vM 


but f"(0) does not exist. 
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7.7.27 Problem. Consider a function f : [0,1] — IR whose second derivative f"(x) exists and is 
continuous on [0,1]. Assume that f(0) = f(1) = 0 and suppose that there exists A > 0 such that 
|f/(z)| € A for x € [0,1]. Show that 


Ji (3) « 4 and |f’ (x)| € A Vae (0, 1). 


7.7.27.1 Solution. Let a € (0,1). The proof of the previous problem or Taylor expansion with 
remainder of f(x) at a will imply 


FG) = fla) + f'(a)(s — a) + Oe ay? 


where c is between a and x. Let x = 0 and x = 1 in the above equation results in 


£(0) = f) + f'(y(0 — a) + 9 (o — ay 


and 


FQ) = F(a)  f'()0 — a) + La - ay 


where 0 < cy « a and a < c» < 1. Subtract the first equation from the second to get 


0= fa) + a cap c P Ia 


Hence 


A 
2 


Consider a — 1/2 to get 


1 A 
"n (3) < T Also if we note that a?-- (1—a)? < 1, we get |f'(a)| < 


7.7.28 Problem. Prove that the equation 


x? r’ 


xz" 
1- =~ 4.4 (-1)"> 20 
e+ gU +( cs 


has exactly one solution in R if n is odd and no solutions if n is even. 


7.7.28.1 Solution. Let P,(x) be the left-hand side of the above equation. Suppose n is even. Note 
that as x — +00, P,(x) > oo. In particular, P,(x) attains its infimum. If the infimum is positive, 
then P(x) has no roots. The derivative is 


1—z" 


l-r 


P'(r)e-i-c4-—2z^-4..-(-1)9u"'!zx 
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The second equality holds only if x Æ —1. Note that —1 is not a zero of P! (a), since then every 
term of P! (a) will be negative. The only real zero of P} (x) is x = 1, such that P,(x) must obtain 
its infimum at x = 1. We see that 


za -a-2«(5-3) * (255-4) * ioo 


Since the infimum of P,(x) is positive, it follows that P,(x) has no zero if n is even. Now let n be 
odd. Note that lim lim, ,. 44 P,(x) = oo and limpo P,(x) = —oo. Since P,,(x) is a polynomial 
it is continuous. The intermediate value theorem implies that P,(z) has at least one zero. If P,(x) 
has another zero, it must have either a local maximum or local minimum by the continuity of the 
derivative (it is also a polynomial) and Rolle's theorem. The derivative is 


14a" 


P'(r) =-1l+e¢—27+...4+(-1)"2" 1 = n 


where the second equality holds only if « Z 1. Note that —1 is not a zero of P’ (x) since, as above, 
every term in P/(x) will be negative. Since this is the only possible real zero of 1 + x”, P,(x) has 
no real zeros and thus P,(x) has no local maxima or minima. This implies P,(x) has exactly one 
real zero when n is odd. This proves the claim. 


7.7.29 Problem. Let f : (0,00) — R be a function and let c > 0. Show that the following are 
equivalent: 


1. f is differentiable at c. 


f (kc) — f(c) 
1 


exists. 
pm 


2. limy,1 


1 kc) — 
Moreover, show that if either (1) or (2) hold, then f'(c) = - limi. 1 flke) = f(o) 
c 


k—1 
7.7.29.1 Solution. (1) = (2): Let e > 0. Let ô > 0 be such that whenever 0 < |x — c| < 6, we have 
f(z) a f(c) m ro <e, 
LE 


Now take 04 = 6/c. Then ô, > 0 and whenever 0 < |k — 1| < 6), we have 0 < |kc — c| < 6, so that 


Fiko- Flo) y 
Er x 2 f(e) «e 
that is, 
[espe A cf’ (c) < ce, so lim ( = = cf'(c). 


(2) 2 (1): Suppose that 
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Let € > 0. Let 6 > 0 be such that whenever 0 < |k — 1| < 6, we have 


f(ke) — f(c) 


—L ; 
ET [<e 


Now let 6, = ó/c. Then 6, > 0 and whenever 0 < |x — c| < 61, we have k = a/c and that 
0«c|£- 1| < có, that is, 0 < |k — 1| < ô, so that 


e-i ic 
Sic 
So if 0 < |x — c| < à1, then we have 
fla)-f( L|... 
z—c c c 
Hence 
n tOO 
zc r—c 
: L oo ws : 
exists and equal to —. So f is differentiable at c and 
c 
1,0 f(ke) — fle) 
1 — — 
a a k—1 


7.7.30 Problem. Let f : (0,00) — R be such that for all x,y € (0,00), f(zy) = f(x) + fly). If f 
is differentiable at 1, then show that f is differentiable at every c € (0,00) and that f'(c) = f'(1)/c. 
Conclude that f is infinitely differentiable. If f'(1) — 2, then find f (n) (3 )necN. 


7.7.30.1 Solution. First we note that f(1) = 0 because f(1) = f(1.1) = f(1) + f(1). We have 


man duele. 2 De. for EHO aT) 
PC ao ru E k—1 


Dig IO 1 =f) 


^" ekolk—1 C k—1 k—1 
fO 


Cc 


So f'(x) = f'(1)/z, x € (0,00). So f’ is infinitely differentiable, and 


zn 


(—1)"-71(n — 1)!2 
3” i 

7.7.31 Problem. Suppose that f : R — R is differentiable, | '(z)| < 1 Y x € R, and that there 

exists an a > 0 such that f(—a) = —a, f(a) = a. Find f(0). Give an example of such a function f. 


In particular, if f’(1) = 2, then f™ (3) = 
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7.7.31.1 Solution. Suppose that f(0) > 0. Then by the Mean Value Theorem applied to [—a, 0], 


we have 
f0) = (=a) 
0 — (-a) 


for some c between —a and 0. Hence 


a contradiction. Next suppose that f(0) « 0. Then by the Mean Value Theorem applied to [0, a], 
we have we have 


a contradiction. 
An example of such a function f is f(x) = x,x € R. Then |f’(x)| = 1 € 1 V x € R, and for any 
a > 0, f(—a) = —a, f(a) = a. And we must have f(0) = 0. 


7.7.32 Problem. Suppose that f : R — R is differentiable and that there are L, L/ € R such that 


lim f(x) =L 

xwL—->Co 

: 1 r! 
Jim f (x)= D. 


Prove that L’ = 0. 


7.7.32.1 Solution. Given e > 0, let R’ > 0 be such that for all x > RE',|f'(z) — L/| < e. Take any 
R > R' such that for all x € R with x > R,|f(x) — L| < e/2. Then by the Mean Value Theorem 
applied to f in [R 4- 1, R+ 2], 
f(R2)- f(o 1) 
1 


EUIS) 


for some € € (R + 1, R + 2). So 


JG) = (Que 2) - fi 0I S (G2) - L- L- fiel 85 52€ 


Hence 


JE" = [E = FPE + FE) S IP = PO + LP (| Se + = 2e. 


As € > 0 was arbitrary, it follows that L’ = 0. 


7.7.33 Problem. Find all functions f : R —> R such that f is differentiable on R and V x € R and 
vnen, file) = 26-0) fo) 


T, 
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7.7.33.1 Solution. Since the mapping x f(x + n) is differentiable, it follows that 


is differentiable. Also, for all m € N, we have 


f(c+tm+n) — f(x 4 m) 


f(@+m)= - 
 J(z 4 mn) — f(z) + f(x) — f(z +m) 
_ mtn f(r*m-tn)-f(z) m f(z-t m) - f(x) 
n m+n n m 
=T f'@)- =F (2) - f (a) 
Thus, 
f"(a) = f(z*n)-f(z) f(z)-f(z gy 


Ty TL 


By the Mean Value Theorem applied to f’, this gives that f’ is a constant, that is, there is a c € R 
such that for all x € R, f'(x) = c. Applying the Mean Value Theorem to f, we obtain for every 
nonzero real z that 

f(x) — f(0) 


— M =F) 


for some z between 0 and x. But since f' is constant, it follows that f(x) = f(0) + cx for all 
xz cR. 


7.7.34 Problem. Suppose f : [0,1] > R is differentiable and f'(x) € 1 at every point x € (0, 1). If 
f(0) =0 and f(1) = 1, show that f(x) — x V x € [0,1]. 


7.7.34.1 Solution. Let p € (0,1). Applying MVT in [0, p], we get 
f(p) — f(0) = f'(c)p for some c € (0,p), as (c) < 1 
ie. f(p) € p. Again by MVT in [p, 1], we get 
f(1) — fe) = f'(d)(1 — p) € 1 — p for some d € (p, 1), as f'(d) € 1. 


ie. —f(p) € —p implies f(p) > p and hence f(p) = p V p € [0,1]. 
7.7.35 Problem. Let f(x) =In(1 + x°”), find fC” (1). 


7.7.35.1 Solution. Hint: 


z?" + 1 = (x — a3) (x — a2)...(£ — a4 1)(z — a4)(x — b1)(x — b2)...(£ — b 1) (x — bn), where by = ax 
conjugate of aj, then 


Find f(")(«) and then proceed. 
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7.7.36 Problem. Let a,b € R,a < b, and let f, g be continuous real-valued functions on [a,b] that 
are differentiable on (a,b). Prove that there exists a number c € (a,b) such that 


F(a) = (f(a) — f(a))(g(b) — g(a)) — (g(a) — g(a)) (f(b) — f(a)) = 0 and 
F(b) = (f(b) — f(a))(g(b) — g(a)) — (gŒ) — g(a))(f(b) — f(a)) = 0. 
=0 


By the Mean Value Theorem, there exists c € (a,b) such that f’(c) 
of F(x) yields the desired result. 


. Computing the derivative 


7.7.37 Problem. Show that if f(a) = 0 and f(x) = o(a — a) as x — 0, then f'(a) exists. What is 
f (a)? 


7.7.37.1 Solution. By definition 
f(x) = f(a)| 


|z — al 


has the limit 0, when x — a, which shows that f'(a) = 0. 


7.7.38 Problem. Provide an example or state that no such example exists 


1. A function f : (a,b) > R that is differentiable on (a, b) but not uniformly continuous on (a, b). 


2. A function f : (a,b) > R that is uniformly continuous on (a,b) but not differentiable on (a, b). 


3. A function f : IR — R be continuous and a closed subset of D C R such that f(D) is not 
closed. 


4. A function f : R > R be continuous and an open subset of E C R such that f(E) is not 
closed. 


5. A function f : R — R be continuous and injective, an open subset of D C R such that f(D) 
is not open. 


6. A function f : [a,b] > R be differentiable on [a,b] but not Riemann integrable on {a, 0]. 
7. A function f : [a,b] — R be differentiable on a,b but f’ is not Riemann integrable on [a,b]. ? 


8. If f : (a, b) > R is differentiable and f is strictly decreasing on (a,b), then f'(x) < 0, Va € 
(a, b). 


9. A function f : R > R be continuous and bounded, then f assumes its maximum or minimum 
values. 


?For Riemann integrable functions, consult [10] 
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10. A function f : R — R be differentiable, then Vc € R, d a,b € R such that a < c < b and 
f(b) — fla 
ro-a 
—a 


11. Let f,g : (a,b) — R and c € (a,b). If fg and g are both differentiable at c, then f is 
differentiable at c. 


7.7.38.1 Solution. 
1. Hint: f(x) = 4 on (0,1). 


2. Hint: f(x) 
3. Hint: f(x) =e”, D =R. 
4. Hint: f(x) 
5. Hint: No such example exists. Why? 
6. Hint: No such example exists. Why? 
7. Hint: Let f : [71,1] — R be defined as 
e 

Now f’ is unbounded on [—1, 1]. Hence, not R-integrable. 

8. Counterexample: f(x) = —z? is strictly decreasing on (—1,1) and f’(0) = 0. 


9. Counterexample: f(a) = tan~' x is continuous and bounded on R with the property that the 
maximum or minimum values are both not attained/assumed; tan~'z is an increasing function 
T 


bounded between its horizontal asymptotes y = +—. 


2 
10. Counterexample: f(x) = x3, f'(0) = 0 and Va < 0 < b, 
f(b) — f(a) sod e qm 
LE > 0, because f is strictly increasing. 


11. Counterexample: Let f(x) = |x| and g(x) = x and both fg and g are differentiable, but f is 
not differentiable. 


7.7.39 Problem. If f assumes a local maximum or local minimum at the end point of the domain 
[a,b], what can be said about the one sided derivative (assuming it exists)? 


7.7.39.1 Solution. Suppose f assumes a local maximum at a, then we have 6 > 0 


F) -= Fla) 29, (a, a +ô) 
r-a 7 Eo 
for f(x) < f(a) for some a < x < a +ô. Hence lim; 444 fede = f'(a) <0. 


7.7.40 Problem. Prove that if f’ is constant on R, then f is an affine function. 
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7.7.40.1 Solution. Suppose f’ = c(a constant) on R, then by MVT we get 


f(x) = f(xo) + f'(y)(x — zo) = f(xo) + e(x — xo). 


i.e. f is an affine function. 


7.7.41 Problem. Let f : [0,1] — R be differentiabile on (0,1). Show by Cauchy’s mean value 
theorem that the equation 


has at least one solution in (0,1). 


7.7.41.1 Solution. Consider g(x) = x? and applying Cauchy’s mean value theorem on f(a) and 
g(x), we get 3 x € (0,1) such that 
fü)—7f(0)  f'(z) 


1—0 D 


Hence the result follows. 


7.7.42 Problem. Let f : R 2 R be a function defined as follows, 


d if x is rational 


—z?, if x is irrational ` 
Show that f is continuous only at 0. Is f differentiable anywhere? Explain. 


7.7.42.1 Solution. Suppose f is continuous at «(4 0). Let (£n) be a rational sequence and (yn) 
be an irrational sequence both converging to x. So limno f(an) = x? and lim, 55s f (Yn) = —x? 
Since f is continuous at x, then z? = —2?, which is only possible when x = 0. So f is not continuous 
when x # 0. Which mans that f is not differentiable at x 4 0. Now we will show that f’(0) = 0. 
For all x Z 0, we have 


z? f()- f). |a? 
rj r—0 cg 
Now 
2 
— lim |—] = lim |— | = 0, 
x0|mc x0] x 
shows that 
— f(0 
hig SRL O 2% 


Note: It is important to assume the existence of the one-sided derivative as the existence of local 
extrema is not sufficient to guarantee that the function is differentiable. For example, the function 


1, ife=0 
f(z) = n if x € (0, 1]. 


7.7.43 Problem. Show that given any continuous function f : R — R, there exists zo € [0, 1] and 
m € Z\ {0} such that f(zo) = mao. In other words, the graph of f intersects some nonhorizontal 
line y = mz at some point zo € [0, 1]. 


474 CHAPTER 7. DIFFERENTIABLITY 


7.7.43.1 Solution. Hint: If f(0) = 0, take zo = 0 and any m € Z(0). If f(0) = 0, then choose 
N € N satisfying N > f(1), and apply the intermediate value theorem to the continuous function 
g(x) = f(x) — Na on the interval [0,1]. If f(0) < 0, then first choose a N € N such that N > —f(1), 
and consider the function g(x) = f(x) + Nz, and proceed in a similar manner. 


7.7.44 Problem. Suppose f is defined in a nbhd. of x and f” exists. Prove that 


. foh) fle- h) 2f) 7 
uM h? f) 


Give an example of an f in which the above limit exists but f" does not exist. 


7.7.44.1 Solution. Suppose for some ô > 0, f and f" are defined on N(x; ô), so f’ is defined on 
N (z;6). For h € [0, 2], define 


p(h) = f(& +h) + f(x — h) - 2f (x), alh) = R. 


Now p,q are differentiable on (0, 2), q'(h) £0V he (0, 2).p(0) = 0 = q(0), and by L'hospital's rule 


_ ph). fi(e@+h)—f'(e—h) 
nb q(h) Ao 2h 
cod maed ood — ih 
i 2h ies 2n E 
Example: Define f : R — R by 
E mp0 
f(x) ur 


7.7.45 Problem. Let f,g : (a,b) > R and c € (a,b). If fg and g are both differentiable at c, then 
f is differentiable at c. 


7.7.45.1 Solution (Counterexample: Let f(x) = |x| and g(x) =x and both fg and g are differen- 
tiable, but f is not differentiable.). 


7.7.46 Problem. If f assumes a local maximum or local minimum at the end point of the domain 
[a,b], what can be said about the one sided derivative(assuming it exists)? 


7.7.46.1 Solution. Suppose f assumes a local maximum at a, then we have 6 > 0 


F) -= Fla) 29, (a, a +ô) 
z—a ^ EE 
for f(x) € f(a) for some a < x < a +ô. Hence lim; 444 fa) ~ fo) = f'(a) <0. 


7.7.47 Problem. Prove that if f’ is constant on R, then f is an affine function. 


7.7.47.1 Solution. Suppose f’ = c(a constant) on R, then by MVT we get 


f(a) = f(x) + f'(y)(x — o) = f (z0) + e(a — xo). 


i.e. f is an affine function. 
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7.7.48 Problem. Give an example of a set A C R such that f'(x) = 0, V x € A, but f(x) is not 
constant. 


7.7.48.1 Solution. Consider A = (—1,0) U (0,1) and f : A — R defined by 


fa- ^ if-1«z«0 


1, if0<a<l. 


(c+h)- f(c) 
h 


For any point c € A, f'(x) = limpo f = 0 but f is not constant. 


7.7.49 Problem. Give an example of a set A C R such that if a,b € A and f(a) < 0; f(b) > 0, but 
there is no c € A such that f(c) = 0. 


7.7.49.1 Solution. Consider the set A as in (7.7.48) or consider f : Q > IR defined by f(x) = 
z?—2; f(2) > 0, f(1) < 0. 
Note: All the pathological behavior of f in (7.7.48) and (7.7.49) can be remedied, if the domf were 
connected. 


1.7.50 Problem. 


1. A function can be continuous at a point c, but fails to be continuous at points near c. Justify. 


2. If a function is differentiable at c, then it must exist in a nbhd. of c, but the function need not 
be differentiable or continuous in that nbhd. Justify. 


7.7.50.1 Solution. Consider f : R — R defined by 


7 z?, ifz cQ 
E ifz € QC. 


Here f is differentiable at x = 0, but neither differentiable nor continuous at any other point. 
7.7.51 Problem. Let f : [a,b] —^ R. Prove the following statements: 
1. If f is continuous and injective, then f is monotone. 
2. If f is differentiable and f'(x) 4 0 for all x € (a,b), then f is injective. 
3. If f is differentiable and f'(a) < 0 < f'(b), then there is c € (a,b) such that f'(c) = 0. 
4. If f is differentiable and f'(a) < d « f'(b), then there is c € (a,b) such that f'(c) = d. 


7.7.51.1 Solution. 
1. Suppose f is continuous and injective, yet f is not monotone. Then there exist x,y,z € [a,b], 
with x < y < z, such that either (a) or (b) below holds: 
(a) f(x) < fly) and f(y) > fl) 
(b) f(x) > f(y) and f(y) < fl). 
We will consider only case (a), as (b) is similar. If f(z) < f(x), then by IVT there exists 


w € (y, z) such that f(w) = f(x), contradiction to injectivity of f. If f(z) > f(x), then there 
exists w € (x,y) such that f(w) = f(z), again contrary to injectivity of f. 
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2. Assume f is differentiable on (a,b). Suppose f is not injective. Then there is x < y € [a,b] 


such that f(x) = f(y). By MVT, there exists c € (x, y) C (a,b) such that f'(c) = [f(y 
f(x)]/(y — 2) = 0. 


. Assume f is differentiable on (a,b), and f'(x) Z 0 for all x € [a,b]. Then by (2), f is injective, 


so by (1), f is monotone. If f is increasing, then for any x Z y € (a,b), [f(y) - f(z)]/(y—a) > 0, 
which shows f'(x) > 0. If f is decreasing, then for any x Æ y € (a,b), |f(y) - f(z)]/(y—x) < 0, 
which shows f'(x) < 0. 


. Suppose f is differentiable and f'(a) < d < f'(b). Define g(x) = f(x) — xd for x € [a,b]. Then 


g is differentiable and g'(a) < 0 < g'(b), so by (3), there exists c € (a, b) such that g'(c) = 0. 
Thus f'(c) = g'(c) 4- d ^ d. 


7.7.52 Problem. Give an example of a function f such that f’ exists on [0,1] but is not continuous 
on [0,1]. Note that by problem above, such f’ will have the intermediate value property, despite 
being discontinuous. 


7.7.52.1 Solution. Define f : [0,1] > R by 


x? sin if x 
ia- T M ae 


Then f'(x) = 2x sin(1/z) — cos(1/z) for x > 0 and 


Thus f’ exists on [0,1] but is not continuous at 0, since f’ does not have a limit at 0. 


f (0) = lim z? sin(1/z) — 0 


h—0 r—0 E ri daas D x 


7.7.53 Problem. Suppose 1 < a < 1 +b. Prove that the function 


eod 3 
"Uc 2^ sin, ifz #0 
0, ifr-—0 


is differentiable on [0,1], but its derivative is unbounded on [0,1]. 


7.7.53.1 Solution. Left to the reader. 


7.7.54 Problem. If a function f has a finite derivative f' at every point of the finite or infinite 
interval (a,b) and such that 


lim f(x)= lim f(x), (7.2) 


rat z—b— 


then there exists at least one point c € (a,b) satisfying f'(c) = 0. 


7.7.54.1 Solution. First we shall assume that (a,b) is a finite interval and let us denote by C the 
limits in relation (7.2). Then the function 


] f(z) ifz€ (a,b) 
ges d if x € {a,b}, 
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satisfies the conditions of Rolle’s theorem, since it is continuous on the closed interval [a, 0], has 
finite first derivative on the open interval (a,b) such that F(a) = F(b). Hence there exists a point 
c € (a,b) such that F(c) = f(c) = 0. If the interval (a,b) is infinite, but the above limits are finite, 
i.e. 


Buh f(a) z um. f(a) x 
then we consider the lines y = C + ey = C — e. At least one of them intersects the curve f in 
(at least) two points with abscisses a1,a2, provided that e is sufficiently small. The function f 
satisfies the conditions of Rolle's theorem on [a1,a2] C (a,b) and this implies that there exists a 
point c € (a,b) such that f'(c) — 0. Similarly one can treat the case when the limits in relation (7.2) 
are oo or —oo. 


7.7.55 Problem. Let f be an n times continuously differentiable real-valued function on [a,b], 
where a,b € R, a < b. Suppose that the n-th derivative of f satisfies f") (x) > 0 for each x € fa, b]. 
Prove that f has at most n zeros in [a,b]. 


7.7.55.1 Solution. The above follows from the general fact that if g : [a,b] + R is differentiable 
and has at least k (distinct) zeros, then g' must have at least k — 1 zeros. This is guaranteed by 
Rolle's theorem, which says that if a < xz < y < b are such that g(a) = g(b), then there exists 
c € (a,b) such that g'(c) = 0. The fact that x < c < y guarantees that distinct consecutive pairs of 
zeros will lead to distinct zeros of the derivative. If we iterate the above procedure, we see that if f 
has at least k zeros in [a,b] and k > n, then f™ has at least k — n zeros. Since f? has no zeros 
on [a,b], we must have that f has at most n zeros on [a,b]. 


7.7.56 Problem. Prove or disprove: For each function f : R — R such that f is differentiable at 
0, and for each strictly decreasing sequence (an) in (0,1) such that limp... dn = 0, and we have 


im flan) = f(an41) 


noo Qn — Qn41 


= f'(0). 


7.7.56.1 Solution. We claim this statement is not true. To see this, consider the function f : R —^ R 
defined by f(x) = x? for x € Q and f(x) = 0 for x € R\ Q Then we claim f is differentiable at 0. 
Let € > 0 be given and suppose that |x| < € and x £0. If x € Q then 


22-0] 
z—0 


= |z| < e, 
If x € RV Q, then 


— f(0 
fe ) | =0<e, 
Thus, f is differentiable at 0 with f’(0) = 0. Now construct a sequence (an) as follows. Let a4 = 1 
and let a9 be some irrational number in the interval (5, b Let a3 — l and let a4 be some irrational 


2 
number in the interval (5, i) Continue in this way so that for each k € N and a2k-1 = i and 


a2k € (ch. i) is irrational. Note that (an) is a strictly decreasing sequence of positive numbers 


with limit 0. Now observe the following for some k € N for each is irrational. Note that (an) is a 
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strictly decreasing sequence of positive numbers with limit 0. Now observe the following for some 
kcN: 


f(ask-1) — flak) — pco. go k4l 
ea 


= > 1. 
= lix — 
Q2k—1 — 42k x - 2k k k+1 k 


f(an)— f (an41) 


From this, it follows that we cannot have lim, ... “= m 


(feel) 


= 0 = f'(0) as the sequence 


TIT ) contains a subsequence that is always greater than 1. 


7.7.57 Problem. The function $ : [a,b] > R defined by 


fil) g(z) hi(z) 
lx) =|fo(x) g(x) hə(x)|, 
fs(x) g(x) ha(x) 


where each function fi, gi, hi has a derivative at zo € (a,b). Prove that $ has a derivative at xg is 
equal to the sum of the three determinants obtained by taking derivatives of each row (column) at 
a time. (A similar results holds for an n x n determinant.) 


7.7.57.1 Solution. Calculate ¢(x +t) — ó(x) using the rules of determinants, then taking the limit 
as t — 0 get the required result. 


7.7.58 Problem. Let f,g : R — R such that g’ exists, and f(x) = x + A such that fog — go f. 
Prove that g’ is periodic. 


7.7.58.1 Solution. By the problem, 
(f o g)(z) = (g o f)(2) 


—g9(x)-4-AÀ-g(x-4 X) 
—g (2) = (e+) 


shows that g' is periodic. 


7.7.59 Problem. Give an example of a pair of functions f,g with the properties that g(to) = xo, 
that f has no derivative at xp and g has no derivative at to, and that f o g has a derivative at to. 


t — if x > 
or #5) : 7 770 and take g = f—}. 
to +2(x — £o) ifa < zo 


7.7.59.1 Solution. Take f(x) = f 


7.7.60 Problem. Let f : [a,b] > R and f’ exists in (a,b) and f(a) = f(b) = 0 prove that for every 
real A, 4 € € (a,b) such that f'(£) = Af(£). 


7.7.60.1 Solution. Consider x ++ e^? f(z). 


7.7.61 Problem. Let f : [a,b] — R a continuous function, and twice differentiable on (a,b). If 
f(a) = f(b) 2 0 and a < c < b, prove that there exists £ € (a, b) such that 


f(c) = 5(e - a)(e - b) f” (8). 


NI = 
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7.7.61.1 Solution. Consider the function $ : [a,b] — R defined by 


_(e-a)(e-b) a 


C—a 


We see that ¢(a) = ¢(c) = ¢(b) = 0. Now applying Rolle's theorem on [a,c] and on [c, 6], we get 
3 & € [|], and £2 € [c, b] such that 9'(£1) = 0 and $'(£2) = 0. Again by Rolle’s theorem on [£1, £9] we 
get d£ € (£1, £5) such that 6”(€) = 0. Hence 


7.7.62 Problem. A function f is said to satisfy a Lipschitz condition of order a at c if there exists 
a positive number M (which may depend on c) and a r-ball B(c;r) such that 


(f(x) — FO] < Ma = el? 
whenever x € B(c; r), x Z c. 


1. Show that a function which satisfies a Lipschitz condition of order a is continuous at c if a > 0, 
and has a derivative at c if a > 1. 


2. Give an example of a function satisfying a Lipschitz condition of order 1 at c for which f'(c) 
does not exist. 


7.7.62.1 Solution. 
1. As a> 0, given € > 030 € (e/M)* such that as x € (c — ô,c + ô) C B(c;r) we have 


|f(z) — f()] < M|z — d* € Mô? < e. 


So, f is continuous at c. 
Again, as a > 0, for x € B(c;r) and x z c we have 


[e < Mir—-c[*! 50asz—0 


T 


shows that f'(c) = 0. 
2. Consider the function f : R — R defined by f(x) = |x| we see that 
Iz] — [el] S |x — dl; 


shows that |x] is a function satisfying a Lipschitz condition of order 1 at 0 for which f'(0) does 
not exist. 


7.7.63 Problem. Given a function f defined and having a finite derivative in (a,b) and such that 
lim, 55... f(x) = +00. Prove that lim, ,,.. f'(x) either fails to exist or is infinite. 
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7.7.63.1 Solution. Suppose that lim; ,5.. f'(x) exists and equal to J. So given e > 046 > 0 such 
that as x € (b — ô, b), we have 


If(9) < ll +e 
and for c,z € (b — ó,b) and MVT we get 
|f) = FO = If" (x — eI < (MU e) |e — el 


where € € (a,c) which implies that 
|f (æ)| € (0| + €) ô 


which contradicts to lim,z_»_ f(a) = +00 Hence, lim; ,5.. f'(x) either fails to exist or is infinite. 


7.7.64 Problem. Give an example of a pair of functions f and g having a finite derivatives in (0,1), 
such that 


z—0 (x) 


f(x) 
g 


0, but such that limz_,o ne does not exist, choosing g so that g'(x) is never zero. 


7.7.64.1 Solution. Let f(x) = sin(1/z) and g(x) = 1/x. Then it is trivial for that g'(x) is never 


zero. In addition, we have lim4.,6 Tp 0, and lim,_+9 f x does not exist. [In this exercise, it tells 


g(x) 
us that the converse of L’Hôspital Rule is NOT necessary true.] 


7.7.65 Problem. Suppose that g is real-valued function defined on R, with bounded derivative, 
say |g| € M. Fix e > 0, and define f(x) = x + eg(x). Show that f is 1-1 if e is small enough. (It 
implies that f is strictly monotonic.) 


7.7.65.1 Solution. Suppose that f(x) = f(y) ie. x + g(x) = y + eg(y) which implies that 
la — y| = elg(x) — g(y)| € eM|x — y| by Mean Value Theorem, and hypothesis. So, as € is small 
enough, we have z — y. That is, f is 1-1. 


7.7.66 Problem. Let f be continuous on (a,b) with a finite derivative f’ everywhere in (a,b), 
except possibly at c. If lim; ,. f'(x) exists and has the value A, show that f’(c) must also exist and 
have the value A. 
; i fæ- Fe) y 
7.7.66.1 Solution. Consider, for x # c, by Mean Value Theorem, —————-—- = f'(£) where 
x 


E € (a,c) or (c, z), Since lim, ,. f'(x) exists, given € > 0, there is a ô > 0 such that for all x 
satisfying 0 < |x — c| < ô we have A — e < f'(x) « A+e. And, we then have 


e< = f'(§&)<Ate 


That is, f’(c) exists and equals A. 


7.7.67 Problem. Let f be continuous on [0,1], f(0) = 0 and f'(x) exist in (0,1). Prove that 
if f’ is an increasing function on (0,1), then so is too is the function g defined by the equation 


g(a) = f(x)/v. 
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7.7.67.1 Solution. Since f is an increasing function on (0,1), so for any x € (0,1) we have that 


| 6 - f(0) 


£ r—0 


= f'(x) - f'(£) 20, € € (0,2), 


which implies that g is an increasing function on (0,1). 


7.7.68 Problem. Suppose that f is defined on (a,b) and has a derivative at c € (a,b). If {ap} € 
(a, c) and {yn} € (c, b) such that (£n — yn) — 0 as n — oo. Then we have 


file) = Tnt F(t) — Fln) 


n>œ© — Zn — Yn 
7.7.68.1 Solution. Left to the reader. 
7.7.69 Problem. Prove the following: 

1. |arctan z — arctan y| € |x — y; x,y € R, 


Q ZY ptu t aerea dq aen 
X y y 


3. n(b— aja"! < b? — a” < n(b—a)b” ,0ca«b,neN; 


a 1 1 
4. : 
zm (nog x) N,a>0 


7.7.69.1 Solution. 
1. Use the function f(t) = arctant in [x,y]. 


2. Use f(t) = Int in [x,y]. 
3. Use f(x) = x” in the interval fa, b]. 
4. Use f(x) = 1/x? in the interval [n — 1, n]. 


7.7.70 Problem. Let g : [0,1] — R be twice-differentiable (i.e., both g and g' are differentiable 
functions) with g” > 0 for all x € [0,1]. If g(0) > 0 and g(1) = 1, show that g(d) = d for some point 
d € (0,1) if and only if g'(1) > 1. 


7.7.70.1 Solution. = We first show that if g(d) = d for some d € (0,1), then g'(1) > 1. Assume 
there exists a d where g(d) = d. Applying the Mean Value Theorem to g on [d, 1], we see that 


; g(1)—g(d) 1-4 
Quee T eget 
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for some c € (d,1). Consider g'(x) on [c, 1]. Since g"(x) > 0 on [0,1], g’ is increasing. So we must 
have g'(1) — g'(c) > 1. If g'(1) = 1, then g’ would be constant on [c, 1], which would imply that 
g" — 0, which is not true. Thus g'(1) » 1 as desired. 

< Now, we show that if g’(1) > 1, then g(d) = d at some d € (0,1). Let f(x) = g(x) — x. Since 
g(0) > 0, f(0) = g(0) > 0. Since g'(1) > 1, let e = g0(1) — 1 > 0. Then, as 


col i 1— 
2 (s dita g(z)— 94) | im 9(0—9(2) _ i, 1-9(x) 
xl g— i z—1— l-r s>l- l-r 
1)— 

there exists 6 > 0 such that 1 — 6 < x < 1 implies of 92) <e. Thus 
-r 
paale ae) 2, 

l-r 


for 1-6 < z < 1, s09'(1)-€= g'(1)- (70) -1) = 1 < HO 


-zr 
(because z < 1), so that g(x) < x whenever 1— ô « x < 1. Therefore, f(x) = g(x) — x < 0 for 
1—8 < x< 1, which implies that f(d) = 0 for some d € (0,1) by the Intermediate Value Theorem. 
Hence, for this d € (0,1), we have g(d) = d as required. 


which implies that 1— x < 1— g(x) 


7.7.71 Problem. Let a,b,c be positive real numbers such that abc = 1. Prove that a? + b? +c? < 
a? +b 4 c. 


7.7. 71.1 Solution. We prove that the function f(t) = at + b! +c! is increasing for t > 0. Its first 
derivative is f'(t) = a’ Ina +b In b 4- c! In c, for which we can tell only that f'(0) = In abc = ln 1 = 0. 
However, the second derivative is f"(t) = at In? a + b! In? b + c! In? c, which is clearly positive. We 
thus deduce that f’ is increasing, and so f'(t) > f'(0) = 0 for t > 0. Therefore, f itself is increasing 
for t > 0, and the conclusion follows. 


7.7.72 Problem. Prove that 


loa 1 1 ] 1 
1 l+ag 1 : 1 1 1 1 
A= 1 1 1+az3 . 1 camas (eL eL) 
ay a2 n 
1 1 1 . l+ay, 


7.7.72.1 Solution. Consider the function 


e+ ay x x y £ 
£ £ + ag x 7 x 
f(x)=| x x uta3 . gp. ns 


x x x . L+an 
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then its derivative is equal to 


1 1 1 : 1 eta, x £ ; x 
r xd x . x 1 1 1 : 1 
Jj tasks ah x r+az . z |+| c x cda x 
£ £ Hr L+ An x T T L + an 
xz +a x x x x +a x x x 
x rca» £ x x L+ a2 x x 
+ 1 1 1 1 Tec x £ £ + ag x 
x x £ . £+4y 1 1 1 . 1 


Proceeding one step further, we see that the second derivative of f consists of two types of deter- 
minants: some that have a row of 0’s, and others that have two rows of 1’s. In both cases the 


determinants are equal to zero, showing that f"(x) = 0. It follows that f must be a linear function, 
ie. f(x) =a+ br. From where we get a = f(0) and b = f'(0) hence 


f(x) = f(0) + zf'(0). 


Again, we see that f(0) = a1a3...a4, and 


y t d 1 a 0 0 0 
0 a 0 0 1 1 1 1 
f'(0) = |0 0 a3 O;+ a3 0 


0 0 An 0 0 0 An 

a 0 0 0 a 0 0 0 

0 a 0 0 0 a9 0 0 
+/1 1 1 1|4..—|0 0 aa 0 
0 0 0 An 1 1 1 1 


expanding each determinant along the row of 1’s we get 


f'(0) = a2a3...a4 + a183...a5 + 


| 1 1 1 | 
= 010203..Qn Garam ee 
a1 a2 an 
1 1 1 
Hence, f(a) = a1a2...a4, |1 + | — + — +... +—J|ea 
ay a2 an 


1 1 1 

Now, substituting x = 1, we get f(1) = a1a2...a; | + (= + — +o. + +)| . Thus the result 
1 ag An 

follows. 


7.7.73 Problem. How many real solutions does the equation 


f(x) = sin(sin(sin(sin(sin x)))) = 3 
have? 
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7.7.73.1 Solution. Let u = sing, v = sinu, w = sinv, t = sinw. Then f(z) = sint. The first 
obvious solution is x = 0. Now, f'(x) = cost cos w.cosv.cosucosx => f'(0) = 1 > 1/3. Therefore, 
f(x) > x/3 in some neighborhood of 0. On the other hand, f(x) < 1, whereas 7/3 is not bounded 
as x — co. Therefore, f(xg) = xo /3 for some zo > 0. Because f is odd, —2Q is also a solution. 
The second derivative of f is ...... which is clearly nonpositive for 0 € x < 1. This means that f'(x) 
is monotonic. Therefore, f'(x) has at most one root x in [0, oo). Then f(x) is monotonic in [0, z' 
and [x', oo) and has at most two nonnegative roots. Because f(x) is an odd function, it also has at 
most two nonpositive roots. Therefore, — xo, 0, £o are the only solutions. 


7.7.74 Problem. Two functions of x are differentiable and not identically equal to zero. Find 
an example of two such functions having the property that the derivative of their quotient is the 
quotient of their derivatives.(Indiana College Mathematics Competition' 66) 


7.7.74.1 Solution. Hint: By the condition, we get, 


5) - 6 


(x) (2) F (x) — (g (x) f(x) = (g(2))* f (2). 


If we know one of the functions, say g(x), then we have a first order linear differential equation for 
the other function, that we can solve. Choosing g(r) = x so g'(x) = 1, we find that f(x) must 


satisfy 
zf'(z) — f(z) = z^ f'(x). 


then solving the differential equation to get f(x) = C z 
PRR 


1 and g(x) = x. 


7.7.75 Problem. Let f : [0,1] —^ R be continuous. Suppose f is twice-differentiable on the open 
interval (0,1) and M is a real constant such that for each x € (0,1), we have f"(x) € M. Let 
a € (0, 1). Prove that 


M 
(9I € |f) - FOI + - 
7.7.75.1 Solution. By Taylor's theorem, we can expand f(x) at x =a. In particular, we have 


FO) = f(a) — af'(a) +o) 


f(1) = fla) + (1— à f'(a) 4- (1— a) n 


2 


for some 0 < € < a and a < 5 < 1. Subtracting and rearranging, we get 


ef gael, 


F(a) = F0) - f) + : 


Note that the quadratic function g(a) = 2x7 — 2r -- 1 has axis at x = 1/2 and has absolute maximum 
on [0,1] at z—0 and 1, which is 1. Since f"(x) < M for all x € (0, 1), by triangle inequality 


M M 


; SIF = f+ >. 


we obtain as desired. 


7.7. PROBLEMS AND SOLUTIONS ON CHAPTER 7 485 


7.7.76 Problem. Let f be a real-valued continuous function on [0,1] which is twice continuously 
differentiable on (0,1). Suppose that f(0) = f(1) = 0 and f satisfies the following equation 


2? f" (a) + a^ f'(z) — f(x) — 0. 
1. If f attains its maximum at some point zo in the open interval (0,1), then prove that M = 0. 
2. Prove that f is identically zero on [0,1]. 


7.7.76.1 Solution. 


1. Since f attains its maximum M at zo so M = f(zo) > f(0) = f(1) 20 = M > 0. Let M » 0. 
Again, since f maximum at zo so f'(zo) = 0 and f" (vo) < 0, and hence 23 f” (xo) + x&f' (xo) — 
f (xo) = 0 implies zg f” (xo) - M —0 i.e. M = z2f" (xo) < 0, a contradiction. Thus M = 0. 


2. Left to the reader. 


7.7.77 Problem. Show that |logz — logy| < |x — y| V z, y € [1, oo). Use this inequality to prove 
that log x is uniformly continuous on [1, oo). Also show that log is not uniformly continuous on 
(0, 1]. 


7.7.77.1 Solution. Let f(x) = log and assume that z 4 y. The MVT implies 4 € € (x, y) such 
that AD — f(g) = 4. When £2 10 < $ < 1. So |f(2) - /(y) = zlz- yl < le -yl V ey € 
[1, 0), with x # y. And this inequality holds trivially when x = y. Hence |logz — logy| < |x — 
y| V z,y € [1, 00). 

Let e > 0 then let ô = e. So when z, y € [1, 00) and |r—y| < 6 = e, we have |log z—log y| < |v—y| < e. 
Hence log x is not uniformly continuous on [1, oo). 

Consider the Cauchy sequence (+) in (0,1] but f(4+) = — logn is not Cauchy, hence log is not 
uniformly continuous on (0, 1]. 


7.7.78 Problem. Let a,b be two positive numbers, and let f : [a,b] > IR be a continuous function, 
differentiable on (a, b). Prove that there exists c € (a, b) such that 


1 


z—3 «f (5) — bf(a)) = f(e) - ef (9. 


7.7.78.1 Solution. If we apply Cauchy's MVT to the functions f(z)/x and 1/x, we conclude that 
Jc € (a,b) with 
f(b —f(a) 13. fi XiYfef(o-J(o 
b a ce b a e? l 


1 
a—b 


Hence 


(af (b) — bf(a)) = f(c) — cf (o). 


7.7.79 Problem. Let f,g : [a,b] > R be two continuous functions, differentiable on (a,b). Assume 
in addition that g and g’ are nowhere zero on (a,b) and that f(a)/g(a) = f(b)/g(b). Prove that 
there exists c € (a,b) such that 


f(o)/g(c) = f'(o)/g'(o). 
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7.7.79.1 Solution. The function h = f/g satisfies the conditions in the hypothesis of Rolle’s 
theorem; hence there exists c € (a,b) with A'(c) = 0. Since 


we have f'(c)g(c) — f(c)g' (c) = 0; hence f(c)/g(c) = f'(c)/9'(c)- 


7.7.80 Problem. (Gazeta Matematica (Mathematics Gazette, Bucharest), 1975; proposed by D. 
Andrica) Let f : [a,b] — R be a continuous function, differentiable on (a,b). Assume in addition 
that g’ are nowhere zero on (a,b). Prove that there exists 0 € (a,b) such that 

£'() 1 1 


f) 3-9 BO. 


7.7.80.1 Solution. Consider the function g : [a,b] > R defined by g(x) 
see that g is continuous on [a,b], differentiable on (a,b), and that g(a) = 
theorem, we obtain a 0 € (a,b) with g'(0) = 0. But g'(x) = (x — b) f(a) + 
b) f'(x). We have thus obtained a 0 with (0 — b) f (0) + (0 — a) f (8) + (0 — a)(0 — b) f'(0) = 0. Dividing 
by (8 — a)(0 — b) f(6) yields 


- (e — a)(s — 5)/(2). We 
g(b) = 0. Applying Rolle's 
( 


7.7.81 Problem. Let f : R — R be a differentiable function. Assume that lim; ,55 f(x) = a for 
some real number a and that lim; ,55 xf (x) exists. Evaluate this limit. 


7.7.81.1 Solution. Let n « N be two natural numbers. By applying the mean value theorem to 
the function g(a) = zf(x) on the interval [n, N], we deduce that there exists c, € (n, N) such that 
Nf(N)-— 
g' (Cn) = BE PUE Since 
-n 


lim ————————- =q 


for sufficiently large n, |g(cn)—a| < 1/n. Clearly, limn— co c, = oo. Also, since g'(x) = f(x)4-zf'(x), 
it follows that g(x) has a limit at infinity. It follows that lim, ,55 g(a) = limn+oo g(c,) = a; hence 
lims x f(x) = lime +00 g'(z) — lim, 45 f(x) 2a—a — Q0. 


7.7.82 Problem. (Romanian Mathematical Olympiad, 1999; proposed by M. Piticari and S. 
Radulescu) The function f : [0,1] — R is differentiable and 


aA e qe 
f(a) = § (F) + 20 
for every real number x. Prove that f is a linear function, that is, f(x) = ax + b for some a,b € R. 


7.7.82.1 Solution. To show that f is linear is to show that its derivative is constant. We will prove 
that the derivative at any point is equal to the derivative at zero. Fix x, which we assume to be 
positive, the case of x negative being completely analogous. Define the set 


M = {t;t > 0 and f'(t) = f'(z)). 
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Clearly, M is bounded below, so let to be the infimum of M. The relation in the statement implies 
that 


liy f) = fig 897 eA g e) FO 
MID HO whch. a 
Bim 2 O- (0) = FO) 


which shows that f’ is continuous at 0. It obviously is continuous everywhere else, being the ratio 
of two continuous functions. This implies that M is closed, and hence to is in M. We want to 
prove that tọ = 0. Suppose, by way of contradiction, that tp > 0. Since f(to) — f(to/2)to/2 = f(to), 
the mean value theorem applied on the interval [to/2, to] proves the existence of a c € (to/2, to) 
such that f'(c) = f’(to) = f'(x), which contradicts the minimality of to. This shows that for all 
x, f'(x) = f'(0) = constant, and we are done. 


7.7.83 Problem. Let f : [a,b] + R a continuous positive function, differentiable on (a,b). Prove 
that there exists c € (a,b) such that 


f(b) ES oO FG 


f(a) 
7.7.83.1 Solution. Since f is positive, the function In f(a) is well-defined and satisfies the hypoth- 
esis of the mean value theorem. Hence 3 c € (a,b) with 


In f(b) —Inf(a) —f'(c) 


b—a fo" 


and the conclusion follows. 


7.7.84 Problem. Suppose a and b are real numbers, b > 0, and f is defined on [—1, 1] by 


1 
z"sin| —.]| ifr#0 
TC) 
0 if x — Q0. 


Prove the following statements: 
1. f is continuous if and only if a > 0. 
2. f' exists if and only if a > 1. 
3. f' is bounded if and only if a > 1 +b. 
4. f' is continuous if and only if a > 1 +b. 
5. f" exists if and only if a > 2 + b. 
6. f" is bounded if and only if a > 2 + 2b. 
7. f" is continuous if and only if a > 2 + 2b. 


7.7.84.1 Solution. 
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1. Suppose that a > 0. We have f(0) = 0 by definition. For f to be continuous at x = 0 it must 


be the case that lim, +9 f(x) = 0. So if a > 0 we have z^ sin(z-^) — 0 as 2 — 0. which shows 
that limo f(x) = 0, and therefore f is continuous at x = 0. 
1. 


1 


b 
Inn + 1/2 ) converges 


Now let a = 0. Then, we see that a sequence (£n) defined by £n = ( 


to 0, but f(r4) = sin zn — 1 z f(0). Thus f is not continuous at 0. 
1 


b 
T" converges to 0, but 


Again, let a < 0, and the sequence (xn) defined by £n = ( 
i 1 E 1 ] 
= 2% sin(e-*) = ( — —— | sin(2 Dies a et 
f(z4) = x$ sin(z, ) (zr) sin(2n« + 7/2) (zr) 
Since, b > 0 so a/b < 0 and we have 
f(x) = Qna + n/2) 


and f(£n) — oo therefore f is not continuous at x = 0. These cases show that f is continous 
iff a > 0. 


. From the definition of limit we have 


b acr FASO ut. RUNG pa c ata e 
f lim i = lim " = limh ! sin(h—°) (7.3) 


Now, we have for a > 1, |h*-! sin(h-^?)| > 0 as h > 0. 
When a = 1, the limit limpo h^-! sin(h-^) = lim; ,o sin(h-^) doesnot exist. 
Again, if a < 0, then consider the sequences (£n), (Yn) defined by 


In = (zm) m= (aora) 


When a < 1 we have a — 1 < 0 and therefore equation (6.2) gives us 
lim h^^!sin(h 5) = lim 22-1 = oo 
h—0 n—00o 
lim h^^!sin(h ^^) = lim —y2^! = —oo 
—0 noo 


This means that the limit in (7.3) does not exist. These cases show that exists f’(0) iff a > 1. 


. Thus if a > 1 +b > 1 implies 


f'G)- azt! sin(x—°) — br2—°-! cos(z-*) if xr #0 
0 if xz — 0. 


Thus f’ is unbounded if a < 1 and 1 < a < 1 +b. Consider a sequence (£n) defined by 


£n = (2nz)-* and 
f'(zx4) = —b(2nz) > — —oo as n — oo 


f! is bounded when a > 1-F can be proved easily. These three cases show that f’ is bounded 
iff a > 1-4 b. 
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4. Left to the reader. 
5. Left to the reader. 
6. Left to the reader. 


7. Left to the reader. 


7.7.85 Problem. Suppose f is defined in (—1,1) and f’(0) exists. Suppose 
—1 < Qan < Pn < 1, o4 > 0, and f, — 0 as n > oo. Define the difference quotients 


_ (Ba) = flan) 
EE cro 


Prove the following statements: 


1. If à, <0 < bn, then limp. Dn = f'(0). 


2. If 0 < an < bn, and € Bn ) is bounded, then limp... Dn = f'(0). 


TL TL 


3. If f' is continuous in (—1, 1), then limp. Dn = f'(0). 
Give an example in which f is differentiable in (—1,1) (but f’ is not continuous at 0) and in 
which an, Bn tend to 0 in such a way that lim, ,55 Dn exists but is different from f’(0). 


7.7.85.1 Solution. 


1. We can write D,, as 


Bn — 0 Bn 0 — an Bn — On 
Note that 
n—00o Qn n—0o B 
Thus for any e > 0, there exists N such that 
[E Men) — AO) «dde 
L Dal) TD) y € 
Bn 
whenever n > N and L = f'(0). Note that zA and [pec are positive. Hence, 
Bn f(Bn) — f(0) Bn Bn, 
egg sre Bn Dae ae te 
Tan f(os)— f(0) —an Tan 
ou Se An mca be 


Combine two inequations, 
L—-e«D,«L-e. 
Hence, limpo Dn = f'(0). 
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2. We proceed as above proof, but note that de « 0. Thus we only have the following 
inequations 
n n) 0 n n 
Bn — An Bn Bn — Om Bn — An 
An flan) — f(0) —a& —An 
L4 L 
e cas gs An Oe” Beer: ) 


Combining them, we get 


Ons cu. pa POOR 
Bn — On Bn — On 


Note that (s Ên- ) is bounded, i.e., 


L 


for some constant M. Thus 


2bn 


Bn — Qn 


Bn + On 
Bn — On 


Hence, L — (2M + 1)e < D, < L + (2M + 1)e Thus, lim, ,4, D, = L = f'(0). 


i| 21 


. By using Mean Value Theorem, D, = f'(t,) where tn is between an and 


Bn. Note that 


min{an, Bn} < t, < max(os, Bn} 


and 


max{ap, Bn} = (as H Bn + |an — bnl) 


and min{an, Bn} i. (as Bn [an Bnl) 


Thus, max{an, 8n} — 0 and min{an, Bn} — 0 as an > 0 and Bn — 0. By squeezing principle 
for limits, tn — 0, and by the continuity of f’, we have lim, Dn = lim, f'(t4) = f'(lim, tn) = 
'(0). 

Example: Let f be defined by 


u z?^sini ifz #0 
ia- T ifz £0 


and f, = +} . It is 


2nm 


Thus f'(x) is not continuous at x = 0, and f'(0) = 0. Let an = 
clear that a, —^ 0 and 8, — 0 as n > oo. Also 


"n; 
$T-2nn 


—4nm 


D, = > 
n(n/2+ 2n7) T 


as n — oo. Thus, lim, D, = —2/7 exists and is different from f'(0) = 0. 
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7.7.86 Problem. Suppose f is a real function on (—1, 1). Call x a fixed point of f if f(a) = x. 
1. If f is differentiable and f’(t) Z 1 for every real t, prove that f has at most one fixed point. 


2. Show that the function f defined by f(t) = t + (1+ ef)! has no fixed point, although 
0 « f'(t) « 1 for all real t. 


3. However, if there is a constant A < 1 such that |f'(t)| < A for all real t, prove that a fixed point 
x of f exists, and that x = lim z,, where x, is an arbitrary real number and 2,41 = f (£n) for 
n=1,2,3,.. 


4. Show that the process describe in (3) can be visualized by the zigzag path (x1, £2) — (£2, £2) — 
(22,23) > (23,23) — (23, 24) CE kn 


7.7.86.1 Solution. 
1. If not, then there exists two distinct fixed points, say x and y, of f. Thus f(a) = x and 
f(y) = y. Since f is differeniable, by applying Mean Value Theorem we have that 


f(z) -= fy) =f O@-y) 
where t is between x and y. Since x Æ y, f'(t) = 1, a contradiction. 


2. We show that 0 « f'(t) « 1 for all real t, we see that 


et 


xd 
POSTEO QH =1- ae 
Since eœ > 0 and (1+ e’)? = (1 + ef)(1-- e) > 1(1 4 ef) 2 14 ef > et > 0 for all real 
t, thus 0 < (1 + e*) ?ef* < 1 for all real t. Hence 0 < f'(t) < 1 for all real t. Next, since 
f(t) — t = (1 — ef)^! > 0 for all real t, f has no fixed point. 


3. Suppose z441 Z Zn V n. (If engi = Tn, then £n = 2441 =... and z, is a fixed point of f). 
By Mean Value Theorem, f(z441) — f(z4) = f’(tn)(@n41 — £n) where tn is betweem x, and 
Tn+1- Thus, 


|f (@n41) = f(n) = |F (tn) |(En+1 = Tn )| 


Note that |f’(tn)| is bounded by A < 1, f(£n) = Un4i, and f(@n4i) = z442». Thus |£En+2 — 
Inti) € Alan41 — z4| < CA”! where C = |x2 — z1|. For two positive integers p > q, 


[Ep — za| < [Ep — pi] +... + Igi — Lal = 

= C(A* + A? +... + AP?) 
CA1! 

< : 

^ 1-A 

Hence 
CA} 

Lp — v, 
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Hence, for any e > 0, there exists 


n= foes 254] +2 


such that |x, — z4| < e whenever p > q > N. By Cauchy criterion we know that x, converges 
to x. Thus, 


lim z441— f ( lim a 
TL— 0o noo 


since f is continuous. Thus, x = f(x), i.e., x is a fixed point of f. 


4. Since tn41 = f (£n), it is trivial. 
7.7.87 Problem. Prove that sinx > x — (x?/m) if0 <a « m. 
7.7.87.1 Solution. We will show that 
f(x) 5 sinz — z + (22/1) 20 


on [0,7]. By observation of f'(x) = cosz — 1+ 2Z, we find that 0,7/2and are critical points of 
f (x). By noting that 

f"(x) 2 —sinz +2/n 
has exactly two zeros on [0, 7], we can apply Rolle's Theorem to verify that 0, x/2andz are the only 
critical points of f(x). (If f’ had another zero, f" would have a third zero.) Since f(0) = f(a) =0 
and f(7/2) = 1 — 7/4, we can see that the minimum value of f(x) on [0,7] is 0. 


7.7.88 Problem. A function f : R — R is defined by 


0, if x =0 or irrational 
f(x) = E 


d iír-P5,peZqaqeN(pas-l 


Show that f is differentiable at 0 and f'(0) = 0. 


7.7.88.1 Solution. Hint. For x Æ 0,0 € [zn <z. 
x 


7.7.89 Problem. A function f : R — R is defined by 


0, if x is irrational 
f(x) = Tp a 
z^, if x is rational. 


Show that f is differentiable at 0 and f’(0) = 0. 


7.7.89.1 Solution. Hint. 0 < tœ < z, for x > 0 and z < I=) < 0, for x < 0. 


x 


7.7.90 Problem. A function f : R — R is defined by 


singz, if is irrational 
f(z) = RAO 
T, if x is rational. 


Show that f is differentiable at 0 and f'(0) — 1. 
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7.7.90.1 Solution. Hint. cosa < Ie) <1, for z € B(0;/2). 
7.7.91 Problem. Prove that 2z < sing for 0< z « 5- 


sin £ 


7.7.91.1 Solution. Let f(x) = 
x sin x — COSX 

ro 
strictly decreasing function on (0, 3]. Because f (3) = 2, it follows that f(x) > 2 for 0 <a < 3, 
i.e., x « sinz for 0 « z « 5. 


,0« x< $. f is continuous on [ó, 2], for some ô > 0. f'(x) = 


on [0, 5]. Because x < tanx in 0 < z < f) <Oméd<a< 2 Therefore f isa 


7.7.91.2 Solution. (Geometrical viewpoint) The line joining the points (0,0) and (5, 1) in the graph 
of the curve y = sin g is y = 7“, the curve is above this line. Thus 7% < sina for 0 < x < 7 


T T 


7.7.92 Problem. Every function that has an antiderivative is Darboux continuous. 


7.7.92.1 Solution. Let f be a differentiable function. We show that f’ is Darboux continuous. 
Let p,q € [0,1], p < q and let c € R be between f'(p) and f’(q). Without loss of generality, assume 
f'(p)<c< f'(q). Now define g : [p,q] > R by 


g(a) = f(a) — ex. 


Then g is differentiable. It attains a minimum value at r, say, r € [p,q]. Since g'(p) < 0 and g'(q) > 0 
we have r Æ p and r Æ q, sor € (p,q). But then g'(r) must be 0, i.e., f'(r) = c and we are done. 


7.7.93 Problem. Suppose that f is a function that satisfies 


f” (2) + f'(x)g(x) - f(a) 2 0 


for some continuous function g. Prove that if f vanishes at a and at some b > a, then f is identically 
zero on [a,b]. 


7.7.93.1 Solution. Choose zo € [a,b] such that f(a) is the maximum value of f on [a,b]. Then 
f'(zo) = 0 and we must also have f"(xo) < 0. Therefore 


0= f(a) € f(zo) = f" (xo) < 0 


so f(zo) = 0. That is f(x) € 0 V x € [a,b]. A similar argument shows that f(x) > 0 on [a,b] and 
hence f vanishes identically on [a,b]. Notice that this argument assumes that is in the interior of 
la, b], but the same conclusions can be drawn if zo = a or b. 


7.7.94 Problem. A function f is continuous on (a,b) and f(x) is finite (a,b). If the line segment 
joining the points A(a, f (a)), B(b, f(b)) intersects the graph of f at some point P different from 
A, B. Prove that f"(£) = 0 for some £ € (a,b). 


7.7.94.1 Solution. The equation of the line joining the points A(a, f(a)) and B(b, f(b)) is 
y-f()  xx—b 


FO- fa) b-a 
since it passes through the point P(c, f(c)) we get 
f(c) -= fŒ) _ c-b, fŒ- Fle) _ fO- Fla) 
f(b) —f(a) b-a b—c b-a ' 
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So, by mean value theorem 3 p,q € (a,b) such that 


Again, by Rolle's theorem 3 € € (a,b) such that f"(£) = 0. 


7.7.95 Problem. Let f be twice-differentiable on R and suppose there are constants A, C € [0, oc) 
such that for each x € R,|f(x)| € A and |f”(x)| € C. Prove that there is a constant B € [0, 00) 
such that for each z € R, |f’ (x)| € B. 


7.7.95.1 Solution. Using Taylor expansion, we get 
(zx 4-2h — zy? 


fle + 2h) = f(x) + (w+ 2h — a) f'e) + =F —** f^ (g) 
f(E + 2h) = f(x) + 2hf (2) + 2h? f" (E) 
ry) — Le 2h) = Fle) - 282 f" (€) 
-f'G)- x 
FCO) = a [Gr + 2h) — F(x) - 27 "(6| € az Fe + 2h) = Fl@)I + IAF" 


1 A 
< 5,44 FAC = DR C = B(say). 


7.7.96 Problem. Let a function f be uniformly continuous on [1, oo). Prove that the function F 


defined by F(x) = f(z) is bounded on [1, oo). 
x 


7.7.96.1 Solution. Since f is uniformly continuous, then 6 > 0 such that V z, y € [1, 00), whenever 
|x — y| < 26, we have that |f(x) — f(y)| < 1. Now, let x € [1, o0) be arbitrary. Let n € NU {0} be 
the largest integer so that 1 + nô < a. Hence, we have the following 


If(x)| - EDI S 1f) - FQ) = 

= f(x) — f(nd +1) + f(nà + 1) — f((n — 1)ó +1) +.. + f(6 +1) — f) 
< |f(x) — f(n + 1)| + |f(nà - 1) — f(n — 18 + 1)] +... + |f(ó +1) — FQ) 
<n+1 


where by the choice of n, we have that x — (nô + 1) < ô. Now, observe that 
qu 
nóctl«z-ncl« eod 
Hence, we get that 


nl OD x-1 od Py ood 
eL TIL MB ieu 


where we used the fact that x > 1. Hence, F is bounded. 


7.7.97 Problem. Let f : [0,1] — R be continuous. Suppose f is twice-differentiable on the open 
interval (0,1) and M is a real constant such that for each x € (0,1), we have |f"(x)| < M. Let 
€ (0, 1). Prove that 


Js FQ) - fO e S- 


7.7. PROBLEMS AND SOLUTIONS ON CHAPTER 7 495 


7.7.97.1 Solution. By Taylor's theorem, we can expand f(x) at x = a. In particular, we have 


f(0) = f(a) — af’ (a) + SF") 


(1— a)? 


FL) = f(a) + (1 — a)f'(a) + —3— fF") 


for some 0 < € < a and a < 5 < 1. Subtracting and rearranging, we get 


(1- a}? 


B f" (n). 


f(a) = f) - r0) EO 


Note that the quadratic function g(x) = 2z? — 2x + 1 has axis at x=1/2 and has absolute maximum 
on [0,1] at z — 0 and 1, which is 1. Since |f"(z)| « M V x € (0,1), by triangle inequality we obtain 


Jl < £0) — FC) + Ja? 1 1 & 150) - fL - 


as desired. 


7.7.98 Problem. Suppose that f maps the compact interval J into itself and that 

f(x) - fi) <le- yl Vy € Lv z y. 
Can one conclude that there is some constant M « 1 such that, 

f(x) - FM) < Mix y| Y x,y € I? 
7.7.98.1 Solution. Consider f(a) = sin x. By the Mean Value Theorem we get 
f(x) — f(y) = (cos&)(x — y) for some x,y € (0, 1) 

and since | cos£| « 1, so 

f(x) — f(y)| < |x — y| whenever z # y. 
However, if there be M « 1 such that 

f(x) — f(y)| < Mla — y| whenever x 7 y. 


then, putting « = 0 and letting y > 0, we would get |f’(0)| € M < 1, which contradicts the fact 
that f’(0) = 1. 


7.7.99 Problem. Assume that lims f(x) = 0 and that f is differentiable. Does it follow that 
lims f'(x) = 0? 


7.7.99.1 Solution. Hint. Not in general: 2 


7.7.100 Problem. Assume that limz—oo f'(x) = 0. Does it imply that lim,_,.. f(x) exist? 


7.7.100.1 Solution. Hint. Not in general: cos log x. 
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7.7.101 Problem. Assume f is continuous on [a,b] and has a finite second derivative f" in the 
open interval (a, b). Assume that the line segment joining the points A = (a, f(a)) and B = (b, f(b)) 
intersects the graph of f in a third point P different from A and B. Prove that f"(c) = 0 for some 
c in (a,b). 


7.7.101.1 Solution. Consider the equation, 


g(x) = fla) + £O. — 006. 


Then h(x) = f(x) — g(x). we get that there are three point x = a, p and b such that h(a) = h(p) = 
h(b) = 0. So, by Mean Value Theorem on [a, p| and on [p, b], we get that there is a point r € (a, p) 
such that A'(r) = 0, and a point s € [p, 0] such that h’(s) = 0. Now, on [r,s] by Rolle's theorem, we 
get a point c € [r,s] such that A"(c) = f"(c) = 0, since g is a polynomial of degree 1. 


7.7.102 Problem. Given n functions fi, ..., fn, each having nth order derivatives in (a,b). A func- 
tion W, called the Wronskian of /;,..., fn is defined as follows: For each x € (a,b), W(x) is the 
value of the determinant of order n whose element in the kth row and mth column is fi - where 


k — 1,2,...,n and m = 1,2, ...,n. [The expression FO is written for f (x).] 


1. Show that W'(x) can be obtained by replacing the last row of the determinant defining W (x) 
by the nth derivatives f(”, £09... fa”. 


2. Assuming the existence of n constants c4, ...., Cn, not all zero, such that c fi (x) -....-- c, fa (x) = 
0 V z € (a,b). show that W(x) = 0 for each x € (a,b). 
(Note: A set of functions satisfying such a relation is said to be a linearly dependent set 
on (a, b).) 


3. The vanishing of the Wronskian throughout (a,b) is necessary, but not sufficient, for linear 
dependence of fi,..., fn. Show that in the case of two functions, if the Wronskian vanishes 
throughout (a, b) and if one of the functions does not vanish in (a,b), then they form a linearly 
dependent set in (a, b). 


7.7.102.1 Solution. 


1. Write 
fi fe sis fn 
go» gen Lagen 


and note that if any two rows are the same, its determinant is 0; we get, by the rule of 
expansion, that 


fi fe -— fn 
fi fJ wd 
2) fo?) " JET? 


2 
Gs tee TTE 
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2. Since cı fi(z) + .... + Cnfn(x) = 0 V x € (a,b), where c1, ...., Cn, are not all zero. Without loss 


of generality, we may assume cı Æ 0, we know that ef (x) Tec en f(x) = 0 for every 


x € (a,b), where 0 € k € n. Hence, by eliminating c, ....,¢n, we have 
fi fe 2 fa 
/ / / 
fi ho fa =0=> W(z) =0. 
n—1 n—1 n—1 
ED Q9 7o gp 


since the first column is a linear combination of other columns. 


3. Let f and g be continuous and differentiable on (a,b). Suppose that f(x) Æ 0 for all x € (a,b). 
Since the Wronskian of f and g is 0, for all x € (a,b) , we have f'g — fg’ = 0 for all x € (a,b). 
Since f(x) Æ 0 for all x € (a,b), we have by the above, 


fg-fg _ r) =- 
P o> ( 0 


for all x € (a,b). Hence, there is a constant c such that g = cf V x € (a,b). Hence, f, g forms 
a linearly dependent set. 

If (fi, ..., fn} is linearly independent on J, It is NOT necessary that W(t) = 0 for some t € I. 
For example, f(t) = t?|t|, and g(t) = tè. It is easy to check f,g is linearly independent on 
(—1,1). And W(t) 20V t € (-1,1). 


7.7.103 Problem. Given a function defined and having a finite derivative in (a,b) and such that 
lim, 55... f(x) = oo. Prove that lim, ,,.. f'(x) either fails to exist or is infinite. 


7.7.103.1 Solution. Suppose that, we have the existence of lim, ,,.. f'(x), denoted by L. So, given 
€ = 1, there is a 6 > 0 such that for x € (b — ô, b), we have |f'(x)| < |L| 4- 1. Consider z,a € (b — ô, b) 
with x > a, then we have and Mean Value Theorem, 


|f(x) — f(a)] = [F (x — a)l, £ € (a, £) 
< (IL| + Dlx — al 


which implies that 


If(2)| < f(a)] + (L| + 1)6 


which contradicts to lim, _,,_ f(x) = oo. 


7.7.104 Problem. Given a function f defined and having a finite derivative f’ in the half-open 
interval 0 < x < 1 and such that |f/'(z)| < 1. Define an = f(1/n) for n € N, and show that lim, a; 
exists. 


7.7.104.1 Solution. Consider n > m, and by Mean Value Theorem, 


1 


TL 


1 1 


n m 


lan — am| = |f(1/m) — f(A/m)]| = |f" (p) 


, 


; | 
< 
Jn 


then (an) is a Cauchy sequence since 1/n is a Cauchy sequence. Hence, lim, an exists. 
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7.7.105 Problem. Let f : R — R be differentiable, such that for some a € R, |f'(z)) <a < 
1 VaeR. Let a; € R and a,41 = f(a,). Show that lim, an exists. 


7.7.105.1 Solution. Hint: We observe that 

[a — a2| = |f (a2) — f(a1)] 
= f'(p)|as — a1| € ajaz — a1| where p lies between a; and a2 
Similarly |a4 — a3| € alag — a2| 


[e — ar sz ala, P ar—ı| 


Thus |ap41 — ar| < a” ! |a; — arl. 
Let m >n, then m =n + p (say). Then, 


jam = an| = [dp — Qn4p—1 + Qn4p—1 — An4+p—2 T d Qn41 — an| 
sz [an+p = an+p-1| F |Qn4p—1 V an+p-2]| es [n zn anl 
< (aP *?7? 4 ot? +t a?71) Jaz — a| 


an7! 


IA 


ree [a2 m ail, 
7.7.106 Problem. Assume f is non-negative and has a finite third derivative f"' in the open 
interval (0,1). If f(x) = 0 for at least two values of x in (0,1), prove that f"'(x) = 0 for some c in 


(0,1). 


7.7.106.1 Solution. Since f(x) = 0 for at least two values of x in (0,1), say f(a) = f(b) = 0, where 
a,b € (0, 1). By Rolle's Theorem, we have f'(p) = 0 where p € (a,b). Note that f is non-negative 
and differentiable on (0,1), so both f(a) and f(b) are local minima, where a and b are interior to 
(0,1). Hence, f'(a) = f'(b) = 0. Since f'(a) = f'(p) = 0, we have f"(qi) = 0 where qı € (a,p) 
and since f'(p) = f'(b) = 0, we have f"(qo) = 0 where q2 € (p,b) by Rolle’s Theorem. Since 
f" (qi) = f"(qo) = 0, we have f"'(c) = 0 where c € (qd, q2) by Rolle's Theorem. 


7.7.107 Problem. Give an example of a pair of functions f and g having a finite derivatives in 
(0,1), such that 


fla) _ 
z—0 g(x) 
but such that lim,_,9 Tu 


does not exist, choosing g so that g’ is never zero. 


7.7.107.1 Solution. Hint. Let f(x) = sin(1/x) and g(x) = 1/z. 


In this exercise, it tells us that the converse of L-Hospital Rule is NOT necessary true. Here is 
a good exercise very like L-Hospital Rule, but it does not! We write it as follows. 


7.7.108 Problem. Suppose that f'(a) and g'(a) exist with g'(a) z 0, and f(a) = g(a) = 0. Prove 
that 
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7.7.108.1 Solution. Consider 


lim 262) — ym f - FO 
ta g(r) «a g(x) — g(a) 
— im F@) - f@l/@ 
xa [g(z) — g(a)]/(x — a) 
f'(a) 
g(a) 


It should be noticed that we CANNOT use L-Hospital Rule since the statement tells that f and 
g have a derivative at a, we do not make sure of the situation of other points. 


7.7.109 Problem. Suppose that g is real function defined on R, with bounded derivative, say 
[g'| € M. Fix e > 0, and define f(x) = x + eg(x). Show that f is 1-1 if e is small enough. (It implies 
that f is strictly monotonic.) 


7.7.109.1 Solution. Suppose that f(x) = f(y), ie, x + eg(z) = y + eg(y) which implies that 
ly — z| = elg(y) — g(x)| € Mly — x| by Mean Value Theorem, and hypothesis. So, as e is small 
enough, we have z — y. That is, f is 1-1. 


Definition:(Convex Function) Let f be defined on an interval J, and given 0 < A < 1, we say 
that f is a convex function if for any two points z, y € I, 


fO E (1 — A)y) € AF(@) + (0 — AFH) 


7.7.110 Problem. Let f be a differentiable real function defined on (a,b). Prove that f is convex 
if and only if f' is monotonically increasing. 


7.7.110.1 Solution. Suppose f is convex, it suffices to consider À = 1/2 and given x < y, we want 
to show that f'(x) < f'(y). Choose s and t such that x < u < s < y, then it is clear that we have 


fu) - fe) J.f() - f)... FW) - 18) on 
u— r e s—u LE y—s 
Let s — y—, we have by (7.4) 
TECEM 


which implies that, let u — z+, then f'(x) < f(y). 
Conversely, Suppose that f’ is monotonically increasing, if x < y, then 


f(a) + fy) (=) a FOAIA] 


2 2 


1 TIE) — f'(&)], & € & 


Similarly for x > y, and there is nothing to prove x = y. Hence, f is convex. 
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7.7.111 Problem. Let f be convex on [a,b], and let c € (a,b). Define 


le) = f(a) T9 — eh y 
then f(x) > I(x) for all x € [c, b]. 
7.7.111.1 Solution. Consider z € [c, b], then 
c= a4 Cua fle) < —^ f(a) + —^ fa), 
r—a x-a r—a r—a 
which implies that 
f(x) 2 fla) + T9 — 99 Lu = (a). (55) 


7.7.112 Problem. Let f be a convex function defined on [a,b]. Let a < s < t < u < b, then we 
have 


f()— fs) . f(u) — FS) .. fe) — fo) 


t-s u—s u—t 
7.7.112.1 Solution. By the definition of convex function, we know that 


f(u) — f(s) 


U— Ss 


f(x) € f(s) + (x — s) (7.6) 


and by the previous inequality 


f(s) + Le — s) € f(x), x € [s,u]. (7.7) 
So, as x € [t, u], by (7.6) and (7.7), we finally have 


f(t) — f(s) .. flu) - f(s) 
i—s id uw—s 


Similarly, we have 


Fu) — f(s) . fw) — ft) 


X 
u—s um u—ít 
'Thus 
F(t) — f(s) .. f(u) - f(s) .. f(u) — FO) 
t-s zx u—s ri u—ít 


7.7.113 Problem. Let f(x) be convex on [a,b], and assume that f is differentiable at c € (a,b), 
we have 


U(x) = fle) + f(a — c) € f(x) 


That is, the equation of tangent line is below f(a) if the equation of tangent line exists. 
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7.7.113.1 Solution. Since f is differentiable at c € [a,b], we write the equation of tangent line at 
c, as 


(x)= fl)  f'(e)(z — o). 
Define 
. F(s) - Fo) 


then it is clear that 


which implies that 


U(x) = fle) + f(a — e) € f(z). 
7.7.114 Problem. Let f : R — R be convex. If f is bounded above, then f is a constant function. 


7.7.114.1 Solution. Suppose that f is not constant, say f(a) 4 f(b), where a < b. If f(b) > f(a), 
we consider 


eye C LL 
which implies that as x > b, 
f(a) > EAO e b) + ptg) + o0 as z + 00. 
If f(b) < f(a), we consider 
fte)= se) < 1-H) 
which implies that as x < a, 
FG) > POLLO e — a) + F(a) > o0 as z > 00. 


So, we obtain that f is not bouded above. Hence, f must be a constant function. 


7.7.115 Problem. Note that e” is convex on IR. Use this to show that A.M. > G.M. 
7.7.115.1 Solution. Since (c*)" = e? > 0, so e? is convex. Hence, 


1-23. En ei + e”? +... + en 
€ n < 


TL 


where x; € R; i = 1,2,,..,n. So, let e” = y; > 0, for i = 1,2, ..., n. Then 


i s yntytetyÜ 
(yi-y2---n)" € - uy 
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7.7.116 Problem. Let us consider the following functions 


1 1 
e s?, ifrz0 ze s?, ifa z0 

= ; d = : 
fG) t zog 5450 Ta ib 


Prove the following: 
1. £™(0) = g™(0) — 0. 
2. The function f has a minimum at x = 0, but the function g has no extrema at x = 0. 


7.7.116.1 Solution. 
1. It is clear that 


/ 2 — p o 4 6 LE k = 1 Li 
f (x) = 73€ = if (x) um (= Em Â) € c m (£) = R3n (i) € c 
1 


where Rgn (i) is a polynomial of 4 and of order 3n. Applying the L'Hópital's rule k-times, 
we get 


So we obtain that f'(0) = 0. Analogously, we can show that f’(0) = 0. 


2. The function f has a minimum at z = 0, because it holds f(x) > 0,x 4 0. The function g has 
no extrema at x — 0, because we have 


g(x) > 0,x » 0, and g(x) < 0,2 < 0. 
7.7.117 Problem. Determine the biggest term of the sequence given by 


1. zg, = — 
© Zn ~~ n+2020 


šle 


2. d —mn 


1 
x 


7.7.117.1 Solution. Hint: Find maxima for the functions f(x) = E g(x) = x7. 


7.7.118 Problem. Let f(x) = asing + assin2z + .... + a, sinnz, where a1, a2, ...,an are real 
numbers and where n is a positive integer. Given that |f(x)| € | sinz| V x € R, prove that 


lay + 2a3 4 ..... -- na4| € 1. 
7.7.118.1 Solution. Note that 


f' (x) = a1 cos x + 2a3 cos 2x + .... + Nan cos nx: 
—|/f'(0)| = |a; + 2a3  ..... + nanl. 
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Now, 


r0 T 
— lim fle) sin x 
z—0siz cx 

NENNT 
— |lim —— 
20 sin x 


<1. 


Thus |a4 + 2a2 + ..... +nan| <1. 


7.7.119 Problem. Let V be the collection of all quadratic polynomials P with real coefficients 
such that |P(z)| < 1 V x € [0,1]. Determine 


sup(|P'(0)|; P € V}. 


7.7.119.1 Solution. Let f(x) = ax? + bx +c be an arbitrary quadratic polynomial. Then 


Using the given conditions, 


IPO) < in (5) + 3|P(0)| +|P() < 8. 


Furthermore, P(x) = 8x? — 8x + 1 satisfies the given conditions and has |P'(0)| = 8. 


7.7.120 Problem. Let f(x) be defined for a < x < b. Assuming appropriate properties of continuity 
and derivability, prove for a < x < b that 


f(x)-fla) _ f(b)—f(a) 1 
b 


r—a aa 5 —a = 34 8) 


where £ is some number between a and b. 


7.7.120.1 Solution. Assume f is continuous on [a,b] and has a second derivative at each point of 
(a, b). Let x be fixed with a < x < b. Let 


f) P t 1 
TOR i 
FO) d bı 
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Then g(a) = g(x) = g(b) = 0. By the mean value theorem there exist numbers a and 8 such that 
a « a « xz « B « b and g(a) = g'(B) = 0. Applying the mean value theorem once again, we see 
that there is a number £ such that a < € < 6 and g"(£) = 0. Evidently, € is between a and b. Now 


a RE. 
inea EF ee eee, De = 
(PIT mà ae a 
Fb). b* bı 
'Thus expanding the determinant, we find 
x^ g 1 f(x) x 1 
f'(|? a 1|-2|f(aà a 1) =0, 
b b1 f(b) b 1 


and the result follows. 


7.7.120.2 Solution. Assume f is continuous on [a,b] and has a second derivative at each point of 
(a,b). For a fixed x with a < x < b, let 


f(x)—f (a) £0) Fla) 
À = z—a —üü 
r—b 


Then 


Define 


i) = p) - (f(a) + FO a) x - a - 9) 


Then h(a) = h(x) = h(b) = 0, so by the mean value theorem there are numbers o and 8 such that 
a «a «az « B « band NW (o) =h'(8) — 0. Then A" vanishes for some number £ € (a, 8) and hence 
between a and b. We have A"(£) = f"(£) — 24 = 0, and therefore \ = 3 f"(£) as required. 


7.7.121 Problem. Let f : [-1,1] — R be defined by 


_ fo, itze[-1,0] 
ro-hi if x € (0, 1]. 


Does there exist a functien g such that g'(x) = f(x), € [-1,1]? 


7.7.121.1 Solution. If possible, let there exist a function g : [-1, 1]toR such that g'(x) = f(x), x € 
[-1, 1]. Then g is differentiable on [—1, 1] and 


nes 0, ifz € [1,0] 
1, ifx e (0,1. 


Since g is differentiable on [—1, 1] and g'(—1) z g'(1), by Darboux's theorem must assume every real 
number lying between g'(—1) and g'(1), i.e., between 0 and 1 on [-1, 1]. But this is impossible and 
therefore g does not exist. 
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7.7.122 Problem. Let f : R—- R be defined by 


x? sin =, ifz 40 
f) E ifa — 0. 
Show that f is differentiable on R but f’ is not continuous on R. 


7.7.122.1 Solution. For x Æ 0, 


ij". d 
f'(z) = 2xsin = — — cos —, 
x4 E 

Now lim, so OAO = lim, o 7 7" 2. = lim, so sin 4, = 0. Therefore f'(0) = 0. Hence f is 


differentiable on IR and the derived function f! is defined by 


a  j2xsind —2cos4, ifz £0 
f(z)- 
0, ifr-0 


Now lim,.,o f'(x) does not exist. This proves that f’ is not continuous at 0. f’ is unbounded on 
any neighbourhood of 0 and 0 is a point of infinite discontinuity of f’. 


7.7.123 Problem. Let f : R — R be defined by 


x, ifx>0 
f(r)-40, ifz-0 
—r ifr« 0. 


Show that 4 a differentiable function g on R such that g' = f on R. 


7.7.123.1 Solution. Hint: Consider g(x) = 3a|v]. 


7.7.124 Problem. If f is differentiable in both right-hand and left-hand neighborhoods of a point 
a and 


lim f'(r) = lim f'(x) 


r—a4- r—a— 
then f is differentiable at a. True or false? 


7.7.124.1 Solution. For any point a Z 0 the function f(x) = sgna has zero derivative: for every 
x « 0, f(x) 2 —1 and so f'(x) = 0; for every x > 0, f(x) = 1 and then f'(x) = 0. Therefore, 


lim f'(z)— lim f'(z)- 0. 


z—04- 1—0— 


However, f is not differentiable at a — 0 because it is not even continuous at this point. 


7.7.125 Problem. If 


at a point x, then f'(r) = A. True or false? 
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7.7.125.1 Solution. The function f(x) = |x| satisfies the above condition at x = 0, but it does not 
differentiable at this point. 


7.7.126 Problem. If f is continuous in a neighborhood of a point a and is differentiable at a, then 
there is a neighborhood of a where f is differentiable. True or false? 


7.7.126.1 Solution. The function 


2) T . 
z^|snt! ifzz0 
(ay = 47 imal 
0 if =0 
is continuous at x Æ 0 according to the composition and arithmetic properties of continuous func- 
tions, and at x = 0 one gets lim;.,o f(x) = 0 = f(0) Therefore, f is continuous on R. The definition 
of this function can be rewritten as follows: 


x? sin Z is 69€ V WEZ 
f(z)—-4-z?sn* ifl «rz«z4l,necz 
0 ifr 20,1, ne Z\ (0). 


Then for x #0 and x Æ + the derivative can be found by applying the arithmetic and chain rules: 


ata T T : 1 1 

oe 2x sin 7 — T cos 7 if ap STI ae mew 
E ae T pr 1 

2rsin $ +rcos? if; ee me. 


Let us show that the derivative does not exist at any point £n = s+,n € Z X {0}. In fact, 


on? 
$ 2 QUT T $ 
lim f'(r)— lim (2x sin T COS ) = —7, while 
LFILn— LF Ln — x x 
: : m: T 
lim f'(z)— lim ( 2x sin — + 7 cos ) =T. 
LFLnt tnat x x 


Note that x, = + — 0 as n — +o, but, at the same time the function is differentiable at z = 0 : 


f'(0) = lim F(z) - FO) - (0) = lim zx 


x0 r—0 x20 


. T 
sin =| =0. 
x 


7.7.127 Problem. If f is not differentiable at a point a, and g is not differentiable at the point 
f(a), then go f is not differentiable at a. True or false? 


1 if 40 
0 ifr-—0 


entiable at a = 0 (it has a discontinuity of the second kind at 0), but the function g(f(x)) = z is 
differentiable at 0. 


7.7.127.1 Solution. For the functions f,g defined by f(x) = g(x) = is not differ- 


7.7.128 Problem. If f is not differentiable at xo, then either the inverse function does not exist in 
a neighborhood of the point yo = f (xo) or (if it exists) it is not differentiable at yo. True or false? 


7.7.128.1 Solution. The function y = f(x) = 4/z is strictly monotone and continuous in a neigh- 
borhood of zo = 0, but its derivative does not exists at the origin. However, the inverse function 
x =f (y)- y? is defined and differentiable on R, including at yo = 0. 

Remark: This example shows that the conditions of the Inverse Function Theorem are just suffi- 
cient. 
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7.7.129 Problem. If f is differentiable on IR, f’ is bounded in a neighborhood of a point zo 
and f'(xo) Æ 0, then in a neighborhood of the point yo = f(xo), there exists the inverse function 
x = f (y). True or false? 


7.7.129.1 Solution. The function f defined by 


r--2z?sinl ifz £0 
f(z) = ur c ee 
0 ifr = 0. 


is differentiable at every real point. In fact, for any x Æ 0 the derivative can be calculated by using 
the arithmetic and chain rules: f'(x) = 1+ 4a sin 4 2 cos i. For x = 0, we should appeal to 
definition: 


25 i 
fpe m eI m,(1+20sin =) - à 
x 


= li 
z—0 x 20 


Hence, 


and f'(0) Z 0 


F= A ifr £0 


0 ifx=0 


Besides, f’ is bounded on [—1, 1] : 
. 1 1 
l-4rsin--—2cos-| < 1 + 4|z| +2 € 7. 
£ x 


'Thus, all the conditions of the statement are satisfied. Nevertheless, one can show that there is 
no neighborhood of zp = 0 on which f is one-to-one. Let us consider, for simplicity, a right-hand 
neighborhood of 0. On such a neighborhood sind takes all the values in [-1,1], and therefore, f 
oscillates between the parabolas x —2z? and z--2z?. The apex of the parabola x — 22? is at the point 
x = 1/4. Consider 0 < 6 < 1/4 and 6; = à < 6. Let us find a point xı such that f(x) = zı — 222 
and xı < 04. From the first condition, sin x = —], that gives x, = oe k € N, and the second 
condition imposes restriction on k : 2k — 1/2 > 1/6, that is, k > 1/4 + 1/26. Let us choose some 
fixed kı, which satisfies the last condition, and the corresponding zı = r € (0,01) € (0,8). 


Note that the functional value at the auxiliary point z2 = is larger than at xı : a little 


calculation shows that f(r2) — f(r1) > 0. 
Consider one more point z3 = (aH yee < x, < 1/4. Since 2z — 2? is increasing on (0, $), 
it follows that f(a3) < f(xı). Hence, we have the three points 73 < £2 < x, < 6 such that 
f(za) < f(zxi) < f(x2). Applying the Intermediate Value Theorem to the continuous function f 
on the interval [z3, £2], we conclude that for all A such that f(x3) < A < f(x2), in particular, for 
A = f(z1), there exists a point x4 € [x3, £2] at which f(r4A) = A = f(z1). Thus, f takes the same 
value f(r4)-— f(x1) at two different points of the interval (0,5), that is, f is not injective on (0, ô). 
Since it holds for all 6 > 0, the function f is not one-to-one in any neighborhood of zy = 0 and an 
inverse does not exist in a neighborhood of the origin. 

Remark: This false statement is a weakened version of the Inverse Function Theorem where the 
condition of the continuity of the derivative is replaced by the weaker condition of its boundedness. 
In fact, the derivative of f is discontinuous at 0: for £n = lr — 0 as n — œ, one has f'(x4,) = 
142234212 f'(0). 


1 
2kın+r/2 
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7.7.130 Problem. If both functions f and g are differentiable on IR and f(x) > g(x) on R, then 
there exists at least one point in R where f'(x) > g'(x). True or false? 


7.7.130.1 Solution. Evidently, the functions f(x) 
and f(x) > g(x) on R, but f'(z) 2 -e7? «e * = g'(x) on R. 


7.7.131 Problem. If a function is differentiable and monotone on R, then its derivative is also 
monotone on R. True or false? 


7.7.131.1 Solution. The function f(x) = 2x + sinx is differentiable and strictly increasing on 
R (f'(x) 2 2-- cosx > 0,x € R), but its derivative is not monotone on R. 


Remark: The following variation of the statement is also false: if a function is differentiable 
and non-monotone on R then its derivative is also non-monotone on R. It can be disproved by the 


counterexample f(x) = x. 


7.7.132 Problem. If f is differentiable on [a,b] then f’ is bounded on [a,b]. True or false? 


7.7.132.1 Solution. Consider the function f defined by 


2an 1 if 
f(x) = VOL : Pal has the derivative 
0 ifx=0 


ra= 2z sin + — 2 cos 4 EEEN 
0 if z = 0. 
However, f is unbounded on [—1, 1], because lim,_,9 2x sin E = 0, 


and for x, = Ja k € N, it follows 


2 1 
lim — cos 7; = lim 2v 2kr cos 2km = oo, 
Zk—0 Tk Tk k—oo 


so lim;,.,o f'(zx) = —ooc. 


7.7.133 Problem. “If f is continuous on [a,b], has a tangent line at each point of its graph on 
(a,b) and f(a) = f(b), then at least one of these tangent lines is horizontal. True or false? 


7.7.133.1 Solution. The function f(x) = Vx? is continuous on [—a, a], a > 0, satisfies the condition 
f(—a) = f(a), and has the derivative f'(x) = EKZ # 0 for every x # 0. Therefore, a tangent line 
at any point (x, f(x)),x € [a,0) U (0,a], exists, but it is not horizontal. At the point x = 0 the 
derivative does not exist, since lim; ,0 ae = oo, but the tangent line at this point exists, although 
it is vertical and not horizontal. 

Remark: This statement is a wrong and weaken geometric version of Rolle’s theorem: if f is 
continuous on [a,b], differentiable on (a,b) and f(a) = f(b) then there is a point c € (a,b) such that 
f'(c) = 0. (It implies that the tangent line at the point (c, f(c)) is horizontal.) 


7.7.134 Problem. If f is bounded on [a, 0], differentiable on (a,b) and f(a) = f(b) = 0, then its 
derivative is zero at some point in (a,b). True or false? 
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7.7.134.1 Solution. The function f(x) = x — [a] is bounded on [0,1], differentiable on (0,1) 
(f(x) = x on (0,1)) and f(0) = f(1) = 0, but f'(x) = 1 for every x c (0, 1). 
Remark This is a wrong version of Rolle's theorem with dropped condition of the continuity of f 
on [a,b]. 


7.7.135 Problem. If f is continuous on [a,b] and differentiable on (a,b), then for any c € (a,b) 
there are two points £1, £2 € (a,b) such that 


f'(c) = f (x2) = f (x1) s 


T2 — Tı 
True or false? 


7.7.135.1 Solution. The function f(x) = z? is continuous on [—1, 1] and differentiable on (—1, 1). 
However, for c = 0 there is no pair z1, £2 € (—1,1) such that f'(0) = S because f(x) = a? 
is strictly increasing on [—1, 1]. 

Remark 1: This is a wrong formulation of the Mean Value theorem. 

Remark 2: The above statement can be also considered as a wrong extension of the following 
theorem: if f is convex on [a,b] and differentiable on (a,b), then for any c € (a,b) there are two 
points 21,22 € (a,b) such that f'(c) = /&2-/G0. 


12—21 


7.7.136 Problem. If a function f is differentiable on (a,b) and f’ is unbounded on (a,b), then f 
is also unbounded on (a,b). True or false? 


7.7.136.1 Solution. The function f(x) = 4/z is differentiable on (0,1) and its derivative f'(x) = 
nz is unbounded on (0, 1). 

Remark: This is the false converse to the following correct statement: 
if a function f is differentiable on a bounded interval (a,b) and f is unbounded on (a, b), then f’ is 
also unbounded on (a, b). If (a,b) is unbounded, then the last statement is false. The corresponding 


counterexample is: f(x) — x on R. 


7.7.137 Problem. If a function f is differentiable on a finite interval (a,b) and 
limy+a+ f(x) = oo, then lim; ,44. f'(x) = oo. True or false? 


7.7.137.1 Solution. The function f(x) = 4++cos 1 is differentiable on (0,1) and However lim, ,9,. f(x) = 


oo, the derivative f'(x) = -$ + d sinl does not have a limit (finite or infinite) when x ap- 
proaches 0. Indeed, for x, = 2/(4n + 1)z,n € N we have lim,, 04 f'(x) = limp. 0 = 0, but for 
Ln = 2/(4n — 1)m,n € Nt follows that lim,, 504 f’ (£n) = lima sss (-2 = —oo. 


7.7.138 Problem. If f is differentiable on (a,oo) and both the function and its derivative are 
bounded on (a, oo), then the existence of limz-,.. f(x) implies the existence of lim;-... f’(x), and 
vice-versa. True or false? 


7.7.138.1 Solution. First, consider the function f defined by f(x) = Sas on (1,00). Since 


snz*| < 1 for y > 1 it follows that lim, ,,, 922^ sing” has 


sin x 


= 0. However, f'(x) = 2cosz? — 


no limit at infinity. It is sufficient to compare two partial limits: the first corresponding to the 
sequence £n = V2nm, n € N gives 


lim f'(£n) m f'(vV2nr)=2 


= li 
Ln —> 0 n— oo 
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and the second related to yn = VT + 2n7, n e N 
lim f'(y4,) = lim f'(Vs +2nr) = -2 
Yn noo 


Since two partial limits are different, the limit lim; 44. f'(x) does not exist. 

Second, consider f(x) = cos(Inz) on (1,00). The derivative f'(x) = —sin(ns) has zero limit at 
infinity. However, the function has no limit at infinity, since for the partial limit with the sequencess 
En = e?" Yn = 67177. n € N we have 


f(@n) > 1, flyn) > —1 as n — oo 


Hence limgz—oo f(x) does not exist. 


7.7.139 Problem. If f'(z) 2 0 on a set S then f(x)=const on this set. True or false? 


2, ifz € (1,2) 
7.7.139.1 Solution. Let f(x) = . 
3, ifz € (2,3). 


Remark: The statement will be correct if the set S is connected (that is, $ is an interval). 


where $ = (1,2) U (2,3). 


7.7.140 Problem. If f is strictly increasing and differentiable on (a,b), then f'(x) > 0 on (a,b). 
True or false? 


7.7.140.1 Solution. The function f(x) = 2° is strictly increasing and differentiable on (—1, 1), but 
f'(0) = 0. 
Remark 1: This is the wrong converse to the following statement: if f'(x) > 0 on (a,b), then f(x) 
is strictly increasing on (a,b). This is also the wrong extension of the statement: if f is increasing 
and differentiable on (a,b), then f'(x) > 0 on (a,b). 


7.7.141 Problem. If f'(c) > 0, then f is increasing in a neighborhood of the point c. True or false? 


r-2z?sinl ifr 40 


7T.7.141.1 Solution. The function f(x) = is differentiable at every real 


0 ifz-—0 
14+ 42 sin + —2 EXE 0 
point, and its derivative is f'(x) — i P ae CoS g a * D and f'(0) = 1 > 0. However, 
if z = 


in every neighborhood of zero f'(x) has both positive and negative values: for the points £k = 
ance s € Z we obtain f'(x) = 14 cie 0; while for the points £n = 5+, n € ZV {0}, we 
obtain f’(z,) = 1— 2 < 0. It means that f cannot be increasing in any neighborhood of the point 
c — 0. 
Remark: If one adds the condition of continuity of f'(x) at the point c, then the statement becomes 
true. 


7.7.142 Problem. If f'(c) = 0, then the point c is a local extremum of the function f. True or 
false? 


7.7.142.1 Solution. The function f(x) = x? is differentiable at any real point and f'(0) = 0, but 
c = 0 is not a local extremum, because f(x) = x? is a strictly increasing function on R. 


7.7.143 Problem. If c is a local extremum of f, then f'(c) = 0. True or false? 
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7.7.143.1 Solution. The function f(x) = |x| is not differentiable at c = 0, but this point is a local 
(and global) minimum of this function. 
Remark: This example is a wrong modification of the necessary condition for a local extremum: if 
f is differentiable at a point c and c is a local extremum, then f’(c) = 0. 


7.7.144 Problem. If c is a local extremum of f and f is twice differentiable at c, then f"(c) 4 0. 
True or false? 


7.7.144.1 Solution. The function f(x) = z* is twice differentiable at c = 0 and the origin is a local 
(and global) minimum of this function, but f"(0) — 0. 
Remark: This is the false converse to the Second Derivative test: if f is twice differentiable at a 
stationary point c and f"(c) Z 0, then c is a local extremum of f. 


7.7.145 Problem. If the derivative f' is defined in a neighborhood of a point c, and it does not 
change the sign passing through this point, then c is not a local extremum. True or false? 


2x? +x? cos} ifz £0 
0 if z = 0. 
at every real point. In fact, for any x Z 0 the derivative can be calculated by using the arithmetic 
and chain rules: f'(x) = 4x + 2 cos + + sin 4. For x = 0 applying the definition we obtain 


7.7.145.1 Solution. The function f defined by f(x) = is differentiable 


2x? + x? cos i 
f'(0) = lim — 0x 
z—0 x 


1 
= lim (20 + £ cos =) = 0. 
z—0 x 


Hence, 


1, _ |4e+2ecosi+sin+ ifa 40 
f(x) = : 
0 ifa =0. 


Now, using the sequences (£n), (Yn) defined by £n = nein Yn = acd Z, we obtain 


8 
+1>0, flyn) ec—— LT 


fs) = (4n — 1)x 


(4n + 1)x 
Note that in any neighborhood of the point c=0 there exist both points £n and yn (for n sufficiently 
large), that is, in any neighborhood of zero there are both positive and negative values of f'(x). 
Therefore, the derivative does not preserve the sign in one-sided neighborhoods of zero, so f" does 
not change its sign passing through the point c — 0. On the other hand, the following evaluation is 
satisfied: f(a) = 2a? + x? cos 1 > 0 = f(0). Therefore, by the definition, c = 0 is a strict local (and 
global) minimum of f. 


7.7.146 Problem. If f is strictly concave upward and twice differentiable on (a,b), then f"(x) > 0 
on (a, b). 'True or false? 


7.7.146.1 Solution. The function f(x) = 2+ is strictly concave upward and twice differentiable on 
(—1,1), but f"(0) — 0. 
Remark: This is the wrong converse to the following statement: if f"(x) > 0 on (a,b), then f is 
strictly concave upward on (a, b). This is also the wrong extension of the statement: if f is concave 
upward and twice differentiable on (a,b), then f"(x) > 0 on (a,b). 


512 CHAPTER 7. DIFFERENTIABLITY 


7.7.147 Problem. If f is twice differentiable in a neighborhood of a point c and f"(c) = 0, then 
the point c is a point of inflection. True or false? 


7.7.147.1 Solution. The function f(x) = x^ is twice differentiable on R and f"(0) = 0, but c = 0 
is not a point of inflection, since f is concave upward on R (f"(x) = 1227 > 0 V x #0). 


7.7.148 Problem. If c is a point of inflection of f, then f"(c) = 0. True or false? 


7.7.148.1 Solution. The function f defined by 


—z? ifa 
ia- L7 «0 


x ifx>0 


is not twice differentiable at c = 0. (f"(x) = —2, V x < 0, f” (x) = 122? V x > 0, so lim, 49_ f” (x) = 
—2 £0 = lim; 504 f"(x)), but this point is a point inflection for f, because the function has a 
downward concavity at negative points (f"(r) = —2 < 0 V x < 0) and an upward concavity at 
positive points (f"(x) = 12x? > 0V x > 0). 
Remark: Each of these Examples is the wrong converse to the necessary condition of a point 
inflection: if f is twice differentiable at a point c and the point c is a point inflection, then f"(c) = 0. 


7.7.149 Problem. If f is continuous on (a,b) and is not differentiable at a point c € (a,b), then c 
is not a point inflection of the graph of f. True or false? 


7.7.149.1 Solution. The function f defined by 


eta ifz<0 
fen et ife >0 


is continuous on R and does not have a derivative at c = 0, since the one-sided derivatives are 
different: 
/ mn AO, Ce T 
f'(0O—) = lim as ae um (a +1)=1 


x—>0— dq — 


/ : fi) — 09) : 
PIE MU mU. es RU 
At the same time, f"(x) = 2 for x < 0, and f"(x) = —2 for x > 0, that is, the function is concave 
upward on (—oo,0) and downward on (0,00). Therefore, c = 0 is a point inflection. 
Remark: Let us consider the statement with the opposite conclusion: if f is continuous on (a, b) 
and is not differentiable at a point c € (a,b), then c is an inflection point of the graph of f. This 
statement is also false and a simple counterexample is 


ia- [2 ifz«0 


z?—my ife>0 
at c— O0. 


7.7.150 Problem. "If y = cis a tangent line to the graph of f then y = c cannot be an asymptote 
to the same graph. True or false? 
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7.7.150.1 Solution. The function f defined by 


sinzrz ifa<1 
wey = 8 ifír1 


) — 0, and the same line is the 


has the tangent line y = 1 at the point z = Z, since f’ (i 
horizontal asymptote, because lim, 55 f(x) = lim; o5 = =f; 
Remark 1: The statement is also false for vertical tangents and asymptotes. A simple counterex- 


= if 0 
ample is f(x) = V E : ij at the point x = 0. 


Remark 2: The statement is true for vertical tangents and asymptotes of continuous functions. 


7.7.151 Problem. The graph of a function cannot cross or touch its asymptote. True or false? 


7.7.151.1 Solution. The function f(x) = $= has the horizontal asymptote y = 0 (since lim... f(x) = 
lim; ,4, 92? = 0) and the graph of f crosses this asymptote infinitely many times at the points 
Ln — nm,n € N. Another function f(x) = e *(1— cosx) has the horizontal asymptote y = 0 (since 
lims f(x) = lim, 5, € *(1— cosx) = 0) and the graph of f touches this asymptote infinitely 
many times at the points £n = 2n7, n € N (at all these points, y = 0 is the tangent line to the 


graph of f). 


7.7.152 Problem. If f and g are continuous in a neighborhood of a point a, and g(a) = 0, then 
the function H has a vertical asymptote at the point a. True or false? 


7.7.152.1 Solution. Although the functions f(x) = sinz and g(x) = x are continuous on R, and 
g(x) — x equals 0 at the point z — 0, the function h(x) — ze = 574 has a finite limit at 0. Hence, 


h(x) has no asymptote at x = 0. 
Remark: The statement becomes true under the additional condition that f(a) 4 0. Notice, 
however, that without the continuity of f and g, the last condition does not guarantee the existence 
of a vertical asymptote. A simple counterexample is: 


r1, ifr#0 
— + 1, — 
fla) = a Lg) n PEE 
which at the point x = 0 gives lim; ,55 ze = lim. +60 ett Li. 


7.7.153 Problem. If y = Ax 4- B is a slant asymptote to f, then the slope of the graph of f 
approaches A, as x approaches infinity. True or false? 


7.7.153.1 Solution. The function f(x) = ome has the horizontal asymptote y = 0, since 0 < 
sin a? 3 

zx 
infinity, because the second term tends to 0 (just like the function f), but the first term is unbounded 
at infinity: if one chooses £n = V2n7, n € N, then limg, ;,5, 3r, cosz? = limy, 5. 3V2nm = 
oo. 


Remark: To obtain a slant asymptote with non-zero slope, just use a similar function f(x) = 


s 3 
sin x 


. H H B 3 
< 4+ > 0 as z — oo. However, its derivative f'(x) = 32 cos z’ — Sz does not approach 0 at 


= [e| 
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7.7.154 Problem. If f and g are differentiable in a deleted neighborhood of a point c, g'(x) Æ 0 in 


this neighborhood and lim,_,,. 5 exists, then 


True or false? 


7.7.154.1 Solution. The functions f(x) = x +2 and g(x) = x + 1 are differentiable on IR, and 
g(x) =140o0nR. However, lim,_,, on = 2 , while lim,_,, D IL 
Remark 1. It happens because the important condition lim,_,. f(z) = lim, ,« g(x) = 0 in L’Hospital’s 
rule is missing here. 

Remark 2. For an indeterminate form % a similar false modification of L'Hospital's rule can be 
constructed and the same functions f(x) and g(x) can be used for a counterexample. 

Remark 3. For both indeterminate forms 3 and Æ the point c can also be infinite. For instance, 
for the latter form the following counterexample can be given: if f(x) = 3— 4 and g(x) = 1— 1 


on (0,00), then f(x) = 4,9(z) = d 7 0. It happens because lim; LL =3Z40=lim +n noe 
It happens because the important condition lim, +. f(x) = limz-.. g(x) = oo L’Hospital’s rule is 


missing here. 


V 


Ww HS 


7.7.155 Problem. If f and g are differentiable in a deleted neighborhood of a point c, g'(x) Æ 0 in 
this neighborhood and lim, ,. f(x) = lim; ,. g(a) = 0, then 


lim F(a) = lim f) 


LC g(x) zc g'(x) i 
True or false? 


7.7.155.1 Solution. The functions f(x) = z?cosl and g(x) = sinz are differentiable in R V 


{0}, g'(x) = cosx z 0 in (—1,1) and lim,_,9 £? cos à = lim, ,osinz = 0 (for the first limit we 


can apply the evaluation ae cos i| < z?. Nevertheless, limo ze # limz-+9 Í fu . In fact, since 


lims.,0 a7. = 1 and lim; ,ocos 4 — 0, we can calculate the original limit just applying the 
arithmetic rules: 


2 1 
d £^ COS = x 1 
jig aera — = lim ——-2cos— = 0 
z0 g(x) 20 sing «0 sin z x 
At the same time, 
f'(x) is 2x cos 1 + sini 
230 g'(x)  z—0 cos x 


does not exist. 


7.7.4 Remark. This statement is a wrongly weakened version of L'Hospital's rule for an indeter- 


minate form 3 where the condition of the existence of limpo d d (finite or infinite) is omitted. 


7.7.156 Problem. Let the function f be defined as follows 


xsin i, ifücztzl 
f(z) = t ies. 
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1. Show that f is not Lipschitz on any interval (0,6), but it is Lipschitz on any (6,1), if 6 > 0. 
. Show that f’(0) does not exist. 
. Show that f is continuous on [0,1]. 


. Show directly that f is uniformly continuous on [0,1]. 


o Fe WwW N 


. Given x € [0, 1], show that there is a constant K > 0 such that if y € [0, 1], then | f(x) — f(y)| € 
K|x — y| (we say that f is pointwise Lipschitz on [0,1].) 


7.7.156.1 Solution. 
1. For z Z 0, we have 


1 1 

f'(x) =sin— — — sin +, 

LF Hee 
and this function is bounded on any (6,1). Use then the Mean Value Theorem to see that 
f is Lipschitz on [0,1]. Note that f’ is not bounded on any interval (0,0) (consider h, = 


(1/2 + 2nmr)~' and kn = (2n7)~*), so f cannot be Lipschitz there (use the definition of the 
derivative). 


does not exist. 


3. f is continuous (from the right) at 0: Indeed, given € > 0 put 6 = e. If |z| < ô, then 
| f(x)| € |x| € e. The function f is continuous at any nonzero point as it has a derivative there 
(see (1) above). 


4. Let € > 0 be given. Since f is Lipschitz and thus uniformly continuous on [e, 1], choose 
ô > 0 such that |f(z) — f(y)| < € whenever x,y € [e, 1] are such that |x — y| € 6. Note that 
f(x) — f(y)| € IF| + |f(y)| € 2e if x,y € [0,e]. If x € [0, e] and y € [e 1], let z be in 
the segment |x, y] with z = e. Then |f (x) — f(y)| € |f(z) — f(z)| + |.f(z) — f(y)| € 3e. Thus, 
altogether, | f(a) — f(y)| € 3e whenever x, y € [0,1] are such that |x — y| € ô. 


5. First, if x = 0,|f(y) — f(0)| 2 |f(y)| € 1, so we can take K = 1. Let x € (0,1]. Since f is K- 
Lipschitz on [x/2, 1] by 1, we have |f(z) — f(y)| € K|x — y| whenever y € [z/2, 1]. Let L > 4/z. 
If y € (0, 2/2], then |æ — y| > 2/2. Thus |f(y) — f@)| < 1/9 +f) < 2 < Lz2 < Lis — y. 
Therefore, for any x € [0,1], there is a constant C > 0 such that |f(z) — f(y)| € C|x — y| (take 
C = max(K, L]). 


7.7.157 Problem. Assume that a real-valued function f is bounded on an interval J , and that it 
has a (finite) derivative at some point a € I. Then f is Lipschitz at a. 

7.7.157.1 Solution. Hint. Assume that lim; ,, f(a) fa) = L. Then, there is 6 > 0 such that 
|f/(z) — f(a)| € (IL| + 1)|a — a| whenever x € I,|x — a| < 6. Let a constant D > 0 be such 
that |f(z)| < D for each x € I. Let a > 0 be such that D < ad. Then, if |z — a| > 6 we get 
f(x) — f(a)| € 2D < 2aó € 2o|x — a|. Therefore, max(|L| + 1,2a} can be used to see that f is 
Lipschitz at a. 
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7.7.158 Problem. Show that the function 
z?sinl, ifz 40 
a ifz-0 
is pointwise Lipschitz but not Lipschitz on [0,1]. 


7.7.158.1 Solution. Hint. f(x) exists as a real number at each x € [0,1] (at 0, note that 
lim5.,9 z sin E = 0. Thus, one can see that f is pointwise Lipschitz on [0,1]. If z 4 0, then 


which is not a bounded function on (0,1]. Thus, f cannot be Lipschitz on [0,1]. The function f is 
used to give an example of a function having a derivative not Riemann integrable. 


7.7.159 Problem. Assume that f and g are two bounded real-valued Lipschitz functions on a 
general interval J. Show that fg is a Lipschitz function on I. 


7.7.159.1 Solution. Hint. 
|f (x)g(x) — FI) = IG) — f(u))g(x) + f(v)(g(x)9(v)) 
< f(x) — FYI -la(@)| + |f Q)l-19(2) — gly). 


7.7.160 Problem. Let f : R — R be a twice differentiable function. Suppose f(0) = 0. Prove that 
there exists £ € (—7/7/2) such that 


f^ (&) = F(E + 2 tan? £). 


7.7.160.1 Solution. Let g(x) = f(x) cosx. Since g(7/2) = g(0) = g(7/2) = 0; by Rolle's theorem 
there exist some £1 € (—7/2,0) and £» € (0,7/2) such that 


g'(&) = g' (£2) = 0. 


Now consider the function 


_ g(x) _ f(x) cosx — f(z)sinz 
h(x) = ante come an ] 


We have h(£1) = h(£2) = 0; so by Rolle’s theorem there exist € € (£1, £2) for which 


g" (E) cos? € + 2cos£ sin £g'(£) 


um cos? £ 
_ (f"(€) cos€ — 2f'(£) sin€ — f(£) cos£) + 2sin (f'(£) cos€ — f(E) sin£) 
7 cos? £ 
_ f'(&)cos?£ — f(£)(co? £ -2sin?£€) — 1 ^ 
E cos? £ = sx VO- FE) + tan”). 


This gives the desired equality. 


7.7.161 Problem. Let f : [a,b] —^ R be continuous on [a,b] and differentiable on (a,b). Suppose 
that f has infinitely many zeros, but there is no x € (a,b) with f(x) = f'(x) = 0. 
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1. Prove that f(a) f(b) = 0. 
2. Give an example of such a function on [0,1]. 


7.7.161.1 Solution. 


1. Choose a convergent sequence (£n) of zeros of f(x) and let c = lima, € [a,b]. By the 
continuity of f we obtain f(c) = 0. We want to show that either c = a or c= b, so f(a) = 0 or 
f(b) = 0; then the statement follows. If c was an interior point then we would have f(c) = 0 
and f'(c) = lim, £ (a) Fi) = P — 0 simultaneously, contradicting the conditions. Hence, 
c—aorcc- b. 


2. Let 


rsini if0<a<1 
ia- T ifz — 0. 


This function has zeros at the points 1/kz for k = 0,1,2, ..., and it is continuous at 0 as well. 
In (0,1) we have 


1 1 
f'(x) = sin — — — cos — 
x £ T 


Since sin 4 and cos + cannot vanish at the same point, we have either f(x) Z 0 or f'(x) #0 
everywhere in (0,1). 


7.7.162 Problem. Let f,g : R — R be continuous functions such that g is differentiable. Assume 
that (f(0) — g'(0)) (g'(1) — f(1)) > 0. Show that there exists a point c € (0,1) such that f(c) = g'(c). 


7.7.162.1 Solution. Since every continuous function has an antiderivative such that P'(z) = f(x), 
so let h(a) = F(x)— g(a). By the continuouity of f we have F’ = f, so h/ = f — g'. The assumption 
can be rewritten as ^'(0) (—h’(1)) > 0, so h’(0) and h’(1) have opposite signs. Then, by the Mean 
Value Theorem For derivatives (Darboux property of derivatives) it follows that there is a point c 
between 0 and 1 where h’(c) = 0, so f(c) = g'(c). 


7.7.163 Problem. Let f € C1(a,b),limy+a+4 f(x) = œ, lims- f(x) = —oo and f'(z) + f?(x) > 
—1 for x € (a,b). Prove that b — a > 7 and give an example where b — a = m. 


7.7.163.1 Solution. From the inequality we get, 


x) = Fe) 
-L+ f*(a) 


d 
UA (tan! f(x) 4 +1>0 


for x € (a,b). Thus tan~! f(x) + is non-decreasing in the interval and using the limits we get 


P vous on 
p am 


Hence 0 — a > m. Consider the function f(x) = cot x,a =0,b = m. 
7.7.164 Problem. Prove or disprove the following statements: 


1. There exists a monotone function f : [0,1] — [0,1] such that for each y € [0,1] the equation 
f(x) = y has uncountably many solutions z. 
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2. There exists a continuously differentiable function f : [0,1] — [0,1] such that for each y € [0, 1] 
the equation f(x) = y has uncountably many solutions z. 


7.7.164.1 Solution. 


1. It does not exist. For each y the set {x;y = f(x)} is either empty or consists of 1 point or is 
an interval. These sets are pairwise disjoint, so there are at most countably many of the third 


type. 


2. Let f be such a map. Then for each value y of this map there is an xo such that y = f(x) and 
f'(x) = 0, because an uncountable set {x;y = f(x)] contains an accumulation point xo and 
clearly f'(zxo) = 0. For every e > 0 and every xo such that f'(ro) = 0 there exists an open 
interval Is, such that if x € Is, then |f'(x)| < e. The union of all these intervals Is, may be 
written as a union of pairwise disjoint open intervals Jp. The image of each J, is an interval 
(or a point) of length less than e.length(J;,) due to Lagrange Mean Value Theorem. Thus the 
image of the interval [0,1] may be covered with the intervals such that the sum of their lengths 
is le — e. This is not possible for e « 1. 


7.7.165 Problem. Let f : IR — R be differentiable at x = a. Prove that 


s(a >) ZIC | =) an + f (a+ 5) - nf() 
=|; (« | 5) fla) ! Huc 5) f) t+ [F GESEROP 


Now, divide and multiply each term by E then after adding take the limit n — oo. 


7.8 Additional Exercises on Chapter 7. 
7.8.1 Exercise. Find the number of real solutions of the following equation 
g'8 + e* + 527 — 2cosz = 0. 
7.8.2 Exercise. Verify if the following statement is true: if for some fixed 2, f'(x) = A. Then 


Tm f(x + 2h) + f(x) — 2f(x — h) APT 
h—0 4h 


What about the converse statement? Provide a counterexample to the false statement. 
Formulate similar statements for 


E Af (x +h) — 3f(x) — f(x + 2h) 


=A 
h-0 2h 


in the form of counterexample? 
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7.8.3 Exercise. Verify if the following statement is true: if for some fixed a, f” (x) = A. Then 


i f(x + 2h) — 2f (xz +h) + f(x) 
EY 4h 


What about the converse statement? Provide a counterexample to the false statement. 
Formulate similar statements for 
f(z £28) - fle+h)-f@)+f@-h) L, 


n 2h? = 


— A. 


in the form of counterexample? 


7.8.4 Exercise. Provide a counterexample to the following statement: if f'(x) exists and is bounded 

on (a,b), then f'(x) cannot have infinitely many points of discontinuity. 

Hint: Consider the function f on (—1,1) defined by 
z?^g,(—z), if2e ( 

f(x) = 10, if =0 


z?g.(zx), ifxe 


where 


7.8.5 Exercise. It is well-known that the derivative of a differentiable periodic function is also 
periodic with the same period. Show that the converse is false. Formulate the result as a counterex- 
ample. 


7.8.6 Exercise. Provide a counterexample to the statement “if f is differentiable and periodic with 
a fundamental period T, then f'(x) is also periodic with the fundamental period T". 


7.8.7 Exercise. Give a counterexample to the statement: “if f is differentiable on an interval, then 
it is uniformly continuous on the same interval”. What about the converse? Consider separately 
open and closed intervals. 


7.8.8 Exercise. It is well-known that a function f that has a bounded derivative on a (finite or 
infinite) interval is uniformly continuous on that interval. Show that the uniform continuity and 
differentiability on an interval do not guarantee boundedness of derivative. (Hint: take f(x) = Vx 
on (0,1).) 


7.8.9 Exercise. Recall that a function f is Lipschitz-continuous on an interval J if there exists a 
constant C > 0 such that | f(x) — f(y)| € Cla — y| V z, y € I. Show that Lipschitz-continuity does 
not imply differentibility. What about the converse? What if f is infinitely differentiable on I? 


7.8.10 Exercise. There are two apparently natural and similar definitions of a increasing at a 
point a function. The first says that f is increasing at a point a if there exists a neighborhood of a 
where f is increasing; and the second determines that f is increasing at a point a if there exists a 
neighborhood of a such that f(x) € f(a) Vx < a and f(x) > f(a) V x > a. (Analogous definitions 
can be specified for a strictly increasing function.) Show that these definitions are not equivalent. 
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7.8.11 Exercise. The theorem states that if limz,. f(x) = A and limz_,~(f(x) — zf'(x)) = B, 
then y = Ax + B is a slant asymptote of f. Show that the converse is not true. 


7.8.12 Exercise. Show that if f : (a,b) — R has a local minimum at c € (a,b), and if f is twice 
differentiable at c, then f"(c) > 0. 
Suppose that F satisfies the differential equation 


F" (x) + F'(z)g(z) - F(a) 20 
for some function g. Prove that if F is 0 at two points, then F is 0 on the interval between them. 


7.8.13 Exercise. Assume next that f"(x) exists for every x € [a,b], and prove that f is convex if 
and only if for all x € [a,b]. 


7.8.14 Exercise. Let 


1. Find f/ (a) for x z 0. 
2. Find f'(0) using the definition of derivative for a > 1. 
3. Find f’(0) using the definition of derivative for a < 1. 


4. Does lim,.,o f'(x) = f'(0)? 


7.8.15 Exercise. Let f : [a, oo) — R and f’ exists in (a, oo) and lim; 455 f(x) is finite. Prove that 
J a sequence (£,) in [a, oo) such that lim, ,55 En = oo and limpo f'(£,) = 0. 


7.8.16 Exercise. Let f : [a,b] — R be continuous and f" exists in (a,b) and f(a) = f(b) = 0, 
prove that if f(c) > 0 for some c € (a,b) then 3£ € (a,b) such that f"(£) < 0. 


7.8.17 Exercise. Prove that if M is any real number, f is a real valued continuous function on 
[a,b] which has a derivative f'(x) < M at each x € (a,b), and f(b) — f(a) = M(b — a), then 
f(x) = f(a) + M(b — a) V x € [a,b]. 


7.8.18 Exercise. The real-valued functions f,g have domain R, satisfy the condition that f(x) « 
g(x) V x € R, and have derivatives f'(x), g'(x) at each x € R. Is it true that f'(x) < g'(x) V x? 


7.8.19 Exercise. The real-valued functions f and its first derivative f’ are continuous on the 
interval [0, oo), and has positive derivative at each interior point of the interval. Prove that 


1. if lim; o, (xf'(x) — f(x)} € 0, then the function x — f(x)/x is strictly decreasing on (0,00). 
2. if f'(0) € 0, then the function z > f(x)/x is strictly increasing on (0,00). 


if 
3. if f" (0) = 0, then the function z > Pla) fa : vU is strictly increasing on [0, oc). 
f'(0) ifz=0 


7.8.20 Exercise. The function f has a derivative at each point of (a, oc), and 
lim; 00 f'(x) = oo. Prove that lim,_,..(f(x)/x) = oo. 
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7.8.21 Exercise. The function f has a third derivative at zo and 


ai U Gro +A) — fao — 8)) = F(a) 


for all sufficiently small positive h. Prove that f" (xo) = 0. The function g has domain R and has a 
third derivative at x € R. Prove that the relation 


g(b) — g(a) = (b — a)g' (5 = J 


holds for all real a, b iff g is quadratic. 


7.8.22 Exercise. The function f is given by f(x) = x — sin x. Prove that f has an inverse f^, 


and show that 4 
"OON. 
y—0 VV 


7.8.23 Exercise. The function f is defined on some nbhd. of xo, and has the property that there 
exists numbers 04,02, ...., 9 such that 


s f(x) — f(xo) — a(x — zo) — ... — An (£ — zo)” zi. 
1— uo (a — x)” 


for all n > 2. Prove that f has a first derivative at zo equal to o4, and that for m = 2,3, ...,n 


jut 


Am = lim f(x) — f(@o) — a1 (2 — zo) — + = Am-1 (2 — o 
TOS pe ae (x — xg)" 


so that the Am are uniq 1ely determined). Does the condition imply that has a second derivative 
at xo? 


7.8.24 Exercise. The real-valued functions f which has a third derivative f" at xo, let f'(xo) = 0 
and f" (xo) Z 0, and let ¢(x) = f(x) — f(xo) — (x — xo)/'(xo). Prove that 3 ô > 0 such that either 
$(r) has the same sign as x — xo whenever 0 < |x — zo| < 6 or ó(x) has the opposite sign as x — zo 
whenever 0 < |x — zo| < ô. (This result implies that the curve with the equation y = f(a) crosses 
its tangent line at zo, i.e. that xo is the point of inflexion of the curve.) 


7.8.25 Exercise. The real-valued functions g has a non-zero derivative at each point of an interval 
I. Prove that g is monotonic on J. Hence show that if f is continuous on the interval [a, oo) and has 
a derivative at each interior point of this interval and if f(a) = lim; ,55 f(x), then 3 £ € (a, oc) such 
that f'(£) = 0. 


7.8.26 Exercise. The real-valued functions f has a derivative at each point of an interval [a,b], 
and f'(a) = f'(b). Prove that 3 £ € (a,b) such that 


[In geometric terms this result states that 3 £ € (a,b) such that the tangent line at € passes through 


(a, f (a))-] 
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7.8.27 Exercise. Let f,g : [a,b] — R be continuous and f’,g’ exist in (a,b), then prove that 
JE € (a,b) such that 


(f(b) — f(a))g'(&) = (g) — g(a) f (5). 


7.8.28 Exercise. The real-valued functions f, g have domain [a, b] satisfy the condition that f'(x) € 
g'(x) V x € R, and have derivatives f'(x), g'(x) at each x € [a, t], 


|f (6) — f(a)] € g(b) — g(a). 


7.8.29 Exercise. Let f : [a,b] —^ R be continuous and f’, f" exists in (a,b) and let a < c < b. By 
considering the function F given by 


F(x) = f(z) - a — Bx — yo", 


then prove that € € (a,b) such that 


1 a f(a) la d 1 
1 e fa e e|-ire. 
1 b f) 106 e 
and deduce that 
C—a 1 "n 
Fo) = ta- (E) FO = f) = -56- ote- art 


7.8.30 Exercise. Prove that if f is odd, then f’ is even, and if f is even, then f’ is odd. Can f" 
be odd or even when f is neither odd or even? 


7.8.31 Exercise. Prove that if f is periodic, then f’ is periodic, and if f has a period p, then is it 
necessary that f' has a period u? 


7.8.32 Exercise. If f is convex on an interval J and a is any non-negative real number, then af 
is convex on J, and that if f, g are convex on J, so is f + g. Prove also that if (fn) is a sequence of 
functions each convex on I and lim, 5, fn(%) = f(x) for each x € I, then f is convex on I. 


7.8.33 Exercise. Prove also that if (f; o € A} is a family of functions each convex on I and such 
that the set (f4;o € A} is bounded above for each x € J, then the function x — supye, fa(x) is 
convex on I. 


7.8.34 Exercise. Let f be increasing and convex on J and g be a function convex on an interval J 
such that g(J) C I. Prove that f o g is convex on J. Deduce that for a function h, if log h is convex 
on an interval J, then h is convex on J. 


7.8.35 Exercise. Prove that if f is convex on J and has a derivative at an interior point xo of J, 
then for all x € I, we have 


f(x) > f (o) + (x — zo) f’ (xo). 
[The inequality states that the graph of f lies above the tangent line to this graph at zo.] 


7.8.36 Exercise. The real-valued function f has the domain [a,b] satisfies the condition that 
f(x) > 0 V x € I, and the derivative f”(x) exists at each x € [a,b], Prove that log f is convex on 
[a,b] iff f(a)f" (v) > (f'(z))? V x € [a,b]. 
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7.8.37 Exercise. Suppose that f : R > R is convex, f(5) = 12 and a = lim; 4. f(x). What are 
the possible values of a? 


7.8.38 Exercise. Consider the set S of all Cauchy sequences (an) € NN. Is the set S countable? 
Jusify. 


7.8.39 Exercise. Let A be a compact set of R \ {0} and B be a closed subset of R. Prove that the 
set {a.b;a € A,b € B} is closed in R. 


7.8.40 Exercise. Prove that there exists a constant c > 0 such that V x € [1, 00), 


ŽE 


7.8.41 Exercise. Give an example of a function f : R > R such that f'(x) exists for all x € R 
but is discontinuous at x = 0. 


7.8.42 Exercise. Show that the function 
T, ifreQ 
f(x) = c 
—-z, ifxEQ 
is nowhere differentiable. Show, however, that (f o f)(z) 2 x Vx € R. 


7.8.43 Exercise. Suppose that f(x) = xg(x) where g is continuous at x = 0. Show that f is 
differentiable at x = 0 and find f’(0). 


7.8.44 Exercise. A function f is defined on some nbhd. N(0;r) of 0 by 


, iízz0 


f(a) = 4 1+e? 
0, if z — O0. 


Find Lf'(0) and Rf'(0). Show that f is not differentiable at 0. 
7.8.45 Exercise. A function f is defined by 


Show that f is continuous at 0 but not differentiable at 0. 


Aul if 0 / 
7.8.46 Exercise. Let f(x) = t SD g su * 0 and g(x) = x, V x € R. Show that lim, 0 LU 
‘ if x = 0. 
does not exist, but lim,_,9 Hu = É i, 


7.8.47 Exercise. Let I be an interval and f : I — R, suppose a € I. Consider the following 
statement: the function f has a relative maximum value at a if there exists an interval J C I such 
that a € J and f : J —> R has maximum value at a. Show that this statement is false. Then 
determine how to modify the statement so that it is true. 
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7.8.48 Exercise. Give an example of a function f : (0,2) — R such that f has relative maximum 
value at 1, but not bounded above on (0, 2). 


7.8.49 Exercise. Find the derivatives of the functionsf and g defined by 


ia [m ifr 0 


xr. dfe. 


and g(x) = 5, if x Æ 1. 


Ja[—1? 


7.8.50 Exercise. Suppose f is a real valued function on an open interval J, and differentiable at 
every x € I. If [a,b] C I and f'(a) < 0 < f'(b), then show that there exists c € (a, b) such that 


f(c)= inf f(x). 


z€ [a,b] 


7.8.51 Exercise. Let f : [0,1] — R is continuous, and differentiable on (0,1) with f'(x)— f(x) > 
0 Y z € [0,1] and f(0) = 0, prove that f(x) > 0 V x € [0,1]. 


7.8.52 Exercise. Suppose that f is continuously differentiable on (a,b). Prove that f is uniformly 
differentiable on [c,d] C (a,b) in the sense that for n € N,d m € N such that for p € [c,d], 


Fe) - 19) -roe - | « E 


whenever |x — p| < —. 
m 


7.8.53 Exercise. Let f : R — R be continuously differentiabile function. Suppose that ô = 
inf f'(x) > 0, prove that f(a) = 0 for some a c R. 


7.8.54 Exercise. Let f : [0,1] —^ R be differentiable, | f’(x)| < 1 V x € [0,1]. Show that there exists 
at most one c € [0, 1] such that f(c) — c. 


7.8.55 Exercise. If in some nbhd. of x, 


for |h| < n(c) independent of x, we say that f(x) is differentiable uniformly in the nbhd. of x. Prove 
that uniform differentiability of f(x) over an interval is the necessary and sufficient for the continuity 
of f'(x) throughout the interval. 


7.8.56 Exercise. If f(x) — 0 and f(x)g(x) — L as x > 0, show that 
A g(t) _ L 
lim [14 fo)? = ef. 
7.8.57 Exercise. If limz. f(x) — oo, show that limz.. f'(x) = L secures 
Jim {f(e +1) - f()) = L 


which again secures limy-+.0 £0) — L but we cannot argue in the reverse direction, even if f(a) be 


x 
monotonic. 
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7.8.58 Exercise. Let f : (0,00) > R satisfy f(xy) = f(x)-- f(y) for all z, y € R. If f is differentiable 
at x = 1, show that f is differentiable at every c € (0,00) and cf'(c) = f'(1). Show that f is in fact 
infinitely differentiable. 


7.8.59 Exercise. Let f : R — R satisfy f(x + y) = f(x)f(y) for all x, y € R. If f is differentiable 
at x = 1, show that f is differentiable at every c € (0,00) and f’(c) = f’(0)f(c). Show that f is in 
fact infinitely differentiable. 


7.8.60 Exercise. (Straddle Lemma.) Let f : — R be differentiable at c € I. Given e > 0 show 
that there exists 6 > 0 such that if u,v satisfy c — ô < u < c < v < c + ô then we have 
If(v) — F(u) — (v = u) f (c)| € elv — ul. 


7.8.61 Exercise. Let f : [a,b) — R be differentiable on (a,b), continuous on |a, b), and let the 
limit limza4 f'(x) = L exist. Prove that the right derivative f (a) exists and that f(a) = L. 
Formulate for the left derivative f' (b) and then prove. 


7.8.62 Exercise. Use the MVT to show that if a function f : (a,b) — IR is twice differentiable in 
(a,b) with f"(x) > 0, then f is strictly convex in (a,b). (f is strictly convex in (a,b) if f(tz + (1 — 
ty) < tf(x) 4 (1 — t)f(y) for all x,y € (a,b) and0<t <1.) 


7.8.63 Exercise. Prove that —£— < log(1+ x) < x for all x > 0. Deduce that 


14x 
l d s 1 1 ES 1 Zien 
o } wet og 2. 
EFE n+1 n+2 2n 8 


n being a positive integer. 


7.8.64 Exercise. If y = lege, then prove that 


(—1)?n! 1 1 1 
Un = adi logz—1 35 " 
7.8.65 Exercise. If y = x log Zi, then prove that 
rz—n r+n 
n = (-1)” 2)! 4 
m= (Un n s aa 
7.8.66 Exercise. If y = z"-!logz, then prove that yn = S 
7.8.67 Exercise. If y = x" log x, then prove that 
In b 54 1 
(-—nllgz-lctz4ztld. 
y n hog 9°37 4 an d 


7.8.68 Exercise. If y = z"-!e*, prove that yn = (Des | JETE, 


7.8.69 Exercise. Let f : R — R be differentiable, 3 a € (0,1) such that |f'(z)| € a V x € R. Let 
a, € R and an+1 = f(an) V n EN. Prove that (an) converges. 


7.8.70 Exercise. If f : R — R is continuous on each compact subset of IR, then f is continuous on 
R. 
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7.8.71 Exercise. Let f : R > R be differentiable, | f'(z)| < 1 V x € R. Show that f(x) Z x V x £0. 


7.8.72 Exercise. Let f : IR — R be differentiable at c and f(c) = 0. Prove that | f| is differentiable 
at c iff f'(c) = 0. 


7.8.73 Exercise. If f : (a,b) — R is differentiable on (a,b) and a « c « 6, f'(c) > 0, then 
(x € (a,b); f'(x) > 0) is infinite. 


7.8.74 Exercise. Let c € (a,b), and let f : (a,b) — R be such that f is 
1. differentiable on (a, b) \ {c}, 
2. continuous on (a,b), and 
3. lim, ,« f'(x) exists. 


Then f is differentiable at c, and f'(c) = lim; 4. f'(x). 


7.8.75 Exercise. Let D be an open set and f : D — R be differentiable on D and 3 a € D such 
that lim; ,4 f'(x) exists. Prove that, 


lim f'(x) = f'(a), 


1a 
that is, f' is continuous at a. 


7.8.76 Exercise. Let f : [-1, 1] > R is defined by 


_ fo, itze[-1,0 
roh if x € (0,1, 


prove that there does not exist a differentiable function F : [—1,1] —> R such that F’ = f. 


7.8.77 Exercise. Let f : R > R bea continuously differentiable function. Suppose 6 = inf,eg f'(£) > 
0. Prove that f(a) = 0 for some a € R. 


7.8.78 Exercise. Let a < b,c < d. Define 


az sin? 4 + bx cos? + ife >0 
f(x) = 40; ifa =0 
czsin? + + dæcos? t ifa <0. 


Calculate D* f, D- f, D} f, D f at x — 0. 


[71,1], # 0 and f(0) = 0. Show that f is 
1]. 


7.8.79 Exercise. Let f(x) = z?sin(r ?) for x € 
differentiable on [-1, 1] but f’ is unbounded on [-1 


, 


7.8.80 Exercise. If f is continuous and has a finite derivative at every point in [0,1], can f’ have a 
removable discontinuity? can f' have a discontinuity of the second kind? Illustrate your conclusion 
in each case. 
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7.8.81 Exercise. Let f have a finite derivatiive in (a,b) and assume that c € (a,b). Consider the 
following condition: For every e > 0, there exists a ball B(c; ô); where 6 depends only on e > 0 and 
not on c, such that if x € B(c;ó); , and « Z c, then 


f(x) — f(c) 


a—C 


— f'(c)| < e. 


Show that f’ is continuous on (a,b) if this condition holds throughout (a, b). 


7.8.82 Exercise. Let f be a twice differentiable function on (0,1). It is given that for all x € 
(0,1), |f” (x)| € M where M is a non-negative real number. Prove that f is uniformly continuous 
on (0,1). 
7.8.83 Exercise. 
1. Prove that f is convex if and only if the set S of points above its graph is convex in R2. The 
set S = ((z,y) : f(x) € y}. 


2. Prove that a convex function is continuous. 


3. Suppose that f is convex and a < x < u < b. The slope c of the line through (x, f(z)) and 
(u, f(u)) depends on x and u,c = c(x,u). Prove that ø increases when x increases, and c 
increases when u increases. 


4. Suppose that f is second-order differentiable. Prove that f is convex if and only if f"(x) > 
0 V x € (a,b). 


7.8.84 Exercise. Let J be an interval, let zo be an interior point of J, and let n > 2. Suppose that 
the derivatives f’, f", .., f) exist and are continuous in a neighborhood of 29 and that f'(zg) = 
we = fOD (x9) = 0, but f? (x0) Z 0. Prove that 


1. If n is even and f™ (xo) > 0, then f has a relative minimum at zo. 
2. If n is even and f™ (zo) < 0, then f has a relative maximum at zo. 
3. If n is odd, then f has neither a relative maximum nor a relative minimum at Zo. 
7.8.85 Exercise. Let f : [a,b] > R be differentiable and a > 0. Using Cauchy mean value theorem, 


show that there exist c1, c2 € (a, b) such that Pe») = fle), 


2c2 
7.8.86 Exercise. Let f : [0,1] — R be differentiable and f(0) = 0. Suppose that |f'(x)| < 
|f (z)| V € [0,1]. Show that f(x) =0V € [0, 1]. 


7.8.87 Exercise. Let f : [0,1] — R be twice differentiable. Suppose that the line segment joining 
the points (0, f(0)) and (1, f(1)) intersect the graph of f at a point (a, f(a)) where 0 « a « 1. Show 
that there exists a point c € [0, 1] such that f"(c) = 0. 


7.8.88 Exercise. Let a € R. If 


ia- ere ifa <0 


(ra)? ifa>0 


then which of the following is true? 
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2 
1. af does not exist at x = 0 for any value of a. 


2 
2. rs exists at x = 0 for exactly one value of a. 


pi 
3: os exists at xz = 0 for two values of a. 


4. af exists at x = 0 for infinitely many values of a. 


7.8.89 Exercise. Let f(x) = (logz)?; x > 0. Then which of the following is true? 
f(x) 


1. lims “=~ does not exist. 
2. lim; 55 E = 2. 
3. lim, os (f(x + 1) — f(x)) = 0. 


4. lim; ss (f(x + 1) — f(x)) does not exist. 


7.8.90 Exercise. Let f : R — R be a differentiable function such that f'(x) > f(x) for all x € R, 
and f(0) = 1. Then which of the following is true? 


1. f 
2 


1 Dc. 
e ye). 
Ve, €). 


e, oo). 


€ 


1) € 


(1) € ( 
(1) € ( 
3. f(1) € ( 
(1) € ( 


le 


Chapter 8 


Compactness and Connectedness 


The only thing I know is that I don't know anything: 
- Socrates 


8.1 Introduction 


In analysis it is often important to know when a property that is valid at each point of a space is 
in some sense uniformly valid over the space. For instance, the question of when a function that 
is continuous at each point of a space is in fact uniformly continuous on the space. The condition 
under which such uniformity tends to occur for sets in IR or R” is that the set to be closed and 
bounded. However, this condition of being closed and bounded, for sets in arbitrary metric space, 
does not guarantee that the set has the properties we desire. There is another condition, called 
compactness, that does guarantee that the set has these properties. There is a certain class of 
properties that finite sets have trivially, that are retained by compactness. For instance, it will be 
seen that every continuous real valued function on a compact space is bounded and assumes its 
maximum and minimum values. In the theory of metric spaces, the notion of compactness is a 
substitute for the notion of “finiteness” in pure set theory; and the notion of precompactness in 
the metric space is, so to speak, “approximately finite." Note that, from the definition, it will 
follow that compactness is a topological notion, but precompactness is not. 

Our aim in this section is to define the notion of compactness and to prove some important charac- 
terization of some subsets of IR. 


8.2 Completeness 


8.2.1 Definition. A subset A C R is “complete” if every Cauchy sequence (£n) of elements £n € A 
has a limit x € A. 

A space (set) can be “completed” means that by collecting all “missing” limit points we can make 
an incomplete space complete. 
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8.3 Compact Sets 


8.3.1 Definition. Let S C R, then a family C = {Ag;a € A} of subsets of R is said to be a cover 
of a set S iff S C Ese A Aa. A subfamily B C C which also covers S is called a subcover of S. If 
every member of the cover C is an open set, then C is said to be an open cover of S. 


8.3.2 Definition. A subset K of R is compact iff it satisfies the following equivalent conditions: 
1. Every sequence (zn) in K has at least one cluster point in K. 


2. Every open cover has a finite subcover. (also called the Borel-Lebesgue property).(Open- 
cover compact:) 


3. Every sequence has a convergent subsequence. (Sequentially compact) 
4. Every countable open cover has a finite subcover. (Countably compact) 


5. Every infinite subset K has a limit point in K. (also called Limit-point compact, Fréchet 
compact or the Bolzano-Weierstrass property). 


8.3.3 Remark (Topological characterization). A subset S C R is said to be a compact subset of IR 
iff every open cover of S has a finite subcover. In other words, S is compact subset of R if, whenever 
A = {Aa;a € A} is an open cover of S, there exists a finite subfamily B = (A4, € A;i = 1,2,..,n) 
of A, such that 


Sc tee 


We can show that the conditions are equivalent. 


8.3.4 Example. A finite set is compact. Let A = {a1, a2, ..., an} C R, and A = {Ag;a € A} be any 
open cover of A. Then select Aj, in which a; € Aq, for each i = 1,2,..,n. Hence {Aqg,;i = 1,2,..,n} 
is a finite subcover of A. 


8.3.5 Example. R is not compact. 
Consider the cover A = {An = (—n,n);n = 1,2,..} of R. We observe that 


Ay CAS Cus C Ån C Ae sd Cona: 


Now, suppose that there exist a finite subcover {A,,;n; € N,i = 1,2, .., k} of R. Let m = max(n;;i = 
1,2,., k}, then Am = jn An, =R. i.e. (—m, m) = R, a contradiction. Hence R is not compact. 


8.4 Finite Intersection Property: 


8.4.1 Definition. A family F of sets is said to have the finite intersection property (FIP) iff 
the intersection of the members of each finite subfamily of F is nonempty. 


8.4.2 Definition (Nested sequences of sets). A sequence (An) of sets is said to be a nested 
sequence if A; 2 A 2... D Ay 2 Ani 2 
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8.5 Problems and Solutions on Compactness. 


Warning! Never Never Ever read this solution unless you tried problems quite long time and gave 
up. Doing so may impair your ability to think and solve problems. 

Our aim is to describe all compact subsets of R. 
8.5.1 Problem. Every closed subset C of a compact set S is compact. 


8.5.1.1 Solution. Let A = {A,;a € A} be any open cover of C. Then AU (CC) is an open cover 
of S, as C is closed. Since S is compact, so there exists 04,02, ..., 0; such that S C Uj, Aa, UC®. 
Hence C C U; , Aa, shows that C is compact. 


8.5.2 Problem. Every continuous image of a compact set is compact. 


8.5.2.1 Solution. Let C be a compact set in R and f : C > R. Suppose that A = {Ag;a € A} be 
any open cover of f (C). Since f is continuous, f~'(Aq) is open for each a € A, so (f !(A5);a € A} 
is an open cover of C. Since C is compact, so there exists a1,Q2,...,Q@n, € A such that C C 
Urf 1(As,). Hence F(C) € f(U* f^ 1(A5,)) € UR Aa; Thus f(C) is compact. 


8.5.3 Problem. Let A be a subset of R. Then the following three assertions are equivalent: 
1. A is closed. 
2. A contains all its points of accumulation. 


3. If (a4) is a sequence in A, converges to a € R, then a € A. 


8.5.3.1 Solution. Left to the reader. 


8.5.4 Problem. (M. Fréchet) If K is a subset of R, then the following assertions are equivalent: 
1. K is closed and bounded subset; 


2. Every sequence of points of K contains a subsequence convergent to a point also belonging to 
K. 


8.5.4.1 Solution. 


1. (1) implies (2) follows from the problem above and the Bolzano-Weierstrass Theorem. 


2. (2) implies (1). The fact that K is closed also follows from the problem above. If K were not 
bounded, then no finite union of balls of radius 1, centered at the points of K can include K. 
In other words, for every finite subset F of K, 


K\ U Bla; 1) 4 9. 


rcF 


Fix arbitrarily xı € K and choose z2 € K V B(a1;1) that is, |v, — zo| > 1. Repeating the 
argument above, we choose a point z3 in K XV B(a,;1)U B(zs; 1), which assures |x — z3| > 1 
and |xo — z3| > 1. By mathematical induction, we conclude the existence of a sequence (£n) 
of elements of K such that 

| usse 
Such sequence cannot contain any Cauchy subsequence, a fact that contradicts our hypothesis. 
Therefore K is a bounded set. 
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8.5.5 Problem. 
1. Every closed subset A C R is complete. 


2. If A CR is complete, then A is closed. 


8.5.5.1 Solution. 


1. Let (xn) be a Cauchy sequence in A. Then (£n) converges to x in R, and since A is closed, x 
belongs to A. Thus A is complete. 


2. Let (£n) be a sequence in A converging to an element x of IR. Thus (£n) is a Cauchy sequence 
in R and in A, and since A is complete, (£n) converges to an element x belonging to A. Thus 
A is closed. 


8.5.6 Problem. Let (An) be a decreasing sequence of nonempty closed subsets A, of R such that 
lim 6(A,) = 0 


where ô( An), is the diameter of An. Then 


oo 


N An = {g} 


n=1 
for some £ € R. 


8.5.6.1 Solution. Suppose that (An) is a decreasing sequence of closed sets (i.e. An D An+i;n € N) 
with 6(A,,) — 0. Note that 6(A) = sup{|z — y;z,y € A}. Let a, € An. Since A, C Ap Vn > p, 
SO Gn € Án implies a, € Ap V n > p. Now, the sequence (an) is a Cauchy sequence in R: For since 
0(A5) tends to 0, so Ve > 0d no € N such that n > no => 6(An) € (Ano) < e. Thus if m,n > no 
then |am — an| € 6(An,) < e. Since R is complete, the sequence (an) converges to an element a € R. 
Moreover, for each fixed n, the sequence an+p converges to a as p goes to infinity. Since a4, € An 
for every p and since A is closed, we conclude that a € A, = An. Thus a € (),, An = A(say). Since 
6(A) € 6(A,) for A C A, V n and since 6(A,,) tends to 0, then 6(A) = 0, which implies that A 
contains exactly one point. 


8.5.7 Problem. The following are equivalent: 


1. A subset A C R is said to be totally bounded if, given any e > 0, there exist finitely many 
points £1, £2, -Ln € R such that A C UJ? , B(z;, €). 


2. A subset A C R is said to be totally bounded if, given any e > 0, there exist finitely many 
points y1, Y2, -Ym € A such that A C Ui", B(yi, €). 


8.5.7.1 Solution. Exercise. 


8.5.8 Problem. Let K C R. Suppose that for all continuous functions f : K — R, f(K) is 
bounded. Then K is compact. 


8.5.8.1 Solution. Assume that K is not compact. Then we will show that there is a continuous 
function f : K —> R such that f(K) is unbounded. Since K is not compact, it is true that K is not 
closed or it is not bounded (perhaps both). 


8.5. PROBLEMS AND SOLUTIONS ON COMPACTNESS. 533 


1. K is not closed. Then there is some sequence (£n) in K that converges to a point c not in 
K. Then the function f(x) = =4, which is continuous, satisfies the condition that f(K) is 
unbounded. 


2. K is not bounded. Then the function f(x) = x is continuous and f(K) is unbounded. 
8.5.9 Problem. Are there infinite compact subsets of Q? Prove your assertion. 


8.5.9.1 Solution. Yes, [iin € N} U {0} is an infinite compact subset of Q. Clearly this set is 
bounded by 1, and it contains its only limit point of 0, hence it is closed. Thus it is compact. 


8.5.10 Problem. Prove that the interval (—1,1) in R is homeomorphic to R. This shows that 
neither boundedness nor completeness is a topological property. 


8.5.10.1 Solution. f(x) = 2 


^ l-z?* 


8.5.11 Problem. Let f : IR — R then for all bounded subsets A C R, f(A) is bounded. 


8.5.11.1 Solution. Let A C R be bounded, then J a closed interval [a,b] containing A, since [a, b 
is compact, so f [a, b] is also compact. Thus f(A) C f[a, 6] is bounded. 


8.5.12 Problem. Prove that f is continuous on S iff f is continuous on every compact subset of S. 


8.5.12.1 Solution. Hint. If zn — p € S, the set (p, £1, x», ....) is compact. 


8.5.13 Problem. A set S C R is compact iff every family of closed sets in S which has the finite 
intersection property has a nonempty intersection. 


8.5.13.1 Solution. Let C = {A;;i € A} be a family of closed sets having FIP. We show that 
Mica Ai z 0. Again, (A€;i € A} is the family of open sets. Suppose that 


(14:999 LJ A4? =R. 


ic^ i€ ^ 


So A = {A%:i € A} is a cover of R and hence is a cover of S, since S is compact so d a finite 
subfamily B = (A9; j = 1,2,..,n} of A such that 


a contradiction that C does not have FIP. 


8.5.14 Problem. Any countably compact subset S C R is Fréchet compact; ie., every infinite 
subset K C S has a limit point in S. 


8.5.14.1 Solution. Since every infinite set contains a countably infinite subset, we may assume 
that K is countably infinite. So let K = [z1,25,...]. If no a € K is a limit point of S; then each 
£n is an isolated point of K and K is closed. (Why?) For each n € N, let B, be an open ball 
with K N Bn = {an} The collection {Bn} U K© is then a countable open cover of S with no finite 
subcover, contradicting the countable compactness of S. 
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8.5.15 Problem. (Uniform Continuity and Compactness) Let S be a compact set in R. If f: S — R 
is continuous, then f is also uniformly continuous on S. 


8.5.15.1 Solution. Let e > 0. Since f is continuous at each a € S, so there exists r > 0 depending 
on a such that f(N(a;r) N S) € N(f(a);e/2). ie. Now, consider the collection C of all nbhds 
N(a;r/2) for each a € S. Then C is a cover of S, since S is compact, so, there exists a finite 
subcover, say B = {N (a1; r1/2), ..., N (ak; rk/2)} of S i.e. 


S C N(ay;r1/2)U ... U N(ay; ry /2). 


Let 20 = min(ri,ro,..,ry), and z,y € S with |x — y| < 6. Now, x € N(aj,r;) for some 1 € i < k. 
Then | f(x) — f(a;)| < €/2, and we have 


ly —ai| = |y - x + zx —ai 
< [y - z| + |z — ai] 
«ó-Fri/2 
€ ri/24 ri/2—r; => y € N(airi)'S. 


Hence |f (x) — f(y)| € |f(x) — f(ai)] + |f(ai) — f(y)| < €/2 + €/2 = e. Thus the result follows. 


8.5.15.2 Solution. If f is not uniformly continuous on S; then 3 €e > 0 and two sequences 
(£n), (yn) € SN such that lim, |En — yn| = 0 and |f(za4) — f(yn)| > € V n €N. (Why?) Since the 
compact space S is sequentially compact, there is a subsequence (25, ) of (£n) such that lim £n, = xo 
for some zo € S. But then lim, |En, — y4,| = 0 implies that we also have lim £n, = xo. Therefore, 
by the continuity of f at xo, 

— 00 


k—oo 


This, however, is impossible since |f(r4) — f(yn)| 2 eV n € N. 


8.5.16 Problem. Every compact subset of R is closed and bounded. 


8.5.16.1 Solution. Suppose that A is a compact subset of R and that p is a limit of A. There is 
a sequence (an) in A converging to p. By compactness, some subsequence (a4, ) converges to some 
q € A, but every subsequence of a convergent sequence converges to the same limit as does the 
sequence (an), so q = p and p € A. Thus, A is closed. To see that A is bounded, choose and fix 
any point p € IR. Either A is bounded or else for each n € N there is a point a, € A such that 
|p — an| > n. Compactness implies that some subsequence (a4,) converges. Convergent sequences 
are bounded, which contradicts the fact that |p — a4,| > oo as k — oo. Therefore (an) can not exist 
and A is bounded. 


8.5.16.2 Solution. Let K C R be compact. Then the open cover {(—n,n);n € R} has a finite 
subcover, say ((—n1,ni), (na, n3), (Nk ny)). If N = max(ni,nao, ..., ng} then K C [-N, N 
and hence is bounded. Next, if K has no limit points, then it is closed. If, to get a contradiction, 
we assume that £ ¢ K is a limit point of K; so for all n € N, (€ L6 +) contains no point 
of K then the family A = {An = (—00,€ — 4) U (£+ 4,00) ;n € N} is an open cover of K. We 
show that A has no finite subcover. From the construction of An, we observe that A; C Ag C ... C 
An C Anyi € ... Now a finite subcover (A5,, An,,--; An, ) of A implies (es An, = Am where M = 
max[mni,no,..nyl. Hence K C Ay = (—oo, € — x) U (£4 jr,oo)and (£ — ipt + wz) nK-f 
implies £ not a limit point, a contradiction. Thus £ € K. 
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8.5.17 Problem. For a set K C R the following statements are equivalent: 
1. K is compact. 
2. K is closed and bounded. 
3. Every infinite subset of K has a limit point in K. 
4. Every sequence in K has a subsequence that converges (to an element of K). 


8.5.17.1 Solution. The equivalence (1) = (2) is, of course, the Heine-Borel Theorem. Let us then 
prove the implications (2) > (3) 2 (4) = (2) 


1. (2) 2 (3): Suppose that K is closed and bounded, and let $ C K be an infinite subset. Then 
S is bounded (because K is) and hence, by the Bolzano-Weierstrass theorem, it has a limit 
point, say £. Since K is closed we must have € € K and (3) follows. 


2. (3) 2 (4): Next, suppose that (3) is satisfied and let (x,,) be a sequence in K. If (z4;n € N} 
is finite, then we can find integers no and nj;k € N such that nj < no < ma < .. and 
Ln, = tp, V k € N(Why?). Thus lim;,s, En, = Ln, as desired. If, on the other hand, 
[zx,;n € N} is infinite, then [by (3)] it has a limit point £ € K. By the very definition of limit 
point, for each k € N, we can find increasing ng € N such that |r, — E| < 1/k. It is then 
obvious that limps. Yn, = £no and (4) is satisfied. 


3. (4) => (2): Finally, suppose that (4) is satisfied, and let £ be a limit point of K. We can find 
(using the definition of limit point) a sequence (xn) in K such that lim(z,) = £. This implies 
that all subsequences of (xn) also converge to £ and hence [by (4)] we must have £ € K. Thus, 
K contains all its limit points and is therefore closed. If K is unbounded, then we can find a 
sequence (xn) in K such that |x;| > n V n € N. But then no subsequence of (£n) converges, 
contradicting (4). 


8.5.18 Problem. (Nested Interval Theorem) Consider a sequence (Ip) of closed bounded intervals 
in R, say I, = [ax, by], kN, so that Jy41 C Ip V k € N. Assume that the lengths of the intervals Tẹ 
approach zero, which means that for every e > 0 there exists ke € N so that bk. — ay, < e. Then we 
have 


I= ( I = {6} for some £ € R. 
i=1 
8.5.18.1 Solution. Define the sets 
A= (ay; k € N} and B = (by; k € N}. 


Observe that a; € a3 € .... < bo € bı. Thus, the quantities a = sup( A) and 8 = sup(B) do exist in 
€ R. Observe,also, that aj < o € B € bi for each k € N. Now, note that [o, 8] = N2; Ij. Indeed, 
if x € [a, 8] then, by the previous observation, a; < £ < by Vk € N, meaning that x € I; V k EN. 
On the other hand, if x € Ik Vk € N, then aj € x < by V k € N, and soa € x < 8. Assume 
that e = B — a > 0. We can find ke such that by, — ak. < e. Since [a, 8] € [ak., bk.], we have 
€ = by, — ay, < e, acontradiction. This shows that a = 6, hence I = {€} for some £ € R, where 


£—ao- D. 


8.5.19 Problem. Every infinite compact subset A C R has at least one accumulation point that 
belongs to A. 
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8.5.19.1 Solution. Since A is bounded, we can find an interval fa, b] such that A C [a, b]. Halve this 
interval to obtain two adjacent closed intervals. At least one of them contains an infinite number of 
elements of A. Call this interval Iz. Halve this interval again. At least one of the resulting intervals 
contains an infinite number of elements of A. Call this interval /3. Continue in this way to obtain 
(In). Use Cantor’s theorem to conclude that (?? ,I, = (xo) for some zo € R. Note that zo € A 
since the lengths of the intervals In approach zero, and any of them contains infinitely many points 


of A; due to the fact that A is closed, we get xo € A. It is clear that xo is an accumulation point of 
A. 


8.5.1 Definition. A function f : S > R has a maximizer z* in S if f(x*) = sup{f(x);a € S), 
and has a minimizer zr, in S if f(x.) = inf(f(zx);x € S]. 


8.5.2 Theorem (Weierstrass's Theorem). If K is a nonempty compact set and f : K — R is 
continuous, then f has both a maximizer and a minimizer in K. 


8.5.20 Problem. If K is a nonempty compact set and f : K — R is upper semicontinuous, then 
f has a maximizer in K. If K is a nonempty compact set and f : K — R is lower semicontinuous, 
then f has a minimizer in K. 


8.5.20.1 Solution. Outline of proof : Assume K is a nonempty compact set and f : K — R is 
upper semicontinuous. Then Fy = [z; f(x) > a,a € rangef} is a family of closed sets having the 
finite intersection property. The set of maximizers is the nonempty set (^) Fa- 


8.5.21 Problem. The closed interval [a,b] C R is compact. 


8.5.21.1 Solution. Let (x,) be a sequence in [a,b]. Let 
C = {a € [a,b]; x, < x only finitely often}. 


Since a € C,C # Ø. Clearly b is an upper bound for C. By the least upper bound property of 
R, c = sup C exists, c € [a,b]. We claim that a subsequence of (£n) converges to c. Suppose not, i.e., 
no subsequence of (£n) converges to c. Then for some € > 0, £n € (c — e, c4 e) only finitely often, 
which implies that c + e € C, contrary to c being an upper bound for C. Hence some subsequence 
of (£n) does converge to c, and [a,b] is compact. 


8.5.22 Problem. A closed subset of a compact set is compact. 


8.5.22.1 Solution. If A is a closed subset of the compact set C and if (an) is a sequence of points in 
A, then clearly (an) is also a sequence of points in C, so by compactness of C, there is a subsequence 
(Gn, ) converging to a limit p € C. Since A is closed, p lies in A, which proves that A is compact. 


8.5.22.2 Solution. Suppose that A is a closed subset of the compact set C and let .A be an open 
cover of A, then B = AU {AF} is an open cover of C. Since C is compact, so there exist a finite 
subcover {Aj Ap, ..., Ax, AC) of B. Hence 


QC APU As Du D Ap UAF 
—ACCCA(UA3U...U Ap UAS 
>A C A U A23U ... U Ay. 


Thus A is compact. 
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8.5.23 Problem. The intersection of a nested sequence of compact non-empty sets is compact and 
non-empty. 


8.5.23.1 Solution. Let (An) be such a sequence. So, An is closed. The intersection of closed sets 
is always closed. Thus, (7. ., An is a closed subset of the compact set 41, and is therefore compact. 
It remains to show that the intersection is non-empty. Since A, is non-empty, so for each n € N we 
can choose an € An. The sequence (an) lies in A1, since the sets are nested. Compactness of Aj 
implies that (an) has a subsequence (an, ) converging to some point p € A4. The limit p also lies 
in the set Ag since except possibly for the first term, the subsequence (a,,) lies in Az and Ag is a 
closed set. The same is true for A3 and for all the sets in the nested sequence. Thus, p € NFL} An 
and (| , An is shown to be non-empty. 


8.5.3 Remark. A nested sequence of non-empty noncompact sets can have empty intersection. For 
example, (17 , An = 0 where An = (1/n,0), or A, = {n,n + 1,n + 2,...). 


8.5.24 Problem. If K is a compact set in R and p is a point in R \ K, then there exist disjoint 
open sets U and V of R such that K C U and p € V. 


8.5.24.1 Solution. For each point a € K, there exist disjoint open sets Ua and Va of R such that 
a € Ua and p € Va. Since R is a Hausdorff space and a Æ p then the family F = (U,;a € K} isa 
cover of K by open sets of IR. Since K is compact, so it has a finite subcover of F. Hence, there are 
a finite number of points a1,a2,...a;, of K such that K is contained in the union 


U = Ua, U DS e; 


On the other hand, let 
V-2U,nUs,0....QUs,. 


Then U and V are open sets of R such that K C U and p € V with UNA V =f. 


8.5.25 Problem. Any interval [a,b], where a and b are real numbers, and a < b, is compact. 


8.5.25.1 Solution. Assume, on the contrary, that there exists an open cover C of [a,b] that admits 
no finite subcover. Split the interval [a,b] into two consecutive closed subintervals, each of length 
(b — a)/2 i.e., [a, (a + b)/2] and [(a + b)/2,b]. Certainly, one of these subintervals, say J}, cannot 
be covered by any finite subcover of the cover C. Split the interval Jı into two consecutive closed 
subintervals each of length (b — a)/4 ; again, one of these subintervals, say Iz, cannot be covered by 
any finite subcover of the cover C. Note that Iz C Iı. We continue this algorithm and produce a 
sequence of closed intervals (11, I2, ..}, where I,41 C I, V k € N and none of them can be covered by 
a finite subcover of C. For each k € N, the length of the interval Ij, is (b— a)/2* . The intersection of 
these intervals is a single point x € [a,b], due to Cantor's intersection theorem. Consider a member 
A in the family C for which xz € A. Note that A is open, and thus we can choose an open interval I 
containing x, say (x—e, +e) for some € > 0, so that I C A. Choose ko € N such that (b—a)/2*° < e. 
Since x € Ix, as {x} = NK] In, for every y € Ix, we have |x — y| < e. Thus y € I C A for every 
y € Iko, hence Ikọ C A and the subfamily of C consisting of the single set A is a finite subcover of 
the cover C for the interval Ikọ, a contradiction. 


8.5.26 Problem. Using the following definition, a subset K C IR is said to be compact if every 
open cover has a finite subcover, show that 


1. Let A and B be two subsets of R such that A is closed and B is compact, then AN B is 
compact. 
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. the intersection of two compact subsets of R is compact. 
. IR, Zand N are not compact. 


. (a,b), [a, b) and K = {1,1/2,1/3,..,1/n,..} are not compact, 


but Kı = (0,1,1/2,1/3, ..,1/n, ..) is compact. 


the union of two compact subsets of IR is compact. 


8.5.26.1 Solution. 


1. 


Let A and B be two subsets of R such that A is closed and B is compact. let A be an open 
cover of AN B. As A is closed, then consider the family B = (AC) U (C € A} which covers R, 
it also covers B. Since B is compact, there exists a finite subfamily (AC, C1, Co, .., Ck} which 
covers B also covers ANB. For ANB C B C ACUCqUOSU....UCy > ANB € C4UCSU....U CX. 
Thus AN B is compact. 


. Let A and B be two compact subsets of IR. Then A is closed. Proceed as above. 


. For R: 


Consider an open cover A = (A, = (—n,n);n € N} of R. We observe that A, C Anyi Vin € 
N. Suppose that B = {A,, € A;i = 1,2,...,k} be a finite subcover of R, then let ny = 
max{n1, na, .., nj), hence R = U$ 4 An, = (—ni, ne), which is impossible. 

For Z: 

Consider an open cover A = (A, = (n—1,n+1);n € Z} of Z. Since union of any finite 
number of members of A cotains a finite number of members of Z, so this family has no finite 
subcover. 

For N: 

Take A= {An = (n — 1, n + 1); n € N} and proceed as the same way. 


. A = (A, = (a + 1,0); n € N} for (a,b). 


A= (A, = (a — 1,b — +);n € N} for [a,b). 


A= {4 = (å, ict: ee for K = {1, 1/2, 1/3, ns) 


n+1? n—1 


has no finite subcover. 


For Kı: 
Let A be an open cover of Kı, then take Ag € A containing 0. Since 0 is the limit point of 
Kı, so at most finite number of members of K1, say fe a is 5} will be outside Ag. Hence 


the finite subfamily (Ao, A1.., Ap} of A such that i € Aj; i = 1,2,..p is a cover of Kı. Thus 
Kı is compact. 


. Let A and B be two compact subsets of R. Let .A be an open cover of AU B. Since it is a cover 


of both A and B, then there exists a finite subfamily {A;;7 = 1,2,.., k} which covers A and 
there exists a finite subfamily {A}; i = 1,2,.., p) which covers B. Hence the finite subfamily 
(Aii = 1,2,..,k} U {A}; d = 1,2,.., p) is a cover of AU B. 


8.5.27 Problem. Find an infinite collection (4; n € N} of compact sets in R such that the union 
UZ Kn is not compact. 
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8.5.27.1 Solution. Consider the family A = {Kn = B 1- z HE N}, then UZ; Kn = (0,1) 
n n 


which is not compact. 


8.5.28 Problem. Let (Kn) be a sequence of nonempty compact sets in R such that Kı 2 Kə 2 
tas DK yD A p m un. Prove that there exists at least one point r € R such that r € K, for 
all n € N ; that is, the intersection em Kn is not empty, and give an example showing this is not 
necessarily true if the K, were merely nonempty and closed in R. 


We give two solutions, one based on the sequential definition of compactness and the other based 
on the covering definition. The sequential one is easier to follow. 


8.5.28.1 Solution. Since each Kn is nonempty, we can pick a point from each one: say for each 
n we pick p, € Kn. Now, the sequence (pn) is, in particular, a sequence in Ky since each Kn is 
contained in K, for n > 1. Since Ky is compact, this has a subsequence (p,,) converging to some 
pec Kı. 

Now, except for maybe the first term, the terms in (pn, ) also belong to Kə since K,, C K» for n > 2. 
Since Kə is compact, this has a convergent subsequence (Pnr) in Kə; since we already know this 
subsequence must converge to p since the larger sequence (pn,) does, we have that p € Ko. 
Similarly, (Pnr, ) is, except for possibly the first term, a sequence in K3, so by looking at a convergent 
subsequence we conclude that p € K3. Continuing in this manner shows that p € Kn for all n, so 
that p € On Kn and hence Np K;, is non-empty. 

Here is another way to show that p € Kn V n. As above, the subsequence (pn,) constructed in the 
first step is, except for maybe the first term, a sequence in K2. Since K2 is compact, it is closed in R 
so the limit p of (p4,) is in K». Similarly, except for maybe the first two terms, (p4,) is a sequence 
in K3 and closed-ness of K3 in R shows that p € K3. Continuing in this manner shows that p € Kn 
for all n as required. 


8.5.28.2 Solution. Suppose that N; Kn = Ø. Now, given any p € Ki, there is some K,, such 
that p ¢ K, since the intersection of all the Kn is empty. Thus, given p € Ki , there is some n so 
that p € KẸ. Since each complement KC is open in R since Kn, being compact implies Kn is closed 
in R. this says that the collection TRO is an open cover of Kı. Since Kı is compact, this open 
cover has a finite subcover; say 
UR od) 

are the sets in this finite subcover and are ordered so that n; is the largest index among the n;. So, 
K is contained in the union Ky U..U KE. But any set in the original nested sequence beyond 
the n-th one, say Kn,+1, is contained in all the previous sets, and so in particular contained in 
Kni N.. N Knp. This is not possible unless Kn,+1 is empty since Kn,+1 is also supposed to be 
contained in Kı C KE, U..U KE , contradicting the assumption that all the K,, were empty. (To 
elaborate, a set cannot be contained in both RT Weel KE, and Kn, N.. N Kn, since these two sets 
are precisely complements of one another.) We conclude that ii Kn must be non-empty. 

Now, for each n € N, let Kn = [n, oo). These are all nonempty and closed in R, but their intersection 
is empty since there is no real number x with the property that n < x for all n by the Archimedian 
Property of R. There are many other examples which work, such as Kn = N \ {1,2,..,n — 1}. 


8.5.29 Problem. (Generalized Cantor’s Intersection Theorem) 
Let D = (DC R; D is bounded}. Define a : D — R by 


a(D) = inf f. >0;DC U Ai; diam(A;) < j . 


1-1 
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Show that 
1. If D is compact, then a(D) = 0. 
2. Dı C Dz > a(Di) € a(D2); a is monotone. 
3. a(D) = a(D). (invariant when given the closure). 


4. If (F4) is a decreasing sequence of nonempty closed and bounded subsets of R and if limp... a(Fn) 
0, then the intersection of all the F,, is nonempty and compact. 


8.5.29.1 Solution. 


1. Follows from the definition. 


2. If Dy € Də and Dz C LES A; with diam(A;) € r, then covering for Dz also covers Dı and 
hence a(D1) € a(D3). 


3. Since D C D by the above part we have a(D) < a(D). Conversely, if D C UJ? , Ai, then 
D C Ui, Ai; however, diam(A;) = diam(A;) < r implies a(D) € o(D). 


4. Mmr a(F,) = 0 implies that for each n, F, is compact, by the nested intervals property of 
the compact non-empty sets we have (17 , Fn # 0. 


8.5.30 Problem. Let A 4 () be a compact set in IR. Show that inf A and sup A exist and belong 
to A. 


8.5.30.1 Solution. Suppose that sup A = a € A, then for any e > 0d a' € A such that a’ > a — e, 
which means that a is a limit point of A. Since A is compact, A is bounded and closed, hence a € A. 
Similarly inf A € A. 


8.5.31 Problem. Given a point x € R and a set A(Z Ø) C R, define the distance p(x; A) from x to 
A by plz; A) = inf{|x — al;a € A}. 


1. Prove that x € A © p(x; A) — 0. 
2. Let a > 0. Prove that (x € R; p(z; A) > a} is a closed set. 


3. If A is compact and c € R, then prove that there exist points a,b € A such that |c — a| — 
inf{|c — z|;z € A} and |c— b| = sup{|c— z|;x € A}. 


4. Define the distance between the sets A, B C R by 
p(A, B) = inff[a — b;a € A,b € B}, 


then if A and B are disjoint nonempty compact sets, show that there exist p € A,q € B such 
that 
0 « |p- q| = p(A, B) = inf([a — b|;a € A,b € B). 


and p(A, B) > 0. 


8.5.31.1 Solution. 
1. Left to the reader. 
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2. Left to the reader. 
3. Let f : A 5 R defined by f(x) = |c — 2|;x € A. Now, let p € A, then 
f(z) = |c -= z| < |e = p| + |p — z| = F(p) + |p — z| 


and f(p) = |e = p| < |e — z| + |x — p| = f(x) + |z — pl 
=|f(x) — f» < lx — pl 


Let € > 0, then | f(x) — f(p)| < eif |x — p| < € = 0, therefore f is continuous on A. Since A is 
compact, so there exist a,b € A such that 


f(a) = |c — a| 2 inf f(A) 2 inf{|c — z|; x € A} 


and 
f(b) = |e — b| = sup f(A) = sup{le— zl; £ € A}. 


A 


. Here AN B = ( and A, B are compact. Now, for b € B define f : A — R by f(x) = |b — z|. By 
(3), Jp € A such that 


f(p) = lb- p| = inf f(A) = int(Jo — a[;a € A}. 


Again, for p € A, let g : B > R defined by g(x) = |p — z|. So, 3 q € B such that 


g(q) = |p — q| = inf g(B) = inf{|p — x|; £ € B} 


and thus p(A, B) > 0. 


8.5.32 Problem. Show that completeness, boundedness and total boundedness are not topological 
properties. 


8.5.32.1 Solution. Consider X = (0, 1], Y = [1,00) with usual metric X is not complete, bounded 
and totally bounded, but Y is complete but neither bounded nor totally bounded. On the other 
hand f : X — Y defined by f(x) = 1/z is a homeomorphism. 


8.5.33 Problem. Let A and B be disjoint compact subsets of IR. Show that there exist disjoint 
open sets U and V in R such that A C U and B C V. 


8.5.33.1 Solution. Left to the reader. 


8.5.34 Problem. Construct a compact set of real numbers whose limit points form a countable 


set. 
ix (1-4) men). 
2m n 


Consider the points of the form p = E with m € N. Any neighborhood of one of these points of 


radius r > 0 will also contain the point q = Zu (1 — +) where we choose the positive integer n such 


that + < 2™r, so that |p — q| = = l L) = 54. < 1. Since q #p and q € E, that means p 


1 

2m 2m ( n 2™n 

is a limit point, and thus E has at least a countably infinite number of limit points. The fact that 
E is compact for it closed (since it contains its limit points) and bounded (since each point of E is 


contained in [0, 1/2]). 


8.5.34.1 Solution. Let 
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8.5.35 Problem. 
1. Give an example to show that the distance between two sets can be 0 even if the two sets are 
disjoint. 


2. Give an example to show that the distance between two closed sets can be 0 even if the two 
sets are disjoint. 


8.5.35.1 Solution. 
1. Let A= {4;neEN} and B = {-41:neEN}. 


2. Let A= {n+ iine N] and B = {n - Lin e N}. 


8.5.36 Problem. Give an example of a set of points in R that form a compact set and whose limit 
points form a countable set. 


8.5.36.1 Solution. Consider the set {0} U ( - + 2:m,n eN}. 
8.5.37 Problem. Prove that K = {(x,0);x € R} is not sequentially compact. 


8.5.3.1 Solution. Left to the reader. 


8.5.38 Problem. Prove that a set with finitely many points is a sequentially compact set. 


8.5.38.1 Solution. Hint: We apply the Pigeonhole Principle: if there are only N holes and N +1 
pigeons, then one hole must have at least to pigeons. If there are infinitely many pigeons, one hole 
must have infinitely many pigeons. We can think of the holes as the points in the set and the pigeons 
as the terms in the sequence. 


8.5.39 Problem. Prove that a compact set is sequentially compact. 


8.5.39.1 Solution. Assume that K is compact and nonempty, and let (£n) be a sequence in K. 
(If K is empty, the theorem is vacuously true.) Define Fa = (4,2444, ...), the closure of the set of 
values of the n-tail of (xn). Then {F,;n € N} is a family of closed subsets of K having the finite 
intersection property. Since K is compact L; Fn # 0. Now let y belong to this intersection. That 
is, y € (x, z441,..) € K for every n. Construct the strictly increasing function k — nj from 
N — N inductively as follows. Let n; = 1. Given nı < ... < ng, pick ni41 to satisfy ny41 > Nk +1 
and |z,,,, —y| < 1/(k-- 1). Since y € Fp, 41, there is always such an Zn}: in (25,41, 25,42; ..). Then 
Ln, — y is the desired subsequence. 


8.5.40 Problem. Let E be the set of all points x such that either x = 0 or there exist m,n € N 


such that x — mam. Prove that E is a compact set. 


8.5.40.1 Solution. We see that E — (0, i + 1; m,n € R}. Since E is bounded and closed, hence 
E is compact. 


8.5.41 Problem. Assume that K is a compact subset of a metric space, and that f is an isometry 
of K into K. Show that f(K) = K. 


8.5.41.1 Solution. Assume the contrary. Let x € K be so that d(x, f(K)) = e > 0. Form the 
sequence [z, f(x), f(f(x)),...} Since the distance of x to any f(f(..f(x)...)) is greater then e, by 
applying the fact that f is an isometry we get that the distance of f(x) to any f(f(...f(x)...)) is 
greater than e. Proceed recursively to show that the distance between two different elements in the 
sequence (z, f (x), f(f(x)),...} is greater than e. This contradicts the compactness of K. 
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8.5.42 Problem. Does there exist an infinite compact C C R, such that every real valued function 
on it is continuous? 


8.5.42.1 Solution. No: Take a sequence (£n) in R such that £n — x, and x, Æ x for each n € N. 
Define a function f on (zx4,;n € NMU (x) by f(z4) — 0 for n € N and f(x) = 1. Extend f by taking 
it be 0 on other points. Then f is discontinuous at x. 


8.5.42.2 Solution. (Aritra Bera - semester 6) Let there exist an infinite compact set C C R, then 
V z € C define f, : C — R such that 


|.jJ9, ify=a 
so- if y Z x. 


Since f, is continuous f; !(0) = {a} is an open set (as (0) is open in {0,1}). Thus [J, cc (x) in an 
open cover of C which cannot have any finite subcover. Hence C cannot be compact. 


8.5.43 Problem. Let (K,) be a decreasing sequence of compact sets in a metric space M. Let 


K=()] Kn 
n=1 
Prove that for each e > 0 there is no € N such that 


n > no => Kn C B(K;c) = U B(x,€), 
zckK 


where B(x; e€) is the open ball centered at x and having radius e. 


8.5.43.1 Solution. Assume that there exists a subsequence (,,) and £n, € Kn, for each k € N, 
such that d(r,,, K) > e. Without loss of generality assume £n, — zo for some zo € Ky (note that 
Kı is compact). Then xo belongs to all K; , thus it belongs to K. However, since the distance 
function is continuous and d(£n,, K) > € , we get d(£n,, K) > e, which is a contradiction. 


8.5.44 Problem. (Cantor) Let (K,;n € N} be a family of nonempty, compact subsets of R. Show 
that, if Kn41 C Kn for all n € N; then (, cy Kn 7 0). 


8.5.44.1 Solution. Left to the reader. 


8.5.45 Problem. Let f :R  R be defined as follows. For x € (0, 1] 


1 : = 
f(x) =o T ifz— 5$ (v,.d EN, ged(p,q) = 1) 
0, ifzeQCn(0,1) 


and for x ¢ (0, 1], we define f(x) by periodicity, i.e. by f(x) = f(x — n) where n € Z is the unique 


integer with x € (n,n + 1]. Show that f is continuous at each x € Q? and discontinuous at each 
x Ee Q°. 


8.5.45.1 Solution. Hint: If pp /q; is a sequence of (reduced) rationals in (0,1) with limpo (ps /q4) = 
x € QF n (0, 1), show that limpo dn = oo. 
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8.5.46 Problem. Let X be a compact subset of R, and let f : X — X be continuous. Define 
X; = X and Xy41 = f(Xn), and let A = (7, Xn. Prove that A is a nonempty subset of X and 
f(A) = A. 


8.5.46.1 Solution. Each of the subsets Xn is compact by an inductive argument, and since X 
is Hausdorff each one is also closed. Since each set in the sequence contains the next one, the 
intersection of finitely many sets X;(1),.., X;(4; in the collection is the set Xp(m) where k(m) is 
the maximum of the k(i). Since X is compact, the Finite Intersection property implies that the 
intersection A of these sets is nonempty. We need to prove that f(A) = A. By construction A is 
the set of all points that lie in the image of the k-fold composition f o fo..o f = fF of f with 
itself. To see that f maps this set into itself note that if a = f^(x;) for each positive integer k then 
f(a) = f*o(f(x&)) for each k. To see that f maps this set onto itself, note that a = f} (xp) for each 
positive integer k implies that 


a= f(f^(zi41)) 


for each k. 


8.5.47 Problem. 


1. Define the e-neighborhood U (A; €) to be the set of all u such that d(u; A) < e. Show that this 
is the union of the neighborhoods N(a;e) V a € A. 


2. Suppose that A is compact and that U is an open set containing A. Prove that there is an 
€ > 0 such that A C U(A; €). 


8.5.47.1 Solution. 


1. The union is contained in U (A; €) because d(r, a) < e implies d(x; A) < e. To prove the reverse 
inclusion suppose that y is a point such that ô = d(y; A) < e. It then follows that there is 
some point a € A such that d(y, a) < € because the greater than the greatest lower bound of 
all possible distances. The reverse inclusion is an immediate consequence of the existence of 
such a point a. 


2. Let F = X \ U and consider the function g(a) = d(a; F) for a € A. This is a continuous 
function and it is always positive because AN F = (;. Therefore it takes a positive minimum 
value, say e. If y € A C U(A;c) then d(a; y) < e € d(a; F) implies that y ¢ F, and therefore 
U(A; €) is contained in the complement of F, which is U. 


8.5.48 Problem. Show that the preceding conclusion need not hold if A is not compact. 


8.5.48.1 Solution. Take X to be all real numbers with positive first coordinate, let A be the points 
of X satisfying y = 0, and let U be the set of all points such that y < 1/|x|. Then for every e > 0 
there is a point not in U whose distance from A is less than e. For example, consider the points 
(2n, 1/n). 


8.5.49 Problem. For each of the following statements, determine whether it is true or false and 
justify your answer. 


1. Every bounded set is closed. 
2. Every closed set is bounded. 


3. Every closed set is compact. 
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4. Every bounded set is compact. 
5. A subset of a compact set is also compact. 


8.5.49.1 Solution. 
1. (2,4) 


2. [2,00). 
3. [2, oo). 
4. [2,3). 
5. (3,4) C [2,5]. 


8.5.50 Problem (Lindelóff). Let (A5;o € A} be a collection of open subsets of R. Then there is 
a countable subset (04,02, ..., 0, ...) C A such that 


LJ Ae = V Ao, 
{=l 


acA 


8.5.50.1 Solution. Let A = Ld ex Aq. Then, V x € A we have x € Aa, for some a, € A, and since 
Aa, is open, we can find e, > 0 with x € B(zr;e,) C Aa,- Using the fact that the set Q of rational 
numbers is dense in R; we can find a rational number ry > 0 such that x € B(a;r,) C B(x; ez). 
Now the set (r;;z € A) is countable and hence can be written as (r;;z € A} = (ri, r2, Tn; =} 
where rk = rz, for some £p € A. If for each k € N we pick oj € A such that B(xy;rz,) C Aap; then 
we have a countable subcollection (A5,;k € N} C {Aa;a € A} which satisfies A = U2, Aa,- This 
is also known as Finally Compact or Lindelóf compact. 


8.5.51 Problem. (Bolzano-Weierstrass). If a subset S of R is bounded, then every sequence in 
S has a convergent subsequence. 


8.5.51.1 Solution. Let (xn) be a sequence in S. If the set {x,;k € N} is finite, the existence 
of a convergent subsequence is immediate by the above theorem. So assume that (r,;n € N} has 
an infinite number of elements. Since S is bounded, there is a closed interval Jg = [a,b], a < b, 
containing S. Bisect lo to obtain two closed intervals and Jp, Jj. At least one of Jp, 14 contains 
infinitely many terms of the sequence (zn). Call it (11). Repeat the process on (I1). Continue 
inductively to obtain a sequence (In) of nested closed intervals with the properties 

(i) Un) = (b — a) /2”, and 

(ii) I„ contains infinitely many terms of (r4) for n = 1,2,... By the nested interval theorem, there 
is exactly one element x common to all Ip. Now, choose any £k, such that zy, € Ij. Assume 
Tki, Ekis: Ekm have been chosen such that £k; € Ik;, and ky < ki+ı for à = 1,2,..., m — 1. Then 
choose km41 > km so that km+1 € Ij, ,,. Then (£k, ) converges to x since 


[Ekm — z| < 


and km — oo. 


8.5.52 Problem (Heine-Borel Theorem). A subset S of R is compact iff it closed and bounded. 
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8.5.52.1 Solution. Suppose S is a closed and bounded subset of R. Then Bolzano-Weierstrass 
theorem implies that every sequence in S has a convergent subsequence and, since S is closed, this 
subsequence converges to a point in S. It follows that S is compact. Suppose next that S is compact. 
Then every convergent sequence in S converges to a point in S, and it follows that S is closed. If S is 
not bounded, then for each k € N, there is x, € S such that x, > k. Consequently, no subsequence 
of (£n) can converge and so S is not compact. 


8.5.52.2 Solution. Suppose first that S compact. We show that S is then closed and bounded. To 
show that S is bounded, let G, = B(x;1) = (x— 1,x + 1). Then (G,;z € S) is an open cover of S 
and so has a finite subcover, say, Gz,,Gz,,-.,Gz,- Let M = max(]|vzi|;? = 1,2,.., k}. If x € S, then 
x € Gz, for some i and |z| € |v;| +1 € M +1. Thus, S is bounded. 

To show that $ is closed, consider an zo € R \ S. For x € S, there are disjoint neighborhoods Uy 
and V,,(x) of x and zo, respectively, which generally will depend on x. The family {Uz : x € S} 
is an open cover of 5 and so has a finite subcover, say, Uz,,Uz,,..,Uz,. Then S C Is Ux, which 
is disjoint from the open set [i m V,,(a). The latter is a neighborhood of zo contained entirely in 
R \ S. It follows that R \ S is open and so S is closed. 

Suppose that S is a compact subset of R and F is an open cover of S such that no finite subfamily 
of F is a cover for S. Since S is bounded, there is a closed interval Ig = [a,b] such that S C Io. 
Bisect to obtain two closed subintervals I5, Ij, Then either SM Ig or S Ij is not covered by a finite 
subfamily of F. Denote such a subinterval by Jı. Continue this process to obtain a sequence (In) 
of nested closed intervals whose lengths approach zero and each with the property that no finite 
subfamily of F will cover § N Ij, k = 0,1,... Let {x} = k-o Ix and for each k, choose zy € SN Iy 
Then x; — x. Since S is closed, it follows that x € S. Therefore x € Gy for some Gy € F. Since G 
is open, there is ko such that x € Ij, C Gz. Thus the family {G+} is a finite subcover of Ij, N S. 
This is a contradiction. 


8.5.4 Remark. An advantage of this characterization of compactness is that it remains meaningful 
when the discussion is extended to topological spaces much more general than R and thus serves as 
the basis for a definition of compactness in these more general spaces. 


8.5.52.3 Solution. Let S be a bounded and closed subset of R, and F be an open cover of S. First, 
suppose that S C [a, 6]. Now, consider the set 


T = {x € b;[a, x] has a finite subcover of F.} 


T #9, for [a, a] = (a) € F, for some F € F. Since T is bounded above by b, so c = sup T € [a,b] 
exists. If c = b, then we are done. Let c < b, so there is an F € F such that c € F. Since F is 
open, there exists € > 0 such that (c — €e,c-- e) C F. So, d y € T such that y > c— e. Thus [a, y] 
has a fnite subcover (Fi, F5, .., Fk}. Consequently, the collection (F1, F5, .., Fk, F} covers [a,c + e), 
so each point of [c, c + €) is a member of T and this contradicts that c = sup T. Hence c = b. Thus 
[a, b] can be covered by a finite number of sets from F. 

Now, let A be the collection obtained by addition of SC i.e. A = FU (SC), as S€ open. Hence 
A is a cover of IR and therefore of [a,b]. By our previous case, there exists a finite subcover 
{Fi, F5, e. Ens SC} of la, b]. Thus 


[a,b] C FURU.. U Fp US? 
>S C [a,b] € FU F3U ..U Fy. 


Converse part follows from the previous proof. 
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8.5.53 Problem. (Bolzano-Weierstrass). Every infinite subset X of a closed bounded interval 
[a,b] has an accumulation point in [a, t]. 
Equivalent Statement. Every subset X of [a, b] which has no accumulation point in [a,b] is finite. 


8.5.53.1 Solution. If no point x of [a,b] is an accumulation point of X, every x has an open 
neighborhood N(z;e,) containing at most one point of X, namely, x itself. These N(z;e,) form 
an open covering of [a,b]; since [a,b] is compact, there exists a finite number of these N(z;e) , say 
N (zi; €x,)(¢ = 1,2, ..., n), which cover [a,b]. Thus X contains at most the points z;(4 = 1,2, ...,n). 


8.5.5 Remark. Here again let us note that the assertion of above theorem does not extend either to 
bounded intervals which are not closed or to unbounded intervals. For example, the infinite sequence 
of points 1/n of the semi-open interval (0, 1] has no accumulation point in (0,1]; in fact its only 
accumulation point in R is the point 0, which does not belong to (0, 1]. 


In order to characterize compact sets, we need to know some of their elementary properties. 


8.5.54 Problem. Let K be a compact subset of IR. Then 


1. K is closed. 

2. K is bounded. 

3. K is complete. 

4. There exists a sequence D that is dense in K. 


5. If p is the unique cluster point of a sequence (pn) of elements pn of K, then p is the limit of 
(Pn). 


8.5.54.1 Solution. 
1. Use Heine-Borel theorem. 
2. Use Heine-Borel theorem. 
3. Left to the reader. 


4. Let K be a compact subset of IR. For each rational number r > 0, the collection {B(p;r); p € 
K} of open balls of radius r as p varies in K is an open cover of K, let 


{B (pr; Fc pr aim) 


be a finite subcover. (Note that the number of such balls, k(r), may depend on r.) We claim 
that the set D = (p.,,;r € QJ of centers of all of these balls as r > 0 varies is then the 
countable, dense subset of K we are looking for. Indeed, we can express D as 


D= U Ls enses 


0<rEQ 


so it is the countable union of finite sets, and is thus countable. To show that D is dense in K, 
it suffices to show that any open ball of K contains an element of D. To this end, let p € K 
and let e > 0; we want to show that B(p;r) contains an element of D. Let t be a rational 
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number between 0 and e. Then p is in at least one of the balls of radius t forming our open 
cover above: without loss of generality, say that p € B(pi,;t). Then 


Ip, — P| <t, 


so pz, is in the ball B(p; t), which is itself contained in the ball B(p; €), showing that this ball 
contains an element (namely p+) of D as required. We conclude that D is a countable dense 
subset of K. 

Another proof: We shall construct the sequence (an) by recursion. Take a9 = zo € R. We 
construct a, such that 


1 
lay — ao| > 5 do where do = sup |ao — z| 
rzcK 


and knowing the a;'s for à < n — 1, we construct a, such that 


1 
la; — ai| > =dn—-1ı where dn-1 = sup min |x — a;l. 
2 xe kK OSi<n—-1 


min 
0<i<n-1 
It is clear that do > dy... > dn => ... The sequence dp converges to 0. Indeed, there exists a 
subsequence (dp, ) that is convergent and, therefore, is a Cauchy sequence: For every e > 0, 
there is kg such that 


da Ss 2|@n,., — An,| € € for k > ko. 
Thus the subsequence converges to 0, and since (dn) is decreasing, the sequence dn converges 
to 0. Thus for every x € K and for every e > 0, there exists n(e) such that for n > n(e) we 
have 

min |r— a;| < sup min |x — aj| = dn < €. 

O<i<n ae kK OSi<n 
Hence there exists a;(z, €) such that |z — a;(z, €)| € e, which implies that D = {ao, a1, ..,dn,..} 
is dense in K. 


Suppose that (pn) does not converge to p. Then there exists € > 0 such that for every N €N, 
there exists n >€ N such that 


[Pn — p| >€. 


First pick such an nı > 1, so that |pn, — p| > e. Then there exists ng > nı such that 
[pn — p| > €, and then ng > ng so that |p,, — p| > e. Continuing in this manner it produces a 
subsequence (pn, ) of (pn) so that |p., —p| > e V k € N. Since K is compact, this sequence has a 
convergent subsequence (pn,), which converges to p since this is also a convergent subsequence 
of the original sequence (pn). This is a contradiction since each term in this subsequence is 
at a distance at least € away from p, and so cannot converge to p. We conclude that (pn) 
converges to p. 


8.5.55 Problem. Construct a sequence (£n) of real numbers that has exactly one cluster point but 
(£n) is not convergent. Can (£n) be bounded? 


8.5.55.1 Solution. Put r5, = lora — n. No. 
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8.5.56 Problem. Prove that every compact subset of R has a countable dene set. 


8.5.56.1 Solution. Hint: Consider the centers of finite coverings by open balls of radii 2^", for 
TEN 


8.5.57 Problem. Let the function f : R —> R be bounded on bounded sets and have the property 
that f~!(K) is closed whenever K is compact. Prove f is continuous. 


8.5.57.1 Solution. We need only show that f !(K) is closed whenever F is closed. Let F be a 
closed subset of R. Let (z,) be a convergent sequence in / ^ !(F) with limit xo. We need only show 
that zo is in f-!(F). For n > 0, let y, = f(an). The sequence (yn) is in F and it is bounded 
(since the convergent sequence (£n) is). Passing to a subsequence, we can assume the sequence (yn) 
converges, say to yo, which lies in F because F is closed. The set K = (yi, ys, ...) is then compact, 
so f^ !(K) is closed. Hence f^! (K) contains its limit points. But the sequence (xn) lies in f !(K) 
and converges to zo. Therefore zo is in f^! (K), and so also in f^! (F), as desired. 


8.5.58 Problem. Let f : R — R be continuous and A C R compact. Must it be true that f! (A) 
is compact? Prove it or provide a counterexample. 


1 
8.5.58.1 Solution. No. Define f : R  R by f(x) = ine and observe that 0 < f(a) € 1 for all 
x 
x € R. Now [0,1] C R is compact but f-!([0, 1) = R is not compact. 


8.6 Additional Exercises on Compactness. 


8.6.1 Exercise. Show that any compact set K C R is complete; i.e., every Cauchy sequence 
(£n) € KN converges to a limit in K. 


8.6.2 Exercise. Give an example of a continuous function with domain R such that the inverse 
image of a compact set is not compact. 


8.6.3 Exercise. For any sets A, B C R, define A+ B = {a + b;a € A;b € B}: 
1. Show that, if A and B are compact, then so is A + B: 


2. Give an example to show that if A and B are closed, then A + B need not be closed. 


3. Show, however, that if A is compact and B is closed, then A + B is closed. 


8.6.4 Exercise. Show that a set K C R is compact if and only if every countable open cover 
{An;n € N} of K has a finite subcover. 


8.6.5 Exercise. Let A = {Aa; Q € A} be an open cover of a compact set K C R. Show that there 
is an € > 0 such that, V x € K, we have B(x;c) C Aa for some a € A. 


8.6.6 Exercise. Let S be a subset of R such that every infinite subset of S has at least one limit 
point in S. Prove that S is a closed set. 


8.6.7 Exercise. If p be a limit point of a set S C IR prove that there exists a countably infinite 
subset of S having p as its only limit point. 
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8.6.8 Exercise. Regard Q, the set of all rational numbers, as a metric space with d(x, y) = |x — y]. 
Let E be the set of all x € Q such that 2 < x? < 3. Show that E is closed and bounded in Q, but 
that E is not compact in Q. Is E open in Q? 


8.6.9 Exercise. Show that a set S C R is totally bounded if and only if it is bounded. 


8.6.10 Exercise. For each of the following statements, determine whether it is true or false and 
justify your answer. 


1. The set of irrational numbers is closed. 
2. 'The set of rational numbers in the interval [0,1] is compact. 
3. The set of negative numbers is closed. 


8.6.11 Exercise. Let S be compact and K, a decreasing sequence of closed subsets of S. If 
f: S — S is continuous, show that 


8.6.12 Exercise. Let f : [a,b] — R be continuous. Show that the graph of f, G(f) = {(a, f(x));x € 
la, b]}, is à compact subset . Can the compactness be dropped? Can you generalize? 


8.6.13 Exercise. Let A be subset of IR that is not compact. Show that d a continuous function 
f: A R that does not attain a largest value. 


8.6.14 Exercise. If K is a compact subset of R , E is a closed subset of K, and if f : K — R, is 
continuous, show that f(E) is closed. Can the compactness of K be dropped? 


8.6.15 Exercise. If K isa compact subset of R, and f : K — R is continuous, and f(z) » 0 V x € K, 
show that 3 ô > 0 such that f(x) » óV xc K. 


8.6.16 Exercise. Let Y C R be compact and f : Y > R be continuous. If Z = {z € Y; f(z) = 
sup(f(y) : y € Y Hl, show that Z Z ( and Z is compact. 


8.6.17 Exercise. For each x € (0,1), let I, denote the open interval (4x, ¿(x 4- 1)), show that 


F = (Ix € (0,1)} is an open cover of (0,1) which admits of no finite subcover of (0, 1). 
8.6.18 Exercise. Let f : E — R have this property. For every a € E there is an € > 0 so that 
f(z)eifzeEn(a-ea- et). 
1. Show that if the set E is compact then there is some positive number c so that 


f(a)»cVac E. 


2. Show that if E is not compact this conclusion may not be valid. 


8.6.19 Exercise. Prove that every open (bounded or unbounded) interval can be expressed as a 
countable union of compact sets. 
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8.6.20 Exercise. Use the Heine-Borel Theorem to prove the following version of the Bolzano- 
Weierstrass Theorem: Every bounded infinite subset of R has a cluster point in R. 


8.6.21 Exercise. Prove that the intersection of an arbitrary collection of compact sets in IR is 
compact. 


8.6.22 Exercise. Let A be a subset of R and assume that A contains a sequence a1,a2, ..... such 
that, for some positive number 6, |am — an| > à for each m 4 n. Show that A is not compact. 


8.6.23 Exercise. Let A be a compact subset of R, let L be any fixed real number, and let f : A —> R 
be a function with the property that |f(x) — f(y)| € L|v — y| for all xz, y € A. Show that f(A) is 
compact. 


8.6.24 Exercise. Let f : E — R have this property: For every e € E there is an € > 0 so that 
f(a) > eif y € En (e— e e- c). Show that if the set E is compact then there is some positive 
number c so that f(e) > c for all e € E. Show that if E is not closed or is not bounded, then this 
conclusion may not be valid. 


8.6.25 Exercise. (Zan Armstrong). Prove or give a counter-example that: A set S C R is compact 
if every continuous function on § is uniformly continuous. 


8.6.26 Exercise. A subset E C R is called discrete if all of its points are isolated points. Give a 
characterization of compact discrete sets. Give an example of a noncompact discrete set. 


8.6.27 Exercise. Show that a finite union of compact sets is compact. 
8.6.28 Exercise. Show that an infinite union of compact sets need not be compact. 


8.6.29 Exercise. Give an example of a set E (other than (; and R) that has the following property 
or else show that such a set cannot exist: 


1. E has infinitely many points but no interior points. 

2. E has infinitely many points but no points of accumulation. 
3. E is open and unbounded. 

4 


. E is closed and unbounded. 


e 


E has infinitely many points of accumulation but no interior points. 
F is open but has no points of accumulation. 
F is closed but has no points of accumulation. 


E is compact and has no interior points. 


o6 ^» nuo 


E, E/ and E" are different. 

10. E is countable and E’ = {0, 1}. 
11. E is countable and E’ = [0,1]. 

12. E is countable and E' = (0,1). 
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8.6.30 Exercise. Prove that the following are equivalent: 
1. LUB Property: Each non-empty set of real numbers that is bounded above has a supremum. 
2. GLB Property: Each non-empty set of real numbers that is bounded below has an infimum. 
3. Completeness Axiom: Every Cauchy sequence of real numbers converges. 


4. Monotone Convergence Theorem: Every bounded monotone sequence of real numbers 
converges. 


5. Bolzano-Weirstrass Theorem: Every bounded infinite subset of R has at least one limit 
point. 


6. Nested intervals Theorem: If ([an, bn]) is a nested sequence of closed and bounded intervals, 
then there a point € that belongs to all of the intervals [an, bn]. 


7. Sequentially compact: Every bounded sequence has a cluster point. 


8. Open-cover compact: Every open cover of a closed and bounded subset of R has a finite 
subcover. 


9. Compact: Every sequence in a closed and bounded subset A C R has a cluster point in A. 


8.7 Connectedness 


Introduction 


The intuitive meaning of a connected set in R that it is one piece; that is, it is not possible to 
represent it as the union of two seperated sets A and B in R. By seperated sets A and B we mean 
An B — and ANB = 0. This is a stronger on A and B than disjointness but not as strong as 
requiring that the distance between them should be positive. For example, in R the sets [0,1] and 
(1,2] are disjoint but not not seperated. On the other hand the sets [0, 1) and (1,2] are seperated 
but distance between them is 0. Thus, a set X is not connected if there are two non-empty sets A 
and B such that X = AUB and ANB = () and ANB = (). If such is the case then A C BS = A and 
hence, A is closed. Similarly B must be closed set. If A and B are closed sets then the statements 
An B = and An B = () are both equivalent to the single statement AN B = Ø. Thus, we can say 
that a set X is connected if there exists no pair of closed sets A and B in R such that X = AUB 
and AN B = (). Since the sets A and B in such a pair are complemenary we can eqally well say that 
they are both open and the definition is usually given in these terms. 


8.7.1 Definition. Two nonempty subsets A and B of R which satisfy 
AnB-AnB-f. 
are said to be mutually separated in R. 


To study connectedness we review certain examples in IR. 
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8.7.2 Example. Let A = (—1,0) U (0, 1) and f : A — R defined by 


ia- [^ if-l<2x<0 


1, if0<a<1. 


Hence for all z € A, f'(x) =0, but f is not constant on A. 


8.7.3 Example. Again, f is continuous on A (in the previous example) and for a € (—1,0) and 
b € (0,1) f(a) < 0, f(b) > 0, but there is no c € A such that f(c) = 0. 


8.7.4 Example. Let f : Q RR and f(x) = x? — 2, then f is continuous on Q and f(2) > 0 and 
f (1) < 0, but there is no x € Q such that f(x) = 0. 


All the pathological behavior in the above examples can be remedied, if the domain of the 
functions were connected. 


8.7.5 Definition. Let A C R, then A is an interval iff for each a,b € A with a < b, the set 
(a,b) = (za <x < b) C A. 


8.7.6 Remark. We shall see that, for any disjoint open sets U,V with A C UU V implies either 
ACU or ACV. The analogue of the interval in an abstract metric space (X,d) are connected 
sets. 


8.8 Disconnected, Connected: 


8.8.1 Definition. A set E C R is said to be disconnected, if there exist two nonempty disjoint 
subsets U and V of E, each of them is open relatively to E, so that E = U UV. If a set E is not 
disconnected then it is said to be connected. In this case, we say that (U|V) is a seperation of E. 
Finally, a set S C R is called totally disconnected if for any x,y € S such that x < y, there exists 
z € (x,y) such that z ¢ S. 


8.8.2 Remark. Assume that U C E is open relatively to E. Then E \ U is closed relatively to E. 
So, an equivalent definition is that E is disconnected whenever there exist a nonempty subset U of 
E that U Z E and U is simultaneously open and closed relatively to E. 

Observe that the set QN [0, 1] is disconnected. Indeed, the two sets 


U=QN (3) N [0,1], and V = Qn (2) N [0, 1) 


are both open relatively to QN(0, 1], disjoint and nonempty, and UUV = Qn[0, 1]. Another example 
of a disconnected subset of R is the set (0,2) V {1}, since it can be written as (0, 1) U (1,2). 


8.8.3 Definition. A real-valued function f on a set S C R is said to be two-valued on S; if 


f(S) € (a, bj, a 7. b. 
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8.8.4 Theorem. The following are equivalent: 
1. R is connected. 
2. The only subsets of R that are both open and closed are the empty set and R itself. 
3. Every continuous function f : R — {0,1} is constant. 


8.8.5 Theorem (Intermediate value theorem for real-valued continuous functions). Let f be real- 
valued and continuous on a connected subxet S of R. If f takes on two different values in S, say a 
and b, then for each real c between a and b there exists a point x € S such that f(x) = c. 


8.8.6 Theorem. If S = (55;o € A} is a family of connected subsets of R and if T = Naca Sa 7 0), 
then U = Une, Sa is also connected. 


Every point x in R belongs to at least one connected subset of R, namely {xz}. By the above 
theorem, the union of all the connected subsets which contain x is also connected. We call this union 
a component of R, and we denote it by C(x). Thus, C(x) is the maximal connected subset of 
R which contains x. 


8.8.7 Theorem. Every point of R belongs to a uniquely determined component of R. In other 
words, the components of R form a collection of disjoint sets whose union is IR. 


8.9 Problems and Solutions on Connectedness. 


Warning! Never Never Ever read this solution unless you tried problems quite long time and gave 
up. Doing so may impair your ability to think and solve problems. 


8.9.1 Problem. A subset E of R is connected if and only if eveiy continuous function f : E > 
{p,q}; p Æ q is constant. 


8.9.1.1 Solution. Suppose that f is not constant on E. Let 0 < e = [pal since f is continuous 


then both f^! (B (p;e)) and f^! (B (q;€)) are open, disjoint with d 
f (B (p; €)) Uf" (B(a9) = E, 


which is impossible, as F is connected. 
If f is constant, then f(x) = p or f(z) =q V x € E. Hence V e > 0 f! (B(p;e)) = E or 
f! (B(q;c)) = E. Thus f is continuous on E. 


8.9.2 Problem. The function f : R — R continuous if and only if its graph gr(f) is a closed and 
connected subset of R?. 


8.9.2.1 Solution. First, let gr(f) be closed and connected. Since gr(f) is connected, it is easy to 
see that f will have IVP. So, f : R > R has the IVP and gr(f) is closed (and connected) and we 
are to show that f is continuous. Suppose f is not continuous at x = c. Then for some e > 0, there 
exists a sequence (bn) of real numbers tending to c, such that |f(b,) — f(c)| > e for each n € N, 
Lie, —e > f(b4) — f(c) > e. Let us consider the right hand inequality f(b,) > f(c) +e. By the 
IVP, there exists cn between b, and c such that f(c,) = f(c) + e. Thus, the sequence of points 
((en. f(cn))) — (c, f (c) + ©) ¢ gr(f), a contradiction, since gr(f) is closed. 

Conversely, suppose f is continuous and we have to show that (i) gr(f) is closed and (ii) gr(f) is 
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connected. 
Proof of (i). If not, then there exists a sequence of points (an, f(a@n)) € gr(f), a, — a, with limit 
not in gr(f). However, this limit is (a, f(a)) as an > a and f(an) > f(a) (since f is continuous), 
o (a, f(a)) ¢ gr(f), which is absurd since for every x € R, (a, f(x)) € gr(f), by the definition of 
st. 
Proof of (ii). If not, let gr(f) C HU K, where gr(f) = {(a, f(a));a € R}, HL,K Z0, Hn K =0 
and H, K are open. Now put Sı = (a; (a, f(a)) € H}, S5 = (a; (a, f(a)) € K}. Then S1, S2 are 
non-empty, open and disjoint subsets of IR such that $1 U S5 — IR, giving a contradiction, since IR is 
connected. 


8.9.3 Problem. In each case, give an example of a real-valued function f, continuous on S and 
such that f(S) = T, or else explain why there can be no such f: 


1. $— (0,1), T = (0, 1]. 


2. S = (0,1), T = (0,1) U (1,2). 
3. S — R, T = the set of rational numbers. 
4. 5 = [0,1] U [2,3], T = (0,1). 
5. S = [0,1] x [0,1], T = R2. 
S = [0,1] x [0,1], T = (0,1) x (0,1). 


7. S = (0,1) x (0,1), T = R2. 


8.9.3.1 Solution. 


1. Define f : (0,1) > (0, 1] by f(x) = is ire E 


1 ifze [5,1]. 
2. S is connected, but T is disconnected. 


3. S is connected, but T is disconnected. 


0 ifz e [0,1] 
4. Define f : [0,1] U [2,3] 5 {0,1} b = 
ne f + [0,1] U [2,3] > {0,1} by f(a) f os. 
5. S is compact, but T is not compact. 
6. S is compact, but T is not compact. 


7. Define f : (0,1) x (0,1) 2 R? by 


1—-2x 1-2 
z(1—2) y(1—y 


8.9.4 Problem. Let f : [a,b] — R. The following conditions are equivalent. 


f(x,y) = ( ;) if x € (0,1),y € (0,1). 


1. f is Darboux continuous. 


2. For any connected set C C [a,b], f (C) is connected. 
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3. For any closed subinterval [p,q] of [a,b], f ([p, q]) is connected. 


8.9.4.1 Solution. 


1. (1) implies (2): Let C be a connected subset of [a,b] and let f(o) and f(8) be elements of 
f(C)(o,8 € C, a € B). Then [a, 6] € C. For every c between f(a) and f(8) there is an s 
between f(o) and f(8) such that f(s) — c. Hence, f(C) contains the closed interval with end 
points f(a) and f(8). Thus, f (C) is connected. 


2. (2) implies (3) is trivial. 


3. (3) implies (1): Let p,q € [a, 0], p < q and let c be between f(p) and f(q). Since f([p. q]) is 
connected, we have c € f (Ip, q]) . 


8.9.5 Problem. A subset A of R is disconnected if and only if it is the union of two nonempty sets 
mutually separated in R. 


8.9.5.1 Solution. If A is disconnected, it can be written as the union of two disjoint nonempty sets 
U and V which are open in A. (These sets need not, of course, be open in R.) We show that U and 
V are mutually separated. It suffices to prove that U N V is empty, that is, U C R \ V. To this end 
suppose that u € U. Since U is open in A, there exists r > 0 such that 


AN B(wr)-—írc€A;x—u| «rj CUCRWVV. 


The interval B(u;r) = (u— r, u4- r) is the union of two sets: AN B(u;r) and A€ n B(u; r). We have 
just shown that the first of these belongs to IRA V. Certainly the second piece contains no points of A 
and therefore no points of V. Thus B(u;r) C R\ V. This shows that u does not belong to the closure 
(in R) of the set V; so u € R \ V. Since u was an arbitrary point of U, we conclude that U C RAV. 
Conversely, suppose that A = UUV where U and V are nonempty sets mutually separated in R. To 
show that the sets U and V disconnect A, we need only show that they are open in A, since they 
are obviously disjoint. Let us prove that U is open in A. Let u € U and notice that since UN V 
is empty, u cannot belong to V. Thus there exists r > 0 such that B(u;r) is disjoint from V. Then 
certainly AN B(u; r) is disjoint from V. Thus An B(u;r) is contained in U. Thus U is open in A. 


8.9.6 Problem. 


1. Give an example of a function f € C(R) and a compact set K C R such that f^ !(K) is not 
compact. 


2. Give an example of a function f € C(IR) and a connected set C C R such that f~!(C) is not 


connected. 
8.9.6.1 Solution. 


1. Define f : R — R by 
1 
jore. 


Observe that f € C(R). Now [0,1] C R is compact but f^! ([0, 1]) = R is not compact. 


2. Let f : (1,2)U(3,4) > R be a function defined by f(x) = 1; V x € (1,2)U (3,4). Any connected 
set C containing 1, f^! (C) = (1,2) U (3,4) which is not connected. 
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8.9.7 Problem. No subset of R but R itself or may be simultaneously open and closed in R. In 
other words, R is connected. 


8.9.7.1 Solution. Let R= UUV be a separation, and let a € U,b € V. We may assume a < b. Let 
Y = {x;x € fja,b], £ E U} 
and let c = sup Y. We have c < b since (b — e, b] C V for some e > 0. Either c € U orc € V. If c € U, 


then [c, c 4- €) C U for some e > 0, contradicting that c = sup Y. If c € V, then (c— e, c] C V for some 
€ > 0, so c — e would be an upper bound for Y, another contradiction. So no separation exists. 


8.9.8 Problem. Prove that The Following Are Equivelent: 
1. R is a connected set. 
2. R cannot be written as the union of two disjoint non-empty open sets. 
3. the only subsets of R which both open and closed are Ø and R. 

8.9.8.1 Solution. We prove the equivalence by negations of (1), (ii) and (iii). 


1. not (i)= not (ii): Suppose R = AU B where A and B are non-empty and An B = BAA - (. 
(Such sets A, B are called seperated sets.) This implies that B C (A)° and A C (B)€ and 
hence that (A)° and (B)? are non-empty. Note also that (A)€ n (B)€ = (AU B)? = RF =b. 
Therefore R = (A)° U(B)€ shows that R is the union of two non-empty disjoint open sets. 


2. not (ii) not (iii: Assume that R = U UV, where U and V are non-empty open sets, and 
U nV — (0. Then U = V is closed as V is open. Since UC = V is non-empty we see that U 
is distinct from Ø and R, and is both open and closed. 


3. not (iii) not (i): Let A be a set which is both open and closed, and distinct from Ø and R. 
Therefore R = AU AF shows that R is disconnected metric space. 


8.9.9 Problem. Every general interval in R is a connected set, and, conversely, every connected 
subset of R is a general interval. 


8.9.9.1 Solution. Assume that (a,b) = AU B, where A and B are disjoint nonempty subsets 
of (a,b), both open relatively to (a,b). Since (a,b) is already open, the two sets A and B are 
open in R. Take ag € A and bọ € B. Without loss of generality, we may assume that ag < bo. 
Let C = (x € (ao,6) : (ao, zx] C A}. This set is nonempty, due to the fact that A is open. Let 
a, = sup C(» ag). It exists since C is bounded. Note that [ao,a1) C A. If a4 € A, then we may 
find a» € (a1, b) such that [a1, a2) C A, hence (ao, ag] C A, contradicting the definition of a4. Thus, 
a, € B. Since B is open, we can find b € B, bı < a4, such that (b,, a1] C B, and this contradict again 
that for some x € (b1,a1] we have (ao,x| C A. That the converse holds, i.e., that every connected 
subset of R is a general interval, is easy: assume that S is a connected subset of R. If S fails to be 
an interval, there exists zo € R V.S such that S; = (—00, 290) N S = Ø, and S2 = (xog,oo) n S = 0. 
Then S = Sı U S2, and 5, N S2 = (. Since Sı and $5 are two open relatively to S subsets of S, we 
reach a contradiction. 


8.9.10 Problem. Let f :IR — R be continuous. If E is connected, then f(E) is also connected. 
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8.9.10.1 Solution. Suppose that f (E) is not connected, then there exists open sets U,V such that 
(U|V) a seperation of f(E), ie. f(E)= UUV with UNV = 0. Hence E = f !(U)U f Y(V). 
Since f is continuous, so f^ !(U) and f~'(V) are both open and f^!(U)  f-!(V) = 0. Thus 
(£1 (U)|f (V)) is a seperation of E, hence E is not connected, a contradiction. 


8.9.11 Problem. Show that if S = (S4;o € A} is a family of connected subsets of R and if 
T = Naca Sa #9, then U = Une, Sa is also connected. 


8.9.11.1 Solution. Since T Æ (), there is some t € T. Let f be a two-valued function on U. We will 
show that f is constant on U by showing that f(x) = f(t)Vr € U. If x € U, then x € Sa for some 
Sa € S. Since Sa is connected, f is constant on Sa and, since t € Sa, f(x) = f(t). 


8.9.12 Problem. Let F, be a nest of connected compact sets (F,,1 C Fn) in R. Show that 
K = 004 Fn is connected. 


8.9.1 Remark. The Nested property is crucial since the intersection of two compact connected sets 
may not be connected. The example may be easily found in IR?, not in IR where the result is true. 
The above conclusion is false when we only assume that the sequence {Fn} are closed. Indeed, take 


1 
Fn - \ { (e,o): lel Si and |y| < n). 


It is easy to see that F, are closed and 


oo 


(| Fa = RA ((0,9);y € R}. 


n=1 
Moreover each Fn is connected while their intersection is not. 
8.9.13 Problem. The set {1,4,8} is disconnected. 


8.9.13.1 Solution. Let A = {1,4,8} C R. Notice that the sets {1} and {4,8} are open subsets of 
A. For (-1,2) à A = {1} and (2,1) A = {4,8}; so {1} is the intersection of an open subset of R 
with A, and so is {4,8}. Thus {1} and (4,8) are disjoint nonempty open subsets of A whose union 
is A. That is, the sets {1} and {4,8} disconnect A. 


8.9.14 Problem. The set Q of rational numbers is disconnected. 


8.9.14.1 Solution. The pair of sets {x € Q; x < m} and (x € Q; x > r} is a disconnection of Q. 


8.9.15 Problem. The set Q? of points in IR? both of whose coordinates are rational is a disconnected 
subset of R?. 


8.9.15.1 Solution. The subset Q? is disconnected by the sets ((z,y) € Q?; x < m} and {(x,y) € 
Q?: xz > 7). 


8.9.16 Problem. Let S be a nonempty subset of R such that its boundary is empty. Show that 
S—(or S—R. 


8.9.16.1 Solution. ôS =) > S \ S? =Ø => SC S° C S and S? C S C S implies S? = 
0 or 


That is, S is both open and closed. By connectedness of R, we can infer that either S 
S=R. 


S 


8.9. PROBLEMS AND SOLUTIONS ON CONNECTEDNESS. 559 


8.9.17 Problem. The following result says that “at any time, on the surface of the earth, there exists 
two diametrically opposite points at which the temperature is the same.” To prove this statement 
let T : S — R be a continuous function, S = {z = (x,y) € R; x? +y? = 1}. Show that there is p € S 
such that T(p) 2 T(—p). 


8.9.17.1 Solution. If possible, let 3 no z € S such that T(z) = T(—z). Then consider the function 
f : S — R defined by 
Ir(t) - T(-t)| 
= a 
70 T6)—r(-6 


We see that f(S) = {0,1}. Now S is connected but f(S) is not connected, a contradiction. 


8.9.18 Problem. The function f : R > R continuous if and only if its graph G(f) = ((x, f(z);x € 
IR) is a closed and connected subset of R?. 


8.9.18.1 Solution. First, let G(f) be closed and connected. Since G(f) is connected, it is easy 
to see that f will have IVP. So, f : R — R has the IVP and G(f) is closed (and connected) and 
we are to show that f is continuous. Suppose f is not continuous at x = c. Then for some e > 0, 
there exists a sequence (bn) of real numbers tending to c, such that |f(b,) — f(c)| > e for each m, 
i.e., —e > f(b,) — f(c) > e. Let us consider the right hand inequality f(b,) > f(c) + e. By the 
IVP, there exists c, between b, and c such that f(c,) = f(c) + e. Thus, the sequence of points 
((en, f (c.))) > (c, f(c) + ©) € G(f), a contradiction, since G(f) is closed. 

Conversely, suppose f is continuous and we have to show that (i) G(f) is closed and (ii) G(f) is 
connected. Proof of (i). If not, then there exists a sequence of points (an, f(a4)) € G(f), as an > a, 
with limit not in G(f). However, this limit is (a, f(a)) as a, — a, and f(a,) > f(a) (since f is 
continuous), so (a, f(a)) € G(f), which is absurd since for every x € R, (zx, f(z)) € G(f), by the 
definition of G( f). 

Proof of (ii). If not, let G(f) C H U K, where G(f) = {(a, f(a));a € R}, Hn K z 0, and H, K are 
open. Now put Sı = {a; (a, f(a)) € H}, S2 = (a;(a, f(a)) € K}. Then $1, $5 are non-empty, open 
and disjoint subsets of R such that $1 U S2 = R, giving a contradiction, since R is connected. 


8.9.19 Problem. Suppose that f : R > R has a closed graph G(f) (closed as a subset of R?). 
'Then each of the following conditions implies that f is continuous: 


1. f is locally bounded, 
2. f has IVP, 
3. G(f) is connected. 


8.9.19.1 Solution. 


(i) = f is continuous: Suppose f is not continuous at the point x = €. Then there exists a sequence 
(an) such that f(an) — 7 with n 4 f(£) € R, as f is locally bounded. Thus, the sequence of points 
((an, f(@n))) € R?, contradicting the fact that G(f) is closed, since the point (£,7) ¢ G(f) and is a 
limit point of G(f). 

(ii) > f is continuous: already done in the proof of the above problem. 
(iii) > f is continuous. 


8.9.20 Problem. Show that f has IVP does not imply f is locally bounded, and gr(f) is connected 
does not imply f is locally bounded. 
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8.9.20.1 Solution. Consider the function f : IR — R defined by 


lsini ifs #0 
ia- T; iban 


Verify that this function has the IVP but it is not locally bounded at the point x — 0. Further, for 
this very function f, its graph is connected, showing gr(f) is connected does not imply f is locally 
bounded. 


8.9.21 Problem. Show that f is locally bounded does not imply f has the IVP and also that f is 
locally bounded does not imply its graph gr(f) is connected. 


8.9.21.1 Solution. The following is the example of such a function. Consider the function f : IR — 


IR defined by 
1 ifíz»0 
ie) P ifa <0. 
8.9.22 Problem. Here is an application of connectedness. Is there a continuous function f : R —> R 
such that f (Q) C Q€ and f (Q9) cQ? 


8.9.22.1 Solution. No. If such f exists, then both f(Q) and f(Q°) are countable. Hence, f(R) is 
countable. In addition, f(R) is connected. Since f (IR) contains rationals and irrationals, so f(IR) i 
an interval which implies that f(IR) is uncountable, a cotradiction. Hence, such f does not exist. 


8.9.23 Problem. Suppose that f : [a,b] — R satisfies f^! (y) is closed for all y € R and f([c, d]) is 
connected for all [c,d] € [a,b]. Prove that f is continuous. 


8.9.23.1 Solution. Let x € [a,b] and take a sequence (xn) in [a,b] such that £n —> x. Then J = 
NZ f([2@n,2]) is an interval containing f(x). We claim that I = {f(x)} and therefore f (£n) > f(x). 
Indeed, take f(y) € I. Then there exist tn € [r4, x] such that f(t4) = f(y). Hence tn > x and tn € 


fF 1f ())). Since f^! (£f(y))) is closed, it follows that x € f~'({f(y)}), and so f(x) = f(y). 


8.9.24 Problem. If S, T are subsets of R such that S is connected and S C T C S, then T is 
connected. In particular, S is connected. 


8.9.24.1 Solution. Suppose that A, B are nonempty open sets in the subspace T such that T = 
AU B and AN B = (. As S is dense in T , both $M A and SMB are nonempty. They are clearly 
disjoint, and, they are open in S. Since S = (S N A) U (S n B), we have contradicted the fact that 
S is connected. 


8.9.25 Problem. Let A and B be connected subsets in R with A \ B not connected and suppose 
AN B = C1 U Cs where C1 N C5 = C1 N Ca = Ø. Show that BU C is connected. 


8.9.25.1 Solution. Assume that BUC, is not connected. and so we will prove that C4 is discon- 
nected. Using the relations C1 N Cz = C1 N €» = 0, we get 


Cin CsU (An B) 
=N cuan) 
= [C;nC;]u lana) 


—-CO,n(AnB)CcC,nB (8.1) 
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and 
Cı N [C2 U (AN B)] 
= [C1 N Cy] U [Cin (An B)] 
=CıN (ANB) CCNB. (8.2) 
as at least one of (8.1) and (8.2) is nonempty by the hypothesis that A is connected. In addition, by 
(8.1) and (8.2), we know that at leaset one of C1 N B and C10 B is nonempty. So, C, is disconnected 


by the hypothesis that B is connected. 
From above result and hypothesis, we now have 


1. B is connected. 
2. C1 is disconnected. 
3. BUC, is disconnected. 
Let D be a component of B U C4 so that B C D; and we have, (BU C1) V D = E C Ci, and 


DAE = DNE = f, which implies that En (A \ E) = Ø and A\ En E =9. So, we have proved 
that A is disconnected wich is absurd. Hence, B U C, is connected. 


Now we prove that EN (AN E) = A\ En E = ( as follows: Since DN E = 0, so we have 


En(ANE) 

=EN |(DU C2)U (AN B)] 
CEN [(D U C2) U B] 

=EN |(D U C2)] since BC D 
=E N Cə since Dr E = 0 
CC, N Cs since E C C4 

=). 


Again, since DM E = 0), so we have 


A\ENE 
=|(DUC:)U(ANB)] NE 


c [(DUG:)UB] nF 
=|(DUG3)] NB since B C D 


=C2N E since DN E = ( 
CCN Ci since E C C4 
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8.10 Additional Exercises on Connectedness. 


8.10.1 Exercise. Let A, B be two nonempty subsets of R such that AN B = An B = 0. Show that 
there exists an open set U D A and an open set V D B such that UM V = Ø. Hint: Consider the 
function f(x; A) = inf{ |x — a|;a € A}, then define a function ¢ by $(zx) > f(x; A) — f(a; B). 


8.10.2 Exercise. Let S, T' be nonempty closed subsets of R such that SUT and SMB are connected. 
Prove that S and T are connected. Give an example to show that the conclusion no longer holds if 
we remove the hypothesis that S and T' are closed. 


8.10.3 Exercise. If we have B C A C RR, then the set B is a connected subset of A, if and only if 
B is a connected subset of IR. 


8.10.4 Exercise. If A is a subset of IR and a € A, then there exists a largest (with respect to 
inclusion) connected subset C(a) of A that contains a. (The connected set Ca) is called the 
component of a with respect to A.) 


8.10.5 Exercise. If a,b belong to a subset A of R and C(a) and C(b), are the components of a and 
b in A, then either C(a) = C(b) or else C(a) N C(b) = 0. Hence, the identity A = Uac aC (a) shows 
that A can be written as a disjoint union of connected sets. 


8.10.6 Exercise. A nonempty subset of R with at least two elements is a connected set if and 
only if it is an interval. Use this to infer that every open subset of R can be written as an at most 
countable union of disjoint open intervals. 


8.10.7 Exercise. Let A, B be two closed subsets of IR such that both the sets AN B and AU B are 
connected. Show that A and B are connected. 


8.10.8 Exercise. According to the Intermediate Value theorem, any connected set has a connected 
image under continuous mapping. Verify if the same is true in the "inverse" direction: if f is 
continuous on R, then any connected set in f(X) has a connected inverse image. If not, construct 
a counterexample. 


8.10.9 Exercise. Let C be a set of non empty open sets in R such that for U,V € C, either U = V 
or UM V = () (the sets in C are then said to be ‘pairwise disjoint’). Prove: Either C is finite, or 
the sets in C can be listed in a sequence (Un) Hint: Enumerate the rational numbers in a sequence. 
(r4); in each U € C choose a rational number. 


Chapter 9 


Infinite Series 


God made the integers, and all the rest is the work of man. 
—Leopold Kronecker. 


9.0.1 Definition. Let I be any set. and let (a;;i € I} be a set of real numbers indexed by J. Then 
we call the expression 
P» 


icl 
an unordered series. We say that the series converges to a real number S if and only if for 


each e > 0 there exists a finite set F with the property that, for every finite set J C I satisfying 
FCJCI. we have 


»SCLE 


iEJ 


« €. 


In this case we say S is the sum of the series. If the series does not converge to any number, it is 
said to diverge. If for every N > 0, there exists a finite set with the property that, for every finite 
set J satisfying F C J C I, we have 

DR ai> N, 


icJ 
we say that the series diverges properly or diverges to oo. 


9.0.1 Problem. Let J be an uncountable set, and let (aj; € I} be a set of real numbers indexed 
by I, and suppose that » ^;-; a; converges. Then a; = 0 for all but at most countably many i. 


9.0.1.1 Solution. Suppose that {a;;i € I] converges and choose some e > 0. Then, by definition 
we can find a F such that for every finite set J satisfying F C J C I. we have 


Xais 


ied 


< e/2. 


I This notion of unordered series convergence is important in more complicated topological spaces where the ordinary 
notion of sequence is inadequate. The notion of net is closely related. (see special topics) 
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If in particular. J = F U {i} for some i ¢ F we have 


Xais Xais 


icJ icF 


€» + = 


icJ icF 


That is |a;| < € for all i ¢ F, in other words, there can be only finitely many i such that |a;| > € 
(because all such i must be in F. In other words 


fo (i CA > e} 


is a finite set. But now we notice 


{i; a; AO} = Un 


i=l 


and so a; = 0 for all but a countable union of finite sets, which is hence coumable. 


9.0.2 Definition. Let (an) be a given sequence of real numbers, and form a new sequence (sn) as 
follows: 


n 
Sn = Q1 +...+ An = Na (n2, 
k=1 


and is called the n-th partial sum. We define the infinite series 5 77- , a, to be convergent if and only 
if limpo Sn exists and is finite). We define the series to be divergent (not convergent) if and only 
if limp so Sn = oo or liMy_5.5 Sn = —oo or lim,.,55 Sn fails to exist. In the case that lim, 55 Sn 
converges to a limit S (i.e. lim, ,55 Sn = S), we call this limit as the sum of the series and write 


y» An = S. 
n=1 


9.0.3 Definition. (Absolute Convergence) A series 377 , an is called absolutely convergent 
if $77 [an| converges. 


9.0.4 Definition. (Conditional Convergence) A series $7, , an converges conditionally if it 
converges, but $77 , |a,,| diverges. 


9.0.5 Definition. Let p be a function from N > N such that 


1. p(n) < p(m), if n <m. 
Let J>] an and $55. , bn be two series related as follows: 


2. by = Q1 -- a3... Gp(1): 
bn+1 = Qp(n)+1 + An(n)+2 +... + Gp(n4-1) if n= I 2, i 
Then we say that $77. , bn is obtained from $77. , an by inserting parentheses, and that $7] an 


is obtained from $77 , bn by removing parentheses. 


9.0.6 Definition. Let f be a function from N — N and assume that f is one-to-one. Let 375. 4a, 
and $755. b, be two series such that bn = ag(4j for n = 1,2,.... Then 155. b, is said to be a 
rearrangement of 377 1a, 
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9.0.7 Definition. A series 37,- , an of real numbers is said to be unconditionally convergent if 
every rearrangement of it converges. 


9.0.8 Definition. Let (an) be a sequence of real numbers. 


1. 


A subseries of the series 3 7^ , an is a series 3^ ,a,,, where (an,) is a subsequence of the 
. oo H . * . . 
sequence (an). The series $7, , a, is said to be subseries convergent if every subseries 


357 an of it converges 
n=1 ^n Bes. 


The series pon an is said to be bounded-multiplier convergent if X bnan converges 


for every bounded sequence (bn) of real numbers. 


The series $>} an is said to be sign-multiplier-convergent if 377 , €ndn converges for 
every sequence (en), where en € {—1,1} for all n € N. 


9.0.9 Proposition. Let (a,,) be a sequence of real numbers. Then, the following are equivalent: 


1. 
2. 


pi c 


The series $77 , a, is absolutely convergent. 
B oo B m 
The series * 77 , ay is unconditionally convergent. 
The series $77 , an is subseries convergent. 
The series * 7, Gn is unordered convergent. 
The series $7 , @n is bounded-multiplier convergent 


The series $77 , an is sign-multiplier-convergent 


9.1 Basic Results 


Let $77 |a, be a convergent series, then lim; 55 dn = 0. 


. (Cauchy Criterion:) Let $7 , an be an infinite series, then $5 , an converges if and only 


if for every e > 03 N € N such that V m,n € N satisfies 


m,n > N => |8m — 8n| < €. 


Assume that an > 0 for each n = 1,2,.... Then $55. , an converges if and only if, the sequence 
of partial sums is bounded above. 


(Divergence Test:) Suppose that $77 , an is a series, and limpo a, # 0. Then $77 , an 
diverges. 


Let 377 |a, be a series of positive terms and } >] bn be a rearrangement of the first series. 
Then the two series either bolh converge to the same limit or both diverge properly. 


(Comparison Test:) 
Let $>] an and $55. , bn be series of positive terms, and suppose that 


An X b, V n > N for some N EN. 
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(a) If X>] bn converges, then 377. , an converges. 
(b) If $77 1a, diverges, then $77 , bn diverges. 


. (Limit Comparison Test:) 


Let $77 | dn and $77. , b, be two series, an > 0, bn > 0, assume that limn—oo(an/bn) = L 
allowing the case L — oo. 

(a) If 0 < L < oo, then either both converge or both diverge. 

(b) If L = oo and $77. , an converges, then $77 , bn converges also. 


(c) If L = 0 and 377 , an diverges, then $77. , bn diverges also. 


. (Limit Comparison Test Strengthened:) Let $7 , an and 377. , bn be two series, an, bn > 


0, and suppose that 


liminf(an/bn) = Lı and lim sup(an/bn) = L2 
N-O n= oo 


(a) If Lo < oo and 375. ., bn converges, then 377. , an converges. 


(b) If Lı > 0 and $75. , bn diverges, then $57 , an diverges. 


. (Ratio Comparison Test:) Let $57. , an and $7; bn be two series, an, bn > 0, and suppose 


that 


(a) If 3777 , bn converges, then 377 , an converges. 
(b) If $77 , an diverges, then * 77 , bn diverges. 


(Integral Test:) Consider a series $77 , an, where an = a(n) for some function a(x) defined 
on [1,oc) that is continuous, positive, and decreasing. Then the series 37,- , an converges if 


and only if the improper integral 
f a(x)dx 
1 
converges. Furthermore, the limit 
D= Jim. p ak — | oe) 


exists, and 0 € D € ay. 


9.1.1 Note. Applying the second part to the function f(x) — i, we find that 


where 0 < 7 < 1 is the Euler constant. 


9.1. 


11. 


12. 


13. 


14. 


15. 


BASIC RESULTS 


(p-Series:) Consider the series 
oo 
1 
25 
n=1 
called a p-series. where p is a real constant. 
(a) If p > 1, the series converges. 


(b) If p < 1, the series diverges. 


(Ratio Test:) Consider a strictly positive series $^». , an, and define 


x An+1 
r= lim 
n—o0 An 


assuming that it exists. 


(a) If r « 1, the series $77. , an converges. 
(b) If r > 1, the series $77 , an diverges. 


(c) If r = 1, the the test is inconclusive. 


(Ratio Test Strengthened:) Consider a strictly positive series 7, , an, and define 
a a 
rı = liminf nt! and r9 = limsup wes 
n090 An noo an 


assuming that it exists. 
(a) If ro < 1, the series $7 , an converges. 
(b) If r1 > 1, the series $77. , an diverges. 
Root Test:) Consider a strictly positive series $^ , an, and define 
y n=1 
1l 
p= lim az 
noo 
assuming that it exists. 
(a) If p < 1, the series $77. , an converges. 
(b) If p > 1, the series $7 , an diverges. 


(c) If p — 1, the the test is inconclusive. 


(Root Test Strengthened:) Consider a strictly positive series $^ , an, and define 


H 1 
pı = liminf af and p2 = lim sup az 
noo n— oo 
assuming that it exists. 
(a) If p2 < 1, the series $77. , an converges. 


(b) If p4 > 1, the series $7 , an diverges. 
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9.1.2 Definition. (Absolute Convergence) A series $^, , an converges absolutely if and only if 
osa las] converges. A series that converges absolutely is often called absolutely convergent. 


9.1.3 Definition. (Alternating Series:) If an > 0 for each n € N, then the series $5». ,(—1)"a, 
is called an alternating series. 


1. (Alternating Series Test:) Consider an alternaing series » 7, ,(—1)"a,, and suppose that 
the terms a, satisfy: 


(a) an is non-increasing eventually, i.e. for some some N € Nn > N => dni € a. 
(b) limp+oo an = 0. 


Then $377 ,(—1)"a, converges to a sum S. Furthermore, assuming k > N for some integer 
N » 0, we have 


S, X S X Sy,1 or S541 € $ € Sy 
according as k is odd or even. (Consequently, $ and Sp can never differ by more than a;44.) 


2. (Cauchy Condensation Test:) Let $77 , an be a positive infinite series and suppose that 
the terms a, are eventually decreasing and b be a positive integer greater than 1. Then the 
series 


oo oo 

x an and 5 b” apn 

n=1 n=1 
either both converge or both diverge. 


9.2 Kummer’s Results: 


1. Let $57 (a, be a positive infinite series, and let (An) be any sequence of positive numbers. 
If, eventually, 


Àn = DT > k>0 


n 
for some constant k, then pew an converges. 
2. (Kummer’s Test:) Let $77 ;a, be a positive infinite series, let $77 , + be a divergent 
positive series. and define 


An+1 


Kn = dn Ta dn+1 


an 
(a) If, eventually, £n > k > 0 for some constant k. then $77. , an converges. 
(b) If, eventually, kn < 0, then $77 , an diverges. 


3. (Kummer’s Test Simplified:) Let $77 , an be a positive infinite series, let 3 ; + bea 


divergent positive series. and define 


k= lin (a. = Hn sai) 
a 


n— oo n 


assuming that it exists. If x > 0 (resp. x < 0), then 377 , an converges (resp. diverges). 
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9.3 The Tests of Raabe and Gauss 


1. (Raabe’s Test) Let $57 , an be a positive infinite series, and suppose we can write 


Orel. ca PR han E ct: 
An n noo 
(a) If 8 > 1, then 377- , a, converges. 
(b) If 8 < 1, then $57 , an diverges. 
2. (Raabe's Test Strengthened:) Let $77 , an be a positive infinite series, and suppose we 
can write 


_ Bn 


An+1 mt. 
= ? 


An n 


where lim sup n = 6; and liminf B, = fis. 
n— o0 n— 0o 


(a) If 85 > 1, then 37 , an converges. 
(b) If 8 < 1, then 357. , an diverges. 


A stronger test that copes with the 8 = 1 case of Raabe’s Test follows. This test is due to the 
prolific mathematician Karl Friedrich Gauss (1777-1855). 


3. (Raabe-Duhamel’s rule.) Consider the series 37^ , a, with an > 0 V n € N such that there 
exist p > 0 and q > 1 such that the sequence 


ee 7-9) 


(a) if p € 1, then 377 , an is divergent; 
(b) and if p > 1, then $377 , an is convergent. 


is bounded. Show that 


4. (Raabe-Duhamel’s test) Let 7^ , an be a series of strictly positive real numbers, and let 
us note rn = n( Tn — 1) We claim that: 


Ln+1 


(a) If there exist no € N and r > 1, such that rn > r holds for all n > no, then the series is 
convergent; 


(b) If there is some no € N such that r,, € 1 holds for all n > no, then the series is divergent. 


5. (Raabe-Duhamel’s criterion in limit form). Let $7 , a, be a series of strictly positive 
real numbers, for which there exists 


£z im »( E -1) >0 
Tn+1 


n— oo 


(a) If £ > 1, then the series is convergent, and 
(b) If 2 < 1, then the series is divergent. 
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(c) The case £ = 1 is undecided. 


(Gauss's Test) Let 377 | an be a positive infinite series, and suppose we can write 


An+1 EN 1 B f On, 
bard T 
Gn, n nitk’ 


where 0, is a bounded sequence and k > 0 


(a) If 8 > 1, then 377- , a, converges. 
(b) If 8 € 1, then $57. , an diverges. 


(Abel, Summation by Parts:) Let a, and bn be two arbitrary sequences, and write 
An =a, +a9+....+ an 


for the partial sums of bom an, and Ag = 0. Then for each m,1 < m < n, we have 


TU 
X ab, = 
k=m 


L3 Am bg t Anbn41- 


XO An (be — bets) 
k=m 


Let (an) and (bn) be two arbitrary sequences, and write 
An =a, + a2 + .... + dn 


for the partial sum of $55. , an, and Ao = 0. Then if Xpo An(bn — bn+1) converges, and 
limp 555 Anbn+1 exists the series X cH anbn converges. 


(Abel) Let $77 |a, be a convergent series and let (b,) be a bounded monotone sequence. 
Then $77 | anbn converges. 


(Abel’s test or Abel’s theorem.) Let (£n) and (en) be two sequences of real numbers such 
that 


(a) the sequence of partial sums (sn) of X` £n is bounded, i.e., there exists M > 0 such that 
|sn| = |z1 + -+ z4| € M,n=1,...; 
(b) lim; o5 €, = 0. 


(c) the series $77 | |e541 — €n| is convergent. 
Then the series $77 , €n2n is convergent. 


(Dirichlet) Let $77 | an be a series with bounded partial sums. and let (bn) be a monotone 
sequence with lim, ,4; bn = 0. Then $75 , anbn converges. 


(Dirichlet’s Rearrangement Theorem) Let $77 , £n be an absolutely convergent series, 
with sum s, and let 377 , yn be any rearrangement of X>] £n. Show that $5, , yn con- 
verges, and Jọ] Zn = s. 

In other words, Every absolutely convergent series of real numbers is unconditionally conver- 
gent, and any of its rearrangements sums to the same number. 
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13. (Dedekind, Bois-Reymond) Let $77 , an be a convergent series. and let a sequence (bn) 
be such that X>; (bn — bn+1) converges absolutely. Then $75. , anbn converges. 


14. (Riemann's theorem on conditionally convergent series) Let $77 , an be a condition- 
ally convergent series. Let x and y be given numbers in the closed interval [—oo, +00], with 
x < y. Then there exists a rearrangement $77. 4 bn of 377°, an, such that 


lim infi, = x and limsupt, = y 
noo noo 


where tn = by + bo Fie F b... 


15. (Mertens) If $77 ,a,, and $7, , b, be convergent series with sums s and t respectively 
and one of the series, say $5. , a, be absolutely convergent, then the series $77 , cn, where 
Cn = agb, + a104 1 + a2bn—2 + .. + abo, is convergent and its sum is st. 


16. (Abel’s theorem or Pringsheim’s theorem) If 37 ,a,, be a convergent series positive 


real numbers and (an) is a monotone decreasing sequence then 55, ,. nan = 0. 


Let 377. | an be a series of real numbers. Let us define two associated sequences and as follows: For 
n € N, let 


d 


à, ifa,>0 B 0 ifa, 20 
a. = 
0 if an < 0, 5 —an ifan «90, 


Note that a} > 0 and aj > 0 V n € N. It is easy to show that aft — a4 
lan| V n EN. 


9.3.1 Proposition. Let em an be a series of real numbers. 


= an and aj +a, = 


oo 


1. $T 1a, is absolutely convergent if, and only if, the series $77 , a} and X>} a}, are both 


convergent, where a? and a; are defined, for all n € N,. If this is the case, then >>, an = 
a ae Sieg ae 


2. If $7 1 a, is convergent but not absolutely convergent, then 57 
are both divergent. 


oo + : oo — 
5-105 the series and $77 a; 


9.3.2 Proposition. A series of real numbers is unconditionally convergent iff it is absolutely con- 
vergent and all rearrangements of an unconditionally convergent series sum to the same number. 


9.3.3 Remark. The theory of infinite sequences and the theory of infinite series are logically equiv- 
alent in the sense that the behavior of any sequence is controlled by the behavior of an associated 
series, and vice versa. For, in defining the convergence of infinite series we established a correspon- 
dence from infinite series $^ , an to infinite sequences of partial sums |S,,|. We observe that, since 
Sn = a1 +a + ... + às 3 + às = $44 + ay for n > 1. we have an = Sn — S44 for n > 1 and also 
a, = Sı. That is, the terms a, are uniquely determined by the partial sums Sn. In other words, the 
correspondence from infinite series to infinite sequences is in fact a bijection. 

In the development of infinite series, the standard route of defining infinite sequences and defining 
the behavior of infinite series in terms of the associated sequence of partial sums. Instead, one 
could have defined the convergence of infinite series as our primitive concept. Then the convergence 
and divergence of infinite sequences could be defined in terms of the associated series. If (an) be 
a sequence of real numbers, and define (bn) by bn = a441 — an. Then $75. 4 bn converges iff (an) 
converges. 
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9.4 Problems and Solutions on Chapter 9. 


Warning! Never Never Ever read this solution unless you tried problems quite long time and gave 
up. Doing so may impair your ability to think and solve problems. 


9.4.1 Problem. Let (xn) be a sequence of real numbers. Show that x = limno £n if and only if 


oo 
e=2,+ (yai — ay). 


k=1 
9.4.1.1 Solution. We have 
oo T 
Tı + x (Tep1— Tk) = vi lim >> (Tk+1 — vx) 
k=1 k=1 


n 
zı + J (£k+1 EJ = lim z441— lim £n 


= lim 
TL— oo 


Hence the result follows. 


9.4.2 Problem. Let E be a set of positive real numbers. We define peg x to be suppez Sr, 
where F is the collection of finite subsets of E and Sp is the (finite) sum of the elements of F. 


1. Show that *;, cg x < oo only if E is countable. 


2. Show that if E is countable and (xn) is a one-to-one mapping of N onto E, then egt = 


2285 Tn. 
9.4.2.1 Solution. 


1. Suppose X „eg < oo. For each n, let Ej; = {x € E;;z > 1/n}. Then each E, is a finite 
subset of E. Otherwise, if En, is an infinite set for some no, then letting Fk be a subset of 
E,,, with kno elements for each k € N, Sr, > k. Then eer? > Sp, > k for each k, a 
contradiction. Now E = Un=1E,, so E is countable. 


2. Clearly, (z1,..., £n} € F for all n. Thus sup S, < supper Sr. On the other hand, given F € F, 
there exists n € N such that F C [2z1,..., £n} so Sp € Sn and sup Sp < sup Sn. Hence 


oo 
S z= sup Sp = sup NC M 
FEF m 


rcE 


9.4.3 Problem. For a sequence (xn) of real numbers show that the following conditions are equiv- 
alent: 


A oo é $ $ 
1. The series 37^ , £n rearrangement invariant in R. 
. . oo . 
2. For every permutation c of N the series $7, Zo, converges in R. 


3. The series $77. , |r,,| converges in R. 
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4. 


5. 


6. 


For every sequence (sn) of (—1,1), the series 37, , Sn£n converges in R. 
For every subsequence (2, ) of (£n), the series 355. , £n, converges in R. 


For every € > 0, there exists an integer k (depending on €) such that for every finite subset S 
of N with min S > k, we have spar « €. 


(Any series X>; Zn, satisfying any one of the above conditions is also referred to as an uncondi- 
tionally convergent series.) 


9.4.3.1 Solution. 


dy 


2: 


(1) implies (2) is obvious for every rearrangement is a permutation of N. 

(2) implies (3): Assume $77. , |£n| = oo. From our hypothesis it follows that z, > 0 and 
Zn < 0 both hold for infinitely many n. Split (£n) into two subsequences (yn) and (zn) such 
that yn > 0 and zn < 0 hold for all n. We can assume that Xu Yn = oo. 
Now, use induction to construct a strictly increasing sequence of natural numbers (kn) such 
that 

(a) kı = 1 and z+ xD yi > 1; and 

(b) zn + aa yi > 1; for n = 1,2,.... 
Then note that 

Uri 1 Yki Eb Yk lo n Ykas 22: Uk F1 

is a permutation of (£n) whose series is not convergent, contrary to our hypothesis. 


(3) implies (4) is obvious. 


(4) implies (5): Let (£n,) be a subsequence of (£n). Put s; = —1 if i # kn for each n, and 
Sk, = 1. Then 


NI = 


co oo oo 
X Lkn = X In + X Snn 
n=1 n=l n=1 


is a convergent series. 


(5) implies (6): If (6) is false, then there exists some € > 0 and a sequence (S,,) of finite subsets 
of natural numbers such that max Sn < min Sn+1 and omm il < €. for all n. Let 


U Sy — {ky, ko, dn bs 
n=l 


where kn is increasing. Then, one can easily verify that the series $7, , z,,, does not converge 
in R, contradicting (5). 
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6. (6) implies (1): Let c : N — N be a permutation. By our hypothesis, the partial sums of both 
series $77 | £n and $75. , ze, form Cauchy sequences, and hence, both series converge in R. 


Let x = Jp] £n and y = Xx cos 
Now, if e > 0 is given, then choose k so large such that 


r 
X — y Yn y= , To, 
n=1 1 


hold for all r >> k and all finite subsets S of N with min S > k. Fix some r > k such that for 
each 1 <i € k there exists 1 < j < r with 2; = xo; and note that 


k r 
z— J In X To, — UV 
n=1 n=1 


Y 


< € 
3? 
3 nes 


<É 
3 


T 


k 
2,08 — 2 Ton 
nci 


n=1 


|z — y| < + + 


puc 
= po Se. 
3 3 3 


holds for all e > 0, and so x = y. In other words, the series 57 , £n rearrangement invariant. 


9.4.4 Problem. A product 


Ha + ak) 


where all the terms a, are positive is convergent if and only if the series ? 77- , an converges. 


9.4.4.1 Solution. A sequence that is monotonic is convergent if and only if it is bounded. Using 
this we see that 


ay +a2 +43 +... +an € (1+ a3)(1 + a2)(1 + a3)..(1 + an) 


so that the convergence of the product gives an upper bound for the partial sums of the series. It 
follows that if the product converges so must the series. In the other direction we have 


(1 2- a4)(1 + a3) (1 + a3)..(1 + an) < et test Fon 


and so the convergence of the series gives an upper bound for the partial products of the infinite 
product. It follows that if the series converges, so must the product. 


9.4.5 Problem. If lim, ,55 an = 0 and the sequence of the partial sums is bounded, then paar An 
is convergent. True or false? 


9.4.5.1 Solution. Let us consider the following sequence (an) defined by 


1 1 
a, = 1,02 = G3 = — 5,04 = 05 = 06 = g,- 
1 
n—1 
QA n(n—1) =... = An(nti1) = —1 4 
x +1 A (=) n’ 


We have liMmp—o an = 0 and the sequence of the partial sums S; is bounded by 0 and 1, but the 
series $77 |a, diverges, because the partial sums have no limit: for the partial sums with indices 
k = 1,6,..., Qn Ven .V n € N one gets Sk = 1 — 1, while for the partial sums with indices 
k = 3,10, ...., ates) one obtains S = 0 — 0. 
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9.4.1 Remark. The converse is true. 


9.4.2 Remark. For positive series, the condition of boundedness of partial sums is necessary and 
sufficient for series convergence. 


9.4.6 Problem. The series Ne an converges whenever lim; ,55 an = 0. True or false? 


9.4.6.1 Solution. False. Consider the series 377 , i, here lim, 55 i — 0, but the series diverges. 


9.4.7 Problem. The series Xl an converges whenever the sequence of partial sums converges to 
0. True or false? 


9.4.7.1 Solution. True. By definition, a series converges if and only if its sequence of partial sums 
converge to any number, and zero is acceptable. 


9.4.8 Problem. If $77 , an converges and an > 0, then 377 , a? converges. True or false? 


9.4.8.1 Solution. True. Since pom an converges and an > 0, we have a, — 0 and consequently 
dy < 1 eventually. Then also a2 < an eventually, so that the comparison test applies. 


9.4.9 Problem. If $77 | an converges and an > 0, then $77 , vän converges. True or false? 


9.4.9.1 Solution. False. Consider an = 1/n?. The former converges and the latter diverges. 


9.4.10 Problem. If $77 , an converges and a, > 0, then 375. , EM converges. True or false? 


9.4.10.1 Solution. False. For we have, an — 0 and thus pe — 1/2. Thus the latter series' 
terms do not go to 0, hence it diverges. 


9.4.11 Problem. If $77 , an converges and a, > 0, then 375. , — converges. True or false? 


9.4.11.1 Solution. True. We have a, — 0. Now apply the ratio test. So 


anyi 2*0 +any U'*sdds 


an 2an  3r+Hl 4 ani 


For large n, the an are small and this ratio tends then to 2/3. That is, 


. Qn+1 2 
lim =- 


n—090 An 


Hence convergent. 


9.4.12 Problem. If $77 , a, converges. then $77. , “ converges. True or false? 


9.4.12.1 Solution. True. Apply Abel’ Test, with a; as given, b, = +. 


TL 


9.4.13 Problem. The series 377. , n^?9?. converges. True or false? 


9.4.13.1 Solution. False. This is a p-series with p = — cos3 « 1. 


9.4.14 Problem. If an > 0 and the sequence of partial sums for $77. , an is bounded above, then 
the series converges. True or false? 
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9.4.14.1 Solution. True. A monotone increasing sequence that is bounded above must converge. 


9.4.15 Problem. If the sequence of partial sums for $57. , an is bounded, then the series converges. 
True or false? 


9.4.15.1 Solution. False. Consider the series 1-1+1—1+1-—14+.. Its partial sums oscillate 
between 1 and 0. Thus the partial sums are bounded but clearly do not converge. 


9.4.16 Problem. If 77 , an diverges and a, > 0. then 377: ., 152— diverges. True or false? 


9.4.16.1 Solution. True. In the case that an — 0, we eventually have 
an an 


is 2 


and the comparison test applies. If on the other hand a, ~ 0, then the terms 427— do not go to 0 


tan 
either and the divergence test applies. 


9.4.17 Problem. If $77 a, converges, where an > 0 and a, #1V n, does 


oo 


an 
2 


n=1 


converge? (Prove or give a counterexample.) 


9.4.17.1 Solution. There exists N such that V n > N, sufficiently large, 0 < a, < 1/2. Thus for 
n > N,an/(1— an) < 2an. So 


oo a N ü oo 

0 « — < 7 2 
2 oa D ere p» an 
n=1 n=1 n=N+1 


and the series converges. 


9.4.18 Problem. If both $77 , a, and $75. , bn diverge, then $77 (a, + bn) diverges. True or 
false? 


9.4.18.1 Solution. False. Take a, = 1,b, = —1. 


9.4.19 Problem. If both $77 , an and $>] bn diverge, then $77. (a + bn) converges. True or 
false? 


9.4.19.1 Solution. False. Take a, = 1,6, = 1. 


9.4.20 Problem. If $77 , an converges and 77. , bn diverges, then $77. , (an +bn) diverges. True 
or false? 


9.4.20.1 Solution. True. If possible, let $^ (a, + bn) converge. Then 


TL 


kN = SG + bn) — yay 
k=1 k=1 


k=1 


We see that the latter two sequences converge, hence » 77. bn must converge, contrary to assumption. 
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9.4.21 Problem. If an > 0 and 55 an converges, then $77 , 1/an diverges. True or false? 


9.4.21.1 Solution. True. 5°72, a, converges implies an —> 0 and then l/a, — oo. Hence 
Sza 1/an diverges. 


9.4.22 Problem. If an > 0 and 157 an diverges, then $>}; 1/an converges. True or false? 


9.4.22.1 Solution. False. Take a, = 1. 


9.4.23 Problem. If lim, ,4,a;,/b, = oo and >>, bn diverges, then $7, , an diverges. True or 
false? 


9.4.23.1 Solution. False. Without assuming the terms are positive this does not follow from the 
limit comparison test. Take a, = (—1)"/./n,b, = 1/(nInn) + (—1)"/n. Then 375. 4 bn diverges 
because it is the sum of a divergent positive series and the convergent alternating harmonic series, 
but AN an is a convergent alternating series. Yet 


i a ies N = a a e e 
bn noe 1/(nInn) + (—1)"^/n | noe 1+ (—1)"/Inn 


9.4.24 Problem. If limpo a,/b,, = 1 and 35, , bn converges, then 377- , an converges. True or 
false? 


9.4.24.1 Solution. False. Again, the limit comparison test does not apply because the terms need 
not be non-negative. Take b, = (—1)"/4/n, the terms of a convergent alternating series, and take 
an = bn + 1/n. Then baer an is divergent, because it is formed as the sum of a convergent series 
and a divergent (harmonic) series. We now check 
—1)” 1 
an quy CC / vn * Tin 


p e Dan 


2 302 EE 


n—0o yn 


9.4.25 Problem. If limno an/bn = 0 and $5. , bn converges, then $77. , an converges. True or 
false? 


9.4.25.1 Solution. False. Interchanging the roles of a, and bn, this is the contrapositive of the 
previous item. 


9.4.26 Problem. If limps. an = 0 and $5, bn converges, then $5, , dnb, converges. True or 
false? 


9.4.26.1 Solution. False. Take an = bn = (—1)"/ n. 


9.4.27 Problem. If limp... an = 0 and $55. , bn converges absolutely, then $57. , anby converges. 
True or false? 


9.4.27.1 Solution. True. Apply the comparison test to X p; |bn|, $5, 4 |anbn|, noticing that 
eventually we must have |a,,| < 1. 


9.4.28 Problem. If a, > 0, 377 a, does not converge conditionally. True or false? 
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9.4.28.1 Solution. True. Since X>] an, Xp; |an| are in fact the same series, so they cannot 
have different behavior. 


9.4.29 Problem. If $77 | a,b, converges, then 3 7* , an and $77 , bn converge. True or false? 


9.4.29.1 Solution. False. Take a, = bn = 1/n. 


9.4.30 Problem. If an > 0 and 35, , an converges, then $77. , sin an converges. True or false? 


9.4.30.1 Solution. True. It is known in early calculus that lim; .9 sinz = 1. With that in mind, 
apply the limit comparison test, noting that an — 0. 


9.4.31 Problem. If an > 0 and 35, , an converges, then $77. , cosa, converges. True or false? 


9.4.31.1 Solution. False. We have a,, — 0. Thus cosa, — cos0 = 1 Æ 0 and the divergence test 
applies. 


9.4.32 Problem. The root test cannot alone be used to determine conditional convergence. True 
or false? 


9.4.32.1 Solution. True. In order to verify conditional convergence one must show 1) convergence 
for the series as given and 2) that the series does not converge absolutely. The root test may only 
give information as regards the second requirement. 


9.4.33 Problem. The ratio test cnnnot alone be used to determine conditional convergence. True 
or false? 


9.4.33.1 Solution. True. In order to verify conditional convergence one must show 1) convergence 
for the series as given and 2) that the series does not converge absolutely. The ratio test may only 
give information as regards the second requirement. 


9.4.34 Problem. 


True or false? 


9.4.34.1 Solution. False. We simply observe that 


cT MET c MES 
ma PE a 


9.4.35 Problem. If $77 , an converges, then » 77- ,(—1)"a, converges. True or false? 


9.4.35.1 Solution. False. Consider a, = (—1)"/n. 


9.4.36 Problem. If 0 < an < bn and 35, , bn diverges, then $55. , an diverges also. True or false? 


9.4.36.1 Solution. False. Take a, = 1/n?,b, = 1. 


9.4.37 Problem. If a, < bn < 0 and 35, , bn diverges, then $75. , an diverges also. True or false? 


9.4.37.1 Solution. True. Changing the sign of every term in a series does not affect its convergence. 
We apply the comparison test to the series 577 , —b, and 375. , —an. 
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9.4.38 Problem. If a, < bn < 0 and $5, ., an converges, then $77. , bn converges also. True or 
false? 


9.4.38.1 Solution. True. Changing the sign of every term in a series does not affect its convergence. 
We apply the comparison test to the series $5». , —bn and X>] —an. 


9.4.39 Problem. If a, > 0 and $77 , an converges, then $77 ,(—1)"a, converges also. True or 
false? 


9.4.39.1 Solution. True. By assumption it converges absolutely, hence it is also convergent. 


9.4.40 Problem. If the condition 0 € a444 < ay fails when applying the alternating series test, 
then the series $7 ,(—1)"a, diverges. True or false? 


9.4.40.1 Solution. False. Consider a,, — ie where kp is 2 or 3 according as n is odd or even. By 
the strengthened root test $77 ,(—1)"a;, converges absolutely. However, an41 < an never holds for 


even n. 


9.4.41 Problem. If a series converges, then no subsequence of the sequence of partial sums can be 
unbounded. True or false? 


9.4.41.1 Solution. True. Since the series converges. its sequence of partial sums converges. Thus 
any subsequence would also converge to the same value. 


9.4.42 Problem. If a,, > 0 for all n and if bend an converges, then 


; An+1 
lim 


n—09 An 


mx. 


True or false? 


9.4.42.1 Solution. False. Consider any convergent p-series. (It is also possible for the limit not 
to exist.) 


An+1 


9.4.43 Problem. If < 1 for all n, then $77. , |an| converges. True or false? 


an 


9.4.43.1 Solution. False. Consider the harmonic series. 


9.4.44 Problem. If $77 , a, converges and (b,,) is a bounded sequence, then $77 , a,b, conwrges. 
True or false? 


9.4.44.1 Solution. False. Let a, = bn = C. 


9.4.45 Problem. If $77 , a, diverges. then $77 , |a,,| must diverge. 


9.4.45.1 Solution. True. An absolutely convergent series must converge. This states the contra- 
positive. 


9.4.46 Problem. A convergent series is either absolutely convergent or conditionally convergent. 


9.4.46.1 Solution. True. Either $77 , an converges, in which case we have absolute convergence, 


or else it doesn't in which case we have conditional convergence. 
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9.4.47 Problem. If an > 0 and 35, , an diverges, then 375. , diverges. True or false? 


i Tina. 
9.4.47.1 Solution. False. Consider an = n. 
9.4.48 Problem. If a, > 0 and $77. , a, diverges, then $5 , Tata, converges. True or false? 
9.4.48.1 Solution. False. Consider a, = 1. 
9.4.49 Problem. If a, > 0 and $57. , a, diverges, then $57 , Td converges. True or false? 


9.4.49.1 Solution. False. Consider an = n. 


9.4.50 Problem. If an > 0 and 35, , an diverges. then 375. , diverges. True or false? 


an 
1+a2 


9.4.50.1 Solution. False. Consider a, = 2”. 


9.4.51 Problem. If a series converges, then any summation of a subset of the terms will form a 
convergent series. True or false? 


9.4.51.1 Solution. False. As an explicit counterexample, the alternating harmonic series converges 
but the subseries formed by the positive terms diverges. 


9.4.52 Problem. The alternating harmonic series cannot be rearranged to diverge to —oo 


9.4.52.1 Solution. False. 


9.4.53 Problem. If pees an converges, then lim, ,55 Nan = 0. True or false? 


9.4.53.1 Solution. The alternating series pS er Ca Vier is convergent (both conditions of the 


Leibniz test are satisfied), but lim, ,4, n(—1)^ — = oo (the limit does not exist if one considers the 
j vn 


specific infinity — positive or negative). 


9.4.54 Problem. If $77 , nan converges, then so does $5 , an. True or false? 


9.4.54.1 Solution. True. 


9.4.55 Problem. If $77 ,a,, and $75. , bn are convergent, then $77 
True or false? 


n1 nbn is also convergent. 


9.4.55.1 Solution. Ifa, = (Ds and bn = (-1)"^ =. Then 35? ,(-1)" — and 357? ,(-1)^ 4 


Yn vn Vn 
are convergent since both conditions of the Leibniz test are satisfied for these two series and 
limno |as| = liMn+oo Fy = 0,|an4i1] = i < + = |an| V n € N and limp. lan| = 
limp soo Bq = 0,0n41 = Yun « T = |b,] V n € N. However X ad Anbn = Drai z is 


divergent (it is a p-series with p = 5/6.). 


9.4.3 Remark. As a particular case of this example, one can also formulate the following false 
statement: if a series $7 , a, converges then $77. 1 a2 also converges. The corresponding coun- 
terexample is in line with the above: if a, = (—1)” Ta then the alternating series 377 ,(—1)" —— 


Vn 
is convergent, but the series of the squares Do4 z is harmonic, that is divergent. 


9.4.4 Remark. For positive series this statement is true. 
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9.4.56 Problem. If $77 , a, and $>] bn are divergent, then $77. anbn is also divergent. True 
or false? 


9.4.56.1 Solution. Consider a, = + and b, = P 


9.4.57 Problem. Let $57. , an be a positive series. If the Cauchy, D'Alembert, Raabe and Integral 
tests are not conclusive, then neither is any other test. True or false? 


(119. uih 


9.4.57.1 Solution. Let us consider a, = e` a) and the corresponding series 


oo 
Y eH). 
n=2 


The limit of the D’Alembert test gives 


that is the D’Alembert test is inconclusive. Since this limit exists, so does the limit of the Cauchy 
test and the former and latter coincide lim, ,45 7/dn = limn+oo feri = 1, which means that the 
Cauchy test is also inconclusive. Moreover, the Raabe test also fails: 


lim «( Be -1) = lim n (e* —1) = lim © zd 


n— oo Q1 n— 0o z—0 HH 


Finally, the Integral test is not applicable for this series (one cannot generate an integrable function 
f such that f(n) — a4). Nevertheless, the Bertrand test shows that the series diverges: 


lim Inn (r ( Sie us 1) — 1) = lim Inn (ne* — (n4- 1) 
n— oo An+1 n—oo 


; 1, 1 " . prese. 


9.4.5 Remark. There is the well-known result in the theory of series stating that there is no definite 
test for verification of convergence or divergence of all series. 


9.4.6 Remark. 


1. It is crucial to note that the ratio test gives no information at all if lim, ,55(a541/a4) = 1. 
In both $77 , 4 and 355.4 zs we easily see that lim, ,5:(a5.4.1/a5) = 1, but the former series 


diverges and the latter series converges. 


2. By now it will be clear that the behaviour of an infinite series depends on the “ultimate” 
nature of its terms. When we apply the comparison test, for example, the first finite number 
of terms is of no consequence: it is the behaviour for sufficiently large n that matters. Though 
we have not emphasised this, the same applies to series of positive terms. All our results apply 
to ultimately positive series, by which of course we mean series $75. , Gn. 


9.4.58 Problem. Let (an) be a sequence such that *77- , a2 converges. Then >> 
absolutely. 


OO a4 
nl converges 
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9.4.58.1 Solution. Hint: Apply AM > GM to the numbers [a;|? and , to get |an|? + 4 > 


eo 
glan| 
E 


9.4.59 Problem. Let (an) and (bn) be two sequences such that X>} a2 and $7,. , 02 converge. 
Then $77 , anbn converges absolutely. 


9.4.59.1 Solution. Similar to the above. 


9.4.60 Problem. Suppose that $7 , a, converges while $77 , a2 diverges. Then $57 , a, con- 
verges conditionally. 


9.4.60.1 Solution. Assume for the sake of contradiction that pd an converges absolutely, i.e., 
sa las] that converges, we must have an — 0 so that eventually we have |an| < 1 and a2 < |a; ||. 
By the Comparison Test, we then have $7, , a2 a convergent series, a contradiction. 


9.4.61 Problem. 
1. Find a divergent sequence (an) such that —1 < an < 1 for all n. 
2. Find two divergent series 377 | an and $5. , bn suct that $77. (a; + 2b,) is convergent. 
3. Find a series 377. , an such that X>] an = 2 and $55. , a2 = 10. 

9.4.61.1 Solution. 
1. an = l(-1)* 
2. Gn = z, b, = — 5> 


3. an = = (Py 


9.4.62 Problem. Test the convergence of the series. 5 H 5 + 3 + i: + 3 + 4 E urna 


9.4.62.1 Solution. We see that the following sequence (an) defined by 


e if n is even 
Âr — 
n 


A if n is odd 
A 1 1 1 azn (2\2" 
That is, dan = gz; and d2&41 = zgzizr; G2n—1 = zr and ;22— = (3) 
ü25431 | 1 (3 2n+1 
and “e — 3 (3) So 
: Gn4-1 : An+1 
lim sup nt? = oo and lim sup nl — 0. 
n— oo an noo An 


Thus the ratio test is inconclusive. So by root test, we get 


x 1 1 
lim sup 4/an = — and liminf yan = — 


Since lim sup,, ,44 /@n = a < 1. Therefore $>] an is convergent by the root test. 
9.4.63 Problem. Test the series 


a+b+a? +b +a +b qoa each T 
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9.4.63.1 Solution. Similar to the above. 


9.4.64 Problem. A conditionally convergent series cannot be rearranged to form an absolutely 
convergent series. 


9.4.64.1 Solution. If 37^ | an could be rearranged to form an absolutely convergent series, then 
every rearrangement of that series converges to the same sum. This violates the fact that $5». , an 
a conditionally convergent series can be rearranged to sum to any preselected number. 


9.4.65 Problem. If 377. , a, is conditionally convergent, then the terms can be grouped so as to 
form an absolutely convergenr series. 


9.4.65.1 Solution. Let (sn) be the sequence of partial sums for our series, with sn — s. Choose 
an increasing sequence nj < ng <... < ny, « ... such that for k > 0, 


and group the series as bı + b2 + b3 +... where the b; are 


ni 


Notice that b; = Sn; — s4, , so that for i > 1, 


lb;| € |5n, — s| + [Sn ,— S| < 5 4 Qi = 5 


Then the terms |b;| are dominated by the terms of a convergent geometric series, and so $7, , bn is 
an absolutely convergent grouping of our series. 


9.4.66 Problem. Show that if $577. , a, = 1 and 0 < a, < A Rd a, for n = 1,2,..., then for 
every x € (0, 1) there is a subseries 377- , dn, whose sum is z. 


9.4.66.1 Solution. Note that, since the sum of the series is 1 and x € (0, 1), there exists nı € N 
such that 


oo oo 
Y ax 2 and 5 ak «mz 
k=nı k=nı+1 
implying 
oo oo 
NS ak > $ — Gy, and an, < 5 ak € T. 
k=nı +1 k=nı+1 
Therefore there exists n3 > nı such that 
oo oo 
Xo ak > $ — Gy, and an, < 5 ak € T — n. 
k=n2 k=n2+1 
Continuing this way, we can find a sequence of integers nı < ng < .... such that 


m oo 
OSes) aue 5 ak. 
k=1 


k=nm +1 


Taking m — oo, we conclude that $77. , a4, = T. 
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9.4.67 Problem. If $77 , cn is a convergent series of positive terms. Then $75. , VER converges. 


9.4.67.1 Solution. By Cauchy's inequality 


(EF) (5) La) 


n=1 


Since both series on the right converge, so also does the series on the left. 


: : dis C 
9.4.68 Problem. If Ni Cn is a convergent series of positive terms. Then X v — may con- 
Vn 
verge or diverge. 


9.4.68.1 Solution. Convergent: We take c, = 5, then 


: i _ 1 oo Cn _ yr 1 
Divergent: Take c, = ann) then 57, Wa 255 "nl 


9.4.69 Problem. For each real number x, 55^. , sin(na) converges. 


9.4.69.1 Solution. If x is an integral multiple of 7, the series is identically 0 and there is nothing 
to prove. Assume that « 4 0. Let an = sin(nx) and bn = 1/n and appeal to the result by Dirichlet. 
Consider the trigonometric identity 


2sin(z/2) sin(nz) = cos(n — 1/2)z — cos(n + 1/2) 


Let sn = $7; ., an, assume z is not an integer multiple of 7, and using telescoping to see that 


"E lcos(r/2) — cos(n + 1/2)x 1 E cos(n + 1/2)x 
ED sin(z/2) — 2 | sin(z/2) sin(z/2) 


Then the partial sums s,, are bounded. Since (bn) is a monotone sequence tending to 0, the Dirichlet 
result guarantees 


» d m 


n=1 


converges. 


9.4.70 Problem. For any positive integer n, let (n) denote the closest integer to yn. Prove that 


X a(n) L9-() 

»» PUTA. eR 
2n 

n=1 


9.4.70.1 Solution. We regroup this sum based on the value of (n). First, we notice that 
(n) =k &k- 1/2 € Jn « k-- 1/2 
e k^ —-k+1/4<n<k?+k4+1/4 
&k—k+1/4<n<k4+k 
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Now we have 


9.4.71 Problem. 
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oo E Q- co n= k? +k 9k +27 
yo 7 =>, 2n 
n=1 k=1 n=k?2—k+1 
oo n k?+k 
= 5 (2* 4L 2m 9-n 
k=1 n=k2—k+1 
E T (25-1978) o ae) 
k=1 
= Y C: q3-À gk? _ ok? a) 


(rs P o dian 


= 2- k(k— 2) 2 (k+2) 
k=1 


= Y 27 k(k-2) . Ys (k—2) 


k=1 


=) 9-k(k-2) 55.123. 


Prove that the series 3 5* , (—1)"- 11 converges to In 2, but the re-arranged series 


1. Xen 


6. 30 i(sscs J 


4n-2 2n) = 5 n2. 
8n—6 aa a gn) = 0. 
Lh Ane =) = 31n2. 
" dn-1 um 2 an) = In2. 
+ 6n—3 or 1 an) = z in 12. 
- 3: +) is divergent. 


9.4.71.1 Solution. In these problems, we use the important sequence (Yn) defined by yn = 1+ 4 + 


i Fis F i — Inn, with lim, Yn = y, the Euler number. Let s, = 1 


( 
r ea N, 
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Then 
i rol ye 1 1 
Sm =a t3 up osea cp gg 
Jc qe n 1 1 1 1 1 
- (144+ titta) (sip) 
1 1 1 1 
=In2n+ y, — (1 lode doas 
DON CUR ( torg t n 
= In2n4+ en — (Inn + 44) 
= In2 + yon — Yn. 
Therefore lim, san = 1n2. Again, $2441 = Sen + SET => limy Seng. = lim, sen = In2. Hence 
lim, s, = In2. 
1. Let tn = 1 3 it i i E E i b Fane F so ic i to n terms. 
EON NE z p sh xx t 1 1 1 
P 2 4 3 6 8/ UT eRESD m2 di 
EE ly 1 1 inte sa ais m 
B 3 5 °° 2n-1 2 279: 4 ' 2n 
EIS EET 1 UM nm UC CUN m 
a PEN ae 2n 2°47 2n 2 2 ' 2n 
1 1 
= ln 2n + Yan 5 (In n + Yn) 5 (In 2n + Yen) 
= 5 (mn + yn) - 5 (Inn 3) 
= 5 Un Zn + Yan 9 nnt n 
1 1 1 
— -1n24 z n. 
go pim gT 


Therefore lim, $34 = sin 2. Again, $3441 = $34 + 3T and $3542 = S3n+1 + dua. Therefore 


lim s3n41 = lim Sgn = ln 2, and lim $35,429 = lim $3441 = sin 2. This proves that lim, t, = 
E ln 2 and hence the series converges to i In 2. 


2. Let 


) 5) 71 dedo poo «de dp. d 1 1 1 1 1 
Sgn = | +... j 
: 2n—1 8n-6 8n—4 8n-2 8n 


2 4 6 8 3 10 12 14 16 
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Now, 


1 1 1 1 1 
'" i2n—-1 8n-6 8n—4 8n—-2 Bn 


1 1 
= In 2n + en 5 (Inn + Yn) gn 4n + Yan) 


1 1 1 1 
= In2 4- Inn c an j;Inn 5n In2 Inn 5 Van 


7 1o 1 
= ^fy2n 2 Yn 2 Yan: 


Now, lim, tsn = lim, Yan — i lim, Yn — i lim, "Wan. =Y iy zx iy =0. 


3. Let son 21-3 1 4 14 


— [14 Ps : : Leb Spat 
Eu x x  4n—1} 2 SS M 

1 1 1 1 

1+ +... 4 
;( 2 + 3 3 
1 1 
= In4n + Yan - 5 (In 2n + 354) - 5 (Inn + Yn) 
1 1 1 1 1 

= 21n2 4- In n + yan 3119 5 nn 5 Yon 5 nn 5n 

3i 9 1 1 
= n | n n n 

2 V4 972 2) 


Thus lim, £3, = i 1n 2. 
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4. Let 


pref pare aD aaa S deaf ud op mv 
PRS SNE Hg. YD te 5 eG 87 X9 Ti 10 12] — 
1 


" ito 1 1 
t 4n—3 4n—-1 4n-2 4n 


-(egtphpRÁG : ) s(1+5+gtgtet : ) 

gg 4n-1) 2 g^ cator 2n- 1 

1 1 

1 Tutlted ) 

JU eE) 5 (1+ Ed *z) 
psc 4n] 2 34 2n 

TE Gs PT +3) 

2 gestu 2n greg n 

Liens J 

4 E m n 


= In 4n + Yan — In 2n — Yan 


= 21n2 + Inn + ya, — ln 2 — In n — yo; 
= In2 + yan — "yon. 


Thus lim, t4, = 1n2. 
5. Left to the reader. 


6. Let s, be the n-th partial sum. Then 


KOC CEU MET CR RE 
s273 3 3) 6 6 6) © (Ban 3n 3n 


1 at | d 
mat rot "an 
SIGEIET B 

3 2 3 n 


9.4.72 Problem. Let J be the set of positive integers that do not contain the digit 9 in their decimal 
expansions. Prove that 


1. 

1 — 1s convergent. 
n 

wel 


9.4.72.1 Solution. Let J, = I  [105, 10**!) and S, = DRE 1/n. For a fixed k > 1, each n € Ik 
has the decimal representation 


Ry 1. 1n9,n; É 9 for 0 < i € k and nj £0. 
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Hence n = 10*n; + j, where 1 < nj, € 8 and j € I, for some 0 < s < k — 1 or else j = 0. It follows 
in particular that |I,| = B» |Is| + 8 which implies by an induction that |I;| = 8.9^. Thus 


8 k-1 8 1 
$.-YY Y mi P 
i—1 s=0 jel, i=1 
1 
a 2» 

s=0 jels 


=10-* 0 || + s) 
s=0 


= 10^^|7,| < 8(0.9)*. 


This implies yey ~ = Sot Ya Se € So + 8 Xg (0.9)* = So + 72 < 75. 


9.4.73 Problem. Pnoy, that every positive real number is a sum (possibly infinite) of a subset of 
the numbers {1,4 23 1, viis des 


9.4.73.1 Solution. Suppose that t € R is not a finite sum of elements from S = {1,4 25 ie T l, T : 
Define f(x) = max (1 € S; + < x}. Since 0 is a limit point of S, f is well defined for x > 0. Finally, 
define to = f(t), tiz1 = ti + f(t — ti). Since t is not a finite sum of elements from S, we must have 
t—t; X: 0 for all i. Now, since f only attains positive values, the sequence (¢;) is monotone increasing. 
Furthermore, since f(t—t;) < t—t;, we have t; < t V i so that (t;) is bounded above. Every bounded 
monotone sequence converges, so t; — s for some s € R. If s < t, then let J = f(t—s). Ast; > s, 
so there exists a t; for which s — t; < i. It follows immediately that ti+ı > t; + i > s contradiction. 
Therefore t = s. 


9.4.73.2 Solution. 


Case 1: Assume that our positive number p, satisfies 0 < p « 1. Then p has a binary representation 
of the form 


p= 0.61 bob3.... = rs + bt + hs + 
with each b; either 0 or 1. This gives a representation of p as a sum (possibly infinite) of a subset 
of the numbers {1, 1/2, 1/4, 1/8,,..}. 

Case 2: Assume that our positive number M satisfies M > 1. Since the series E + i + i +... diverges, 
there is a finite sum S = 577 4 zpr such that M = S +q with 0 < q < 1. Applying case 1 to this 
q gives the result. 


2 
Riemann’s theorem, the conclusion follows. 
3 


9.4.73.3 Solution. Since the series 1 — 1 4 i wt ( 1)” 4 + ...is conditionally convergent, so by 


9.4.74 Problem. Let a4, a2, a3,.... be positive numbers. 


1. Prove that $77 , a4 < oo implies $77. , ./G@nGnqi < oo. 


2. Prove that the converse of the above statement is false. 
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9.4.74.1 Solution. 
1. Assume that $77 , an < oo. Applying AM > GM between ay+1 and an, we get 


2, ments < 22. An+1 + a4) = 3" PX « oo. 


2. Since 3 (an+1 + Gn) = 2» /üniiàdn + > (axi = as. we require a sequence an = 
b2, bn > 0, such that Y5 Vbnpibn < oo but Y; (bii — Von)” > oo. One such example 
is 


Vu 


4 if n is even. 


=| l. if nis odd 


9.4.75 Problem. Let ay, a2, a3,.... be positive numbers. 
1. Prove that 377? , an < oo implies 375 4 (a4, + azt) < œ. 
2. Prove that the converse of the above statement is false. 
9.4.75.1 Solution. 
1. Assume that 377 , an < oo. Applying HM < GM < AM between an+ı and an, we get 


2 _4\-1 1 
2 (rae as) < V/ Qn-4-10n < 3 (Qn41 + Gn) 
Then proceed as above. 


2. Let 


4 if n is even 
s 

1 X E 

z ifn is odd. 


9.4.76 Problem. If $77 a, be a convergent series of positive real numbers prove that 377 , a2 


is convergent. 


9.4.76.1 Solution. Hint. Since a, — 0, so there exists an m € N such that a, < 1 for all n > m, 


so a2 < an for all n > m. 
an 


9.4.77 Problem. If $77 , a, be a convergent series of positive real numbers prove that $77. , ^ 


is convergent. 


9.4.77.1 Solution. Hint: Apply AM-GM inequality between a2 and i to get 


aj- 


pu 24 
Aig 
Um 2 
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9.4.78 Problem. If $77 | an be a convergent series of positive real numbers prove that Xp; Von 
is convergent. 


9.4.78.1 Solution. Hint: Apply AM-GM inequality between ,/a, and i to get 


1 
Gn d z3 an 1 


1 
Vn NUT quc Ta tn 


9.4.79 Problem. If Jea an be a convergent series of positive real numbers, prove that X f aan 
is convergent. 


9.4.79.1 Solution. Hint. Let s, = a4 + a2 + ... + an, tn = a2 + a4 + ... + Gan. Then tn < Sən for 
all n € N. The sequence (tn) is a monotone increasing sequence bounded above. 


9.4.80 Problem. If $7 |a, be a series of positive real numbers, prove that $5 , bn is divergent, 


n 
a 
where bp, = Zhe Oe 


9.4.80.1 Solution. Hint: bj + bz + b3 +....+bn >ai(1+5+3+.+4) 


9.4.81 Problem. If 57" , an be a divergent series of positive real numbers, prove that J) p- & is 


divergent, where sn = 37, 4 ai. 


9.4.81.1 Solution. Hint: Since (s,,) is a monotone increasing sequence diverging to oo, so for every 
natural number n, we can choose a natural number p such that Sn+p > 25,. Then 


Qn+1 j Qn--2 + i n+p S 1 
t ic 
Sn4+1 Sn+2 Sntp 2 


9.4.82 Problem. If {a1, a2, a3, ...} be the collection of those natural numbers that end with 1, prove 
that the series $77 , + is divergent. 


=l an 


9.4.82.1 Solution. Hint. Considering the collection as an increasing sequence of natural numbers, 
an = 10n — 9 for all n € N and lc n for all n € N. 


9.4.83 Problem. Test the convergence of the following series: 


l.$£-É--.. 


1 1 1 
eee ares tae suben 


3 le l | 
* que-t 1! 142-2 T 142-3 [oe 
4. sin § -- sin $ + sin £ + .....(Use the inequality 2€ < sin z for 0 < z < §.) 
1 ] 1 1 
5. 23 5 (2/34 + 3.4.5 Tee 


9.4.83.1 Solution. 


—_ntl__1 L1 
1. An = n? ^ mp-1 t np 
= 1 1 
2. an = Than < 2n- 
3. an = vex -^ 0. 
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4. Using the inequality 2z < sinz, we get sin 5- > L, 


1 1 1 1 1 1 
9. 1.2.3 M 13° 2.3.4 < 23° 3.4.5 < Bos ress 


9.4.84 Problem. Test the series $5,- , an for convergence where an is given by 


(1) 2^" 4T (2) WM geben. (3) Yn+1—-Vn-1 


3" 4 2 n 

1 1 1.1 3" 1 
j à P 20 
(4) Jn u (5) m m (6) Qn 4.37? (7) nan = 


9.4.84.1 Solution. 


L dy = EH < GE TQ + 


= 44 26. 1 1 
2. dn — vn*^ -1—mn ES ea We 

EN n4d4l—yn-1 . 2 2 2 
3. an = n nJ/ntlind/n-1 — nyn++1 < n/n* 


4. Let dn = Ge tan; and b, = zip then $2 = ntan z > 1 as n — oc. 


9. à, = | Sin z «€ zx 
6. an = PERO ms yu does not tend to 0. 


7. Use Cauchy’s condensation test with appropriate choice of an and b. 
9.4.85 Problem. Test the convergence of the following series: 
2 2 
Tbe qe qs 


2 175923) 223% 37.47 
Be TOT ub Ol 3! 


3 1 Coots cee aos eS a 
| 22 T 9242 T 22.42.62 


ae -2 = 
4. (£ 2) -(8 3) + (4-4) a 


[^ 


D. Usha toga teat aa deos bees 

6. 1+ - RE 2s Fara RS 2b gs Mes 

T. 1+ gs + gs + gs gr to Here an = ee and "5. = 1/8 if n be odd and = 2 if n 
is even. 

: jog? foes as eee +... Use log(1 + x) < x for x > 0. 

9. tang + tan § + tan 15 +....Use tang < x for0 « z « 5. 


; o (°H. ; a œ qom 
10. The series 57 is convergent by Abel’s test, since 357. ., ~— 


n=1 nlogn 


and the sequence (xi) is a monotone decreasing sequence bounded below. 


is a convergent series 
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9.4.86 Problem. Prove that 
n ci 1 
1+=<)5 —<lin,VneEN. 


k 
k=1 


enol ie 15.4 i E NE -— 1 "e 
T ACD S up Doe m ape -141 798 
TU 


On the other hand 


px id oso etu A —S 
2 3 T 4 T 5 T 6 7 T 8 Poe TF 9n-1 xS 1 T see 2n 


9.4.87 Problem. Let N denote the positive integers, let a, = (—1)"l, and let a be any real 
number. Prove there is a one-to-one and onto mapping o : N > N such that 


5 Qo(n) =a. 
n=1 


9.4.87.1 Solution. We proceed for a general series which is conditionally convergent but not ab- 
solutely convergent. This series is conditionally convergent by the alternating series test, but not 
absolutely convergent. This is clear from the comparsion 


oo 


DE elite tes beds 
i amc T3 Gop ICT nes 


n=1 


since the sum on the right is 1 + i + 4 +..., which does not converge. 

Define p; = i(|aj| + aj) and qj = 4$(|a;|—a;). Then p; = aj if aj is non-negative, and qj = —a; if 
aj is negative. If both 377^, pj and 355-., qj converge, then 377. , an = 35, 4 [pj — q;| converges, a 
contradiction. Thus either 224 pj or $a qj diverges. Suppose the former. If 2 a qj converges, 
then $57, pj = 375 4 (aj--4;)converges, a contradiction. Hence both 5 7^, pj and } 5. , qj converge. 
Re-index p; and qj to eliminate the 0 terms which do not correspond with some a; and preceed a 
term corresponding to some aj. Clearly both 377^, p; and 5 55-., q; still diverge. 

Suppose a > 0 (the other cases are similar). Let P; and Q;, j > 1 be the partial sums of 354 pj 
and Xa qj respectively. Select the smallest N; such that Py, > o. (Such an Nj exists since 
D pj is divergent and positive.) Then select the smallest N5 such that Py, — Qn, < o. Next, 
select N3 > N, such that Py, — Qn, > a. By the zero test for sequences, p; and q; approach 0 as 
j — oo. Thus it follows that when continuing this procedure, 


Pn, "E Qu, 
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approaches a. Define the bijection c : N — N such that as(1) = p1,---,@o(N,) = PNi>4o(N, +1) = 
15 +++) @g(No) = YN. Then by construction, ae ao(j) converges to a as N — oo, so 


5 Ag(n) = & 
n=1 


9.4.88 Problem; Suppose that pad 1 £n is a series of positive terms which is convergent. Show 
ilb» 7 is divergent. What about the converse? 


udis 


9.4.88.1 Solution. Note that if a series wee 1 Zn 18 E then we must have lim, ,55 £n = 0. 


Obviously this will imply that il is divergent. Hence + is divergent. For the converse, 
Tn 8 g 


ie 


take £n = n, then xx 1 Zn both ye 1 + and are divergent. So the converse is false. 


Xn 


9.4.89 Problem. Show that the series 


is divergent, while 


is convergent. Deduce from this that the limit convergence test does not work for non-positive series. 


9.4.89.1 Solution. It is well known from the alternating series test that the series ES adm ( 


a : D)" 
convergent. Let us focus on the series 377. , PFEF: We have 
EOE 2 CIP et NES NN UN 
/n--(-1^ „yn n Yn(fnt(-1)")} n 


NEM AE. 
|" n«-(-l/n n 
(-1)" /n 
n(n + (-1)^ n): 
Using the inequality ||a| — |b]| < |a— 5| for any real numbers a and b, we get n? —n < n?—(—1)" nn, 
for any n 2 2. This will imply 


| Td LADEN 
vn 4 (—1)* Jn nt^ n? — nyn 


for any n > 2. Note that for any n > 4, we have 24/n < n or yn < n — y/n. Hence 


DD E yn 
/n-(-1^ yn ` n|” nyn 
for any n > 4. Since the series 375... n s is convergent, from the basic comparison theorem we get 
(-1" (2D* 4 
that $77. JARi(-rm Tao ae a eae 
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Hence the series 377 , ( Aim ur 1) is absolutely convergent which implies that it is 


also convergent. Since 
(yr nt, (0^ ayn, 3 
yn t (-1)" yn n yn + C yn n 


œo 1 
n-ln 


is divergent, we can deduce that 377 , Age 


and the series 377 , CL is convergent while $7 


is divergent. Because 


(-1)* 


n+(—1)" 1 
lim X — lim d D = lim ie 
noo cur noo T, —]1)^ noo ie 


Hence, we conclude that the limit test is not valid for non-positive series. 
9.4.90 Problem. Let (xn) and (en) be two sequences of real numbers such that 


1. the sequence of partial sums (sn) of $` £n is bounded, i.e., there exists M > 0 such that 
[sn] = |£1 +... + z4| € Min =1,...; 


2. iMn En = 0. 
3. the series 377- 4 |€n+1 — €n| is convergent. 
Then the series Du nca EnZn is convergent. This conclusion is known as Abel’s test or Abel’s theorem. 


9.4.90.1 Solution. Indeed, let n > 2 and N > n. Then 


N N N N 
X EkTk = X Ek(Sk — Sk-1) = 1 EkSk — X EkSk—1- 
k=n k=n k=n k=n 

But 

N N-1 
> €kSk—1 = 1 €k--19k- 
k=n k=n-1 

Hence 


N N-1 
X ERLE = X (€k — Ek+1) Sk + €N8N — EnSn—1- 
k=n k=n 


Let € > 0. Then, since en — 0 and (en) is bounded, there exists no > 2 such that for any n, N > no 
we have jen sw — €n$5—1| < €/2. Also since |en+1 — €n| is convergent and sn is bounded, the basic 
comparison test implies that |(€n41 — €5)s5| is also convergent. Therefore there exists nı > 2 such 
that for any n, N > n; we have 


N-1 


€ 
2 (ex — €k+1) Sk| < P 


k=n 
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Let no > max{no, nı}. Then for any n, N > n5, we have 


N N-1 
» €&Xk| < 5 l(€x — Ek+1) Sk| + |ENSN — EnSn-1] < €. 
k=n k=n 


The Cauchy criterion for series will imply that the series $7} €n@n is convergent as claimed. 


9.4.91 Problem. (Dirichlet’s Rearrangement Theorem) Let 57°, £n be an absolutely con- 
vergent series, with sum s, and let 577 , yn be any rearrangement of $7 , £n. Show that $77 | yn 
converges, and $77 | Zn = s. 


9.4.91.1 Solution. Since 377 , y, is a rearrangement of 37^ , £n, there is a bijection f : N > N 
such that yr = £ f(r) and £r = yg-1(,). Let € > 0. Since os. Zn is absolutely convergent, it follows 
from the General Principle of Convergence that there exists N such that n > m > M 


In fact, if S is any finite subset of (r € N;r > N}, then 


3 led <5: (9.1) 


res 


Next, we show that 


(9.2) 


The reason for this is that 


m n m 
s—)5 z,| = lim J z,— > ‘Den 
n— oo 
r=1 r=1 r=1 
n n 
. € 
= lim 1 zx, < lim 1 lx.| < = 
n—oo oo 2 
r=m+1 r=m+1 


by (10.1). 

Now, let M = max(f ^! (1), ..., f! (N)), and note that M > N. Since z, = yf-1(,), it follows that 
ivi ym} 2 Ixus €x So, ifn 2 M, then {Yt syn) = ess) U {trr € Sn}, for some 
finite subset S, of {r € N}. Thus 


n N 
n> M> s-» yr < s—S r +> liz] 
r=l1 r=1 r€S, 
ptu 
——— 
2.^ 32 


by (10.2) and (10.1). This shows that $77 , Yn converges to s. 
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9.4.92 Problem. Consider the series 321 £n with zn > 0 V n € N. Assume that there exists 
N > 1 and p> 1 is a real number such that 


n(1-22) >p 
Tn 


for any n > N. Show that *77* , £n is convergent. 


9.4.92.1 Solution. Let yn = TTF: Then 
Yny n-1 | 1 1 
DEL ES n 


Using the inequality (1 — x)? > 1 — pz for any x € [0,1], we get 


1 
Un4-1 eque Tn+1 


Yn n Tn 


for any n > N, because of our assumption on (£n). Since p > 1, the series $77. y Yn is convergent. 
From the previous problem we can deduce that $75 y £n is convergent, which implies that Xg} £n 
is convergent. 


9.4.93 Problem. Consider the series 375. , % with z, > 0 V n € N. Assume that there exists 


N > 1 such that 
"(1- z) <1 
Tn 


for any n > N. Show that X>] £n is divergent. 
9.4.93.1 Solution. Let yn = ay. Then 


Ynti  n—1 1 
Yn n n 


Hence 


Yn+1 En+1 
Un In 


for any n > N, because of our assumption on (xn). From the previous problem we can deduce that 
oue Tn is convergent, which implies that *77* , £n is convergent. 


9.4.94 Problem. Consider the series $7 , £n with x, » 0V ne N. 


1. if limno n (1— 922 | > 1, then Y zn is convergent and 
Ln ? n=1 g 


Tn 


2. if lim, ,44n (1 = eau) < 1, then 37 , £n is divergent. 


Show that we do not have any conclusion when 


lim n(1- 4) ict 
noo Dy 
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9.4.94.1 Solution. Left to the reader. 


9.4.95 Problem. Consider the series Hm, £n with £n > 0V n € N such that there exist p > 0 


and q > 1 such that the sequence 
(v (: EN 2) 
EON n 


1. if p <1, then °°, £n is divergent, and 


is bounded. Show that 


2. if p > 1, then $57 , £n is convergent. 
This is known as Raabe-Duhamel’s rule. 


9.4.95.1 Solution. Our assumption implies the existence of M > 0 such that for any n > 1, we 


have 
1 Ln+1 p M 

Zu n|) na 

So, 
Ln+1 M 
n{l < 

Ln nd-l 

Hence 


$ Intl 
lim n (1-2) =p. 
noo dus 


'The previous problem implies that if p « 1, then prat £n is divergent; and if p > 1, then bs Ln 
is convergent. So assume p = 1 and let us prove that $77- , £n is divergent Let 


1 
€, — n8 (== -1+ż) 3 
Tn n 


then 


Again, let Yn = nz, then 


n l zx 1 1 " 
Ynt+1 n Ae (14 ) +) 
Un TL In TL TU na 


which implies 


9.4. PROBLEMS AND SOLUTIONS ON CHAPTER 9. 599 


(n1) 


| ~€n; Since (ôn) is bounded, 


lim n? In (==) =1 


n—oo Un 


where ó, = 


where a = min(2, q). Thus the series 


oo 
Y log (==) 
n=1 Yn 
is convergent by the limit test which implies that lim, 55 log yn = l exists. Hence lim; ,55 Yn = el. 
i.e., 
l 


lim nz, = € 
n— oo 


The limit test again implies that $77 , £n is divergent, since $5, 4 g is divergent. 


9.4.96 Problem. Discuss the convergence or divergence of 377- , £n where 


1.3.5...(2n — 1) 
Yn => 
2.4.....(2n) 


9.4.96.1 Solution. Let us first show that lim,.. £n = 0. Note that 0 < x, < 1 for any n > 1. 
Since 


Intl _ 2n+1 


Z4 RE? 
we have z444 < £n for any n > 1, which implies that (£n is decreasing. So limj_,.. £n exists. Define 


(| 246.....2n 
Un = 3.5...(2n +1) 


2n—1 2n 


on. < mpr for any n > 1. This obviously implies £n < y, for any 
n 2 1. Since z,y, = Sep we deduce that z2 < zy, = PERI 
which implies limp... £n = 0. This conclusion may suggest that the series 2 4 Tn is convergent. 


Since 


Since 4n? — 1 < 4n?, we get 
for any n > 1. Hence limno z2 = 0 


TLn+1 = 2n+1 


In 2n +2’ 


we have 


1 En+1 TL 
n = ; 
La 2n+2 


Hence limpo n (1 — zas) = i < 1, then 177 , Zn is divergent based on the previous problem. 


Note that the ratio test does not help since lim; ;55 i: — ]. In fact, the root test will also be not 
conclusive. 
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9.4.97 Problem. If $77 a, converges, where a, > 0 and a, #1V n, does 


oo 

b E 
1—a 

n=1 n 


converge? 


9.4.97.1 Solution. There exists N such that for all n > N, sufficiently large, 0 < a, < 1/2. Thus 
for n > N,a,/(1— an) < 2a, . So 


oo " N á oo 
0< n < n +2 a 

Sy Rae 

n=1 n=1 n=N+1 


and the series converges. 


9.4.98 Problem. Show elementary that the series 
oo 
5 sinn 
n=1 


has bounded partial sums. This is in contrast with the series $^ , | sinn|, that cannot have bounded 
partial sums. 


9.4.98.1 Solution. Hint. 


1 
sin 1 +sin2+...... +sinn) | sin = 
( 2 
: S ga + cos ! cos + 
= S S t eee n--=)- n+- 
2 co 2 co co co 2 2 


Thus 


|sinl + sin2+...... +sinn| < —> 
sin 2 

for each n € N. The series $77 , |sinn| cannot have bounded partial sums, as otherwise it would 
converge and thus sinn — 0 which is not true. 


9.4.99 Problem. Show that 7°, =, is divergent. 
9.4.99.1 Solution. Hint. Assume it is convergent. Since |sinn| > sin? n for each n, we would get 
that i77 , 1—999?^. is convergent. Since $75. , ©?" is convergent by the Dirichlet test, we would 
get that the sum of the last two series, i.e., X l is convergent, a contradiction. 


9.4.100 Problem. There exist two divergent series $5». , an and $5, bn of positive terms with 
a; > az >... and bj > bz >... such that if cn = min{a,,b,} then 377 , c, converges. 
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9.4.100.1 Solution. Hint. Let 


ay = 1/25, by = 1/2", if 2^ < k < 2*1, nis even 
ay = 1/2", by = 1/25, if 2^ < k < 2^*1, n is odd. 


9.4.101 Problem. (There is no convergent series with largest terms) Suppose that a, > 0 and 
ou. an converges. Define rn = X gn ax. 


1. Prove that $377, & diverges. 


2. Prove that 577 , 42- conerges. 


9.4.101.1 Solution. Hint. 


1. Show that Qm | Qm4l an Tn 
+ bus oed 
Tm Tol A Tm 
for all m « n. 
2. Show that 
an 


< 2 (Vin — ynt), V n. 


VTn 


9.4.102 Problem. Suppose (an) decreases monotonically to a limit of 0, and $77 , an diverges to 
infinity. 


1. Does the series a1 + a2 — a3 + a4 +45 — ag + a7 + ag — ag + ...... converge of diverge? 


2. Does the series a4 + a2 — a3 — a4 + a5 + ag — ay — ag + ag + ...... converge of diverge? 
3. Generalize (1) and (2). 
9.4.102.1 Solution. 


1. We claim that the first series diverges. First, consider the grouping a4 + (a2 — a3) + a4 + (as 
ag) + a7 + (ag — a9) + .....Since (an) is non-increasing, each of the terms in parentheses is either 
positive or zero, but never negative. Using this we can observe the following: 


IV 


The last series is just iua an, Which diverges, so the the original series must also diverge. 


2. Consider the sequence (zn) = (1,1, —1, 21, 1, 1, 21, — 1, 1, 1, .....). The partial sums of this series 
are bounded by M > 2. Using the fact that (an) is non-increasing with limit equal to zero, we 
can apply Dirichlet’s test to conclude that $7 £nan = a1--a2—à34-a44- a5 — ag - a7 4- ag — a9 4- ... 
converges. 
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3. Any sequence of the form 


— —< ——- — 
(fn) = fr 1, , l(nitimes] —1, ., ]{nitimes} 1; 15s lnatimes] —1, =H natimes} ) 


will be bounded by M > max{n,}, so that Dirichlet’s test can be applied to )> z4a;.. 


9.4.103 Problem. Let a; < az < aa < ... be an increasing sequence of positive integers. Let the 
series 


S 
2a 


be convergent. For any number z, let k(x) be the number of the a,,’s which do not exceed x. Show 


that lim, ,4, #2 = 0. 


9.4.103.1 Solution. Suppose that, for some e > 0 there are z; — oo with k(rj)/z; > e. Note that 
if 1 < n < k(z;), then (because an increasing) an € ak(z;) € v; and 1/an > 1/xj. Now for any 
positive integer N, 


1 1 k(x;) —N 
1 — > sup 1 dS pap ud ee iac pde 
m J 


On j Tj 
But this contradicts the convergence of $77 , + which implies 


! 1 
un cM 


n=N ” 


9.4.104 Problem. If $77 , u2 and $57 ,v? are convergent series of real constants, prove that 


oua (Un — Un)”; p > 2, is convergent. 


9.4.104.1 Solution. Let A = 57 , u2 and B = 5. , v2. Since 
(uj + vi)? + (ug — vj)? = 2u2 + 2v? 


we have, for any positive integer n, 


TL 


S ui = vi)? «2 db +2500? «2A --2B 


i=1 i=l i=1 


Since the terms are all non-negative, it follows that 577°, (u; — vi)? is convergent. Therefore, the 
term (un — Un)? approaches zero, so there exists an integer k such that (u; — vi)? < 1 for all į > k. 
If p is an integer and p > 2, then 


lu; — vil? € (u; — vi)’, Vi k, 


so the series 


is absolutely convergent, and therefore convergent. 
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9.4.105 Problem. Let a1,a2,... be positive numbers such that 


oo 
1 An < ©. 
n=1 


Prove that there are positive numbers c, c», ... such that 


oo oo 
1 Cn — oo and 1 Ci An X OO. 
n=1 n=1 


9.4.105.1 Solution. Let $77 a, converge to S. For n € N, let rn = » 5; ay and ro = 0, so we 
have à, = Tn — r4, V n € N. Consider the sequence (cn) defined by c, = 1/(,/Tn + J/rs—). As 
Tn > S, we get 377 1 Cn — oo. We have 


= = T T 
= n^ !n—1 
2 Cyan = > Tu m Tni 
oo 
= (Vm - Vra) 
n=1 


= S. 


9.4.106 Problem. Show that the alternating harmonic series 


= 1 1 1 1 1 1 
S Cp- =1 | n RI crema 
n 2! 3) 2n— 1 2n Q2n+1 


converges according to following steps. 


9.4.106.1 Solution. 


Step(1) Prove that (sən) is an increasing and (52; 1) is a decreasing sequence. 

Step(2) (s24) < (520-1). 

Step(3) Conclude that (s2n) converges to a real number S and (524.1) converges to a real number 
T and $ < T. 

Step(4) Prove that S = T to conclude that the series converges. 


9.5 Additional Exercises on Chapter 9. 


9.5.1 Exercise. Are the following statements true or false? If true, give a proof; if false, give a 
counterexample. The numbers an and bn are positive. 


1. If, for all n > 1,aņn+1/an < 1, then $75. , an is convergent. 
2. If limn+oo(@n — bn) = 0 and 355. ., bn converges, then *77- , an converges. 
3. If lim, 455 (a, /b4,) = 1 and $75. 4 bn converges, then $77 | an converges. 


oo oo 2 
4. If 377 | dn converges, then so does $77 , a. converges. 
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5. If $77 1 a2 converges, then so does $75. , an. converges. 
6. If lim; 555 (541 + 4542 +... + don) = 0 converges, then $57 , an is convergent. 


9.5.2 Exercise. If (an) be a monotone decreasing sequence of positive real numbers and lim an = 0 
prove that the following series are convergent. 


1. ay — (a1 ZH a2) T (a1 + ag + a3) ed 


(ai +r 437 as) = yh 


ole WR wle 


1 
2 
2. 1 (ay a3) 
1 
3 


(ai a3) (a1 T 43 T as) — ee 


3. Q1 


9.5.3 Exercise. 


1. (Abel) Show that, if (1) is a decreasing sequence of positive numbers such that $77 , £n is 
convergent, then lim, £n = 0. 


2. Show by a counterexample that in the previous problem we cannot remove the condition that 
(£n) be decreasing. 


3. Show, however, that for any convergent series $77. , £n of positive numbers, we have 


ES 
n 


=0. 


lim n (z425..24) 
noo 


9.5.4 Exercise. A sequence (zn) of real numbers is said to be of bounded variation if the series 


oo 


3 [zk — zal 


n=2 
converges. 
1. Show that every sequence of bounded variation is convergent. 
2. Show that not every convergent sequence is of bounded variation. 
3. Show that all monotonic convergent sequences are of bounded variation. 


4. Show that any linear combination of two sequences of bounded variation is of bounded varia- 
tion. 


5. Is the product of of two sequences of bounded variation also of bounded variation? 


9.5.5 Exercise. 


1. Let (a4) be a sequence of positive numbers and write 
log (+) 
Ly = —— 

log n 


Show that if liminf Ln > 1, then 37, , a, converges. Show that if Ln < 1 for all sufficiently 
large n, then $77 a, diverges. 


2. Apply the test in (1) to obtain convergence or divergence of the following series (x is positive): 
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(a) Donne een, 
(b) gom gloglogn 


(c) Vpaa(logn)~ Pe". 
9.5.6 Exercise. Show that 35». , (s + aH — ) converges if and only if c = a + b. 


n 


9.5.7 Exercise. Prove that the series 


(3) + (33) + (338) + 


is convergent for p > 2 and divergent for p < 2. 


9.5.8 Exercise. Determine whether the series 3 77- , an is convergent or divergent, where an is 


1. XX. 
PM Sr UM 
3. vds o «0 BER. 


4. a8)" a — 0, o » 0. 


5. (—1)" logn . 


6. SP (14-1. 4 1). 


9.5.9 Exercise. Why is the following arguement incorrect? 
N(an — An41) = l(a1 — a2) + 2(a2 — a3) + 3(aa — a4) +... 
n=1 


= a1 — a2 + 2a» — 2a3 + 3a3 — 3a4 + .... 


=a, +02 + a3 +.. = Y an. 


Prove that if either of the two series 377 , n(an — Gn41), Xy] Gn is convergent, and na, — 0 as 
n — oo, then both series are convergent, and their sums are equal. 


9.5.10 Exercise. Decide whether the following statements are true or false, giving a general proof 
for a true statement and a counter-example for a false tatement. 


1. If $77 1a, is a convergent series of positive terms, then nan — 0 as n — oo. 


2. If (an) is a decreasing sequence of positive numbers such that $7, , an is convergent, then 
S] na? is convergent. 


3. If (an), (bn) are sequences of positive numbers such that $77 ,(—1)"a, is convergent and that 
an > b, for each n, then $77 ,(—1)"b, is convergent. 
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. If (a4) is a sequence of positive numbers such that for each positive integer p, 
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oo k 


. If 557 an is a convergent series of non-negative terms, then $77- , aX is convergent for all 


k 2 1. 


. If 57 1 an is convergent, then there exists ko > 0 such that * 77 , |a,|* is convergent for all 


k 2 ko. 


. If (an) is a sequence of positive numbers such that an tends to a finite non-zero limit | as 


n — oo, then, for each positive integer p, ante —lasmn- oo. 


a 


nip — [ as 
n — oo then a, tends to a finite non-zero limit | or to —^ oo as n > oo. 


9.5.11 Exercise. Prove by induction that for all integers n > 1 


1 Hd i " 1 [usd ocu PM 1 
2/3 4 " 2n-1 2n ntl n+2 " In 
Use Euler's limit lim, Yn = y, where yn = 14 i-i Eu j Inn, to find 


PEE M HR REI 
B. n-1 n2 "7'2nJ' 


and hence find the sum of the series 1 — 4 + i — n "usd 


9.5.12 Exercise. Find 


l. lima soo (— n+2 "qas i) ? 
2. lim, 555 (4 n+3 n+5°"° =) 4 
1 1 | 1 
3. limp oo (o T zm-3; t 3-3) bo t eis) ' 


9.5.13 Exercise. Prove that if 0 < o < 1, then 


n 1 n172 


De Ge B+ Hn 


r=1 


where f is a fixed number such that o/(1 — a) € 8 € 1/(1— o), and un — 0 as n > oo. Hence show 


that 


jor 


y CD gun a). 


9.5.14 Exercise. Prove that if p is a non-negative integer and a > 1, then 


Y 1 1 M 1 
Sur Capen qpeelpe 


9.5.15 Exercise. If a, > —1,(n > 1) and both $77 ,a, and $75, ,a2 are convergent, then 


~_, log(1 + a,,) is convergent. 


ae 
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9.5.16 Exercise. Prove that if $57. , an is a convergent series of non-negative terms, then 35 (n ^ 


is convergent for a > E, Give an example of a convergent series non-negative terms for which 


1 
1s, — " 
So n 3a is divergent. 


9.5.17 Exercise. Show that the series 


4 k+ |z| 
converges V x € R and the sum is a Lipschitz function. 


9.5.18 Exercise. Using the Cauchy-Schwarz inequality, show that if (a,,) is a sequence of nonneg- 
ative numbers for which $77 , an converges, then the series 


Ee 
nP 
n=0 


also converges for any p > 1/2. Without the Cauchy-Schwarz inequality what is the best you can 
prove for convergence? 


9.5.19 Exercise. Suppose that $77. , a2 converges. Show that 
inana + V/2a» + V3a3 + v/4a4 +... + yna 


noo n 


? « oo. 


9.5.20 Exercise. Let 71, 22,..,%.. be a sequence of positive numbers and write 


tit tot ty teie G3 
Sz and 
n 
1 1 1 | L1 
th = 21 x2 23 M NES TR, 
n 


If s, > S and tn > T, show that ST > 1. 


9.5.21 Exercise. Prove that if a4 + a3 + ... converges to s, then a a5 + a3 + ... converges to s — a4. 


9.5.22 Exercise. For what values of x does the series (1 — x) + (a — x?) + (x? — x?) +... converge? 


9.5.23 Exercise. Prove that the series (a1 — a3) + (a2 — a3) + (a3 — a4) + ... converges if and only 
if the sequence (an) converges. 


9.5.24 Exercise. Prove that for any a,b € R the series a+ (a+b) + (a+ 2b) + (a -- 3b) +... diverges 
unless a = b = 0. 


9.5.25 Exercise. Prove that if $77 , a, converges and $75. , b, diverges, then $75. (a, + bn) 
diverges. 


9.5.26 Exercise. Let X de an be a convergent series. Let (ng) be any subsequence of the sequence 
of positive integers. Finally, let 


by = Gn, 14d T Ong 142 T sse +an,, KEN. 


Prove that $77 , bx converges and has the same sum as } >] an. 


1/2 


an 
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9.5.27 Exercise. Verify that the preceding exercise yields the following important result. If 


osa» converges, then any series formed from 75. , an by inserting parentheses [for example, 


(a1 + az) + (a3 +.. + a7) + (....)...] converges to the same sum. 


9.5.28 Exercise. Give an example of a series 377 , an such that (a4 +a2)+(a3+a4)+.... converges 
but a4 + a2 4 ..... + an, diverges. (This shows that removing parentheses may cause difficulties.) 


9.5.29 Exercise. A product [[7..,(1 + a) is said to converge absolutely if the related product 
TE, (1 + |ag|) converges. 


1. Show that an absolutely convergent product is convergent. 


2. Show that an infinite product [[7- , (1+ a) converges absolutely if and only if the series of its 
terms $77 , an converges absolutely 


3. For what values of x does the product J|% (1 + z) converge absolutely? 
4. For what values of x does the product J [> (1 + i) converge absolutely? 


5. For what values of x does the product [[7.., (1 + z^) converge absolutely? 


6. Show that [I7 , (1 + cg) converges but not absolutely. 


9.5.30 Exercise. Let 0 < a < b and consider the series 


a + ab + a?b + a?b? + ab? + a’b? +... 


Show that if a > 1 then the series diverges while if b < 1 the series converges. In general when does 
the series converge? 


9.5.31 Exercise. Prove that the series 


a alate) , afatc)(at 2c) 
b b(b+c) ` b(b+.e)(b+ 2c) 


+ ...a,b,c >0 


is convergent if b > a + c and divergent if b < a + c. 
9.5.32 Exercise. Prove that the series 
a? a?(a +1)? 


14 
Lb  12.(b41) 


a? (a 4- 1)?(a + 2)? 
1.2.3b(b + 1)(b + 2) 


+...a,b >0 


is convergent if b > 2a and divergent if b < 2a. 
9.5.33 Exercise. 


1. tan} + tan § + tan 45 + .... (Use x < tanz for 0 < x < 7). 


2. Qn + me qnm ses 


4. (1) * (1578 + (s Toss For 2, 3, 4 Use logarithmic test. 
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9.5.34 Exercise. Show that the series BENT (EET | Gia 240 2 is 

1. absolutely convergent if p > 1, 

2. conditionally convergent if 0 < p < 1. 
Miren ERCIOIBES Prove that $ — is + zs | saa +o. (Hint: Use Gregory's series tan ! g = 
ToS HL Tus dE Ix» 


9.5.36 Exercise. If the sequence (zn) is monotonically decreasing to zero then the series 


1 1 1 
Ly 5 (1 | 22) + 3(a1 T2 + 23) — 4(mi + z2 + £3 + 24) +... 


converges. 


9.5.37 Exercise. Suppose that the series of positive terms $7? , an diverges. What, if anything, 
can be concluded about the following series: 


lY. 
N30 
Vom an, 
re 


an +1 
9.5.38 Exercise. Let a, € R, such that $77 , |a,| = oo and sm = 95,4 
Let at = max{an, 0}. Show that $77 , a] = oo. 


ee 


PB 


an — a € R as m > œ. 


9.5.39 Exercise. Suppose f(x) can be developed in the series $77 , a,x" on (—1,1). Show by 
example that the following statement is false: if lim, ,1.. f(x) = A, then the numerical series 
Monza Gn converges to A. (Hint: consider f(a) = xz.) 


9.5.40 Exercise. Show that the root, ratio, Raabe and Bertrand tests fail for the series Ni Digne 
However, the simple application of the Comparison test gives the result. 


9.5.41 Exercise. Show that the convergence of the series $57. , [CEN ITE cannot be established 
by the root, ratio and Raabe tests, but it can be proved by the Integral or Bertrand tests. 


9.5.42 Exercise. Show that the divergence of the series 377 , GM cannot be established by 


the root, ratio and Integral tests, but it can be proved by the Raabe's test. 


9.5.43 Exercise. Provide a counterexample to the following statement: if both positive series 
ou. an and 355. , bn are divergent, then the series $77 , min(an, bn) also diverges. 


9.5.44 Exercise. Give an example of a divergent series bear an such that 3 M \/AnAn+4+1 iS 
convergent. 


9.5.45 Exercise. Let a, € R, such that X>; |an| = oo and $5, .,a& — a € Ras m — oo. Let 
aj = max{a,,0}. Show that 377 | aj = oo. 


n=l "n 
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9.5.46 Exercise. Discuss the convergence of the series 


oo 


1 
»3 nlog?n 


n=2 


depending on p > 0. These series are known as the Bertrand series. 
9.5.47 Exercise. Test for the convergence of the series 


2 3 4 5,5 2 3 4 5 
13 


9.5.48 Exercise. Show that 


xt 


2 3 
gt 3T 4 
1+2r+3 avt 3 ^? a es 


converges if x < 4. 
9.5.49 Exercise. Test for the convergence of the series 


a a(atc) 


a(a+c)(a+2c) > 
b" bro 


b(b-- c)(b--2c) - 


9.5.50 Exercise. Prove that, when |æ| < 1, 


In(1— x) 


l-r Ea 


i 
= 
N| = 
Ny 
8 
N 


9.5.51 Exercise. Prove that the series 
1\? Ty p p? 
1 14 I 14 14 t.. 
PX? 1 y 
- 1 1 E. 
de - Ge) 


converges, but that the series obtained by removing brakets oscillates. 


9.5.52 Exercise. Prove that if a4 + a2 + a3 + ... is absolutely convergent, then a; + a2 + a3... = 
(a1 +a4+a5 +...) + (a2 + a4 + ag + ...). Is this true for all conditionally convergent series? 


9.5.53 Exercise. What, if anything, is wrong with the following? 


1 + js M 
2 3 4 5 6 
dd uus. 
2 3 4 2 5 6 3 
=(14+5+5+3 stat] (ies*gtitgtgt)- 
2 3 4 5 6 2 3 4 5 6 


9.5.54 Exercise. Show that any conditionally convergent series has a rearrangement that diverges. 
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9.5.55 Exercise. Show that there exists a rearrangement $57. an of 1 


such that, if tn = a1 + a3 + a3 + ... + an, then 


lim sup tn = 100, liminft, = —100. 
noo 


n— oo 


9.5.56 Exercise. 


1. 


2: 


Does the ratio test give any information about the series 


CECU 


Does the series converge? 


9.5.57 Exercise. Let S = {n1, n2, ...} denote the collection of those positive integers that do not 
involve the digit 0 in their decimal representation. (For example, 7 € S but 101 ¢ S.) Show that 
oa 1/ni converges and has a sum less than 90. 


9.5.58 Exercise. Given integers a1, a2, ... such that 1 < a, < n—1,n = 2,3,... Show that the sum of 
the series 5 77-., “ is rational if, and only if, there exists an integer N such that a, 2 n—-1V mn» N. 


Hint. 


For sufficiency, show that 37^ ,(n — 1)/n! is a telescoping series with sum 1. 


9.5.59 Exercise. Let p and q be fixed integers, p > q > 1, and let 


(a) 
(b) 


pn 1 n (-1)H 
ee ee 
k=qn+1 k=1 


Prove that limno £n = log 2s 


When q = 1,p = 2, show that Sən = P3 


TL 
i—n41 Ti = Tn and deduce that 


(-1 n+1 


oo ) z 
20 = log 2. 


Rearrange the series in (b), writing alternately p positive terms followed by q negative terms 
and use (a) to show that this rearrangement has sum log 2 + 1/2 log(p/q). 


Find the sum of 


= 1 1 
_4yrt1 _ 
2 1) (Gs wo): 


Let $77 |a, and 35, , bn be convergent series of non-negative terms. Show that 377 , (a,b, ) ? 
is convergent. Give an example to show that the converse implication is false. 


Give an example of two divergent series $77 a, and $5, , bn of positive terms with the 
property that $77 , min{an, bn} is convergent. 
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(g) Use the ratio test to show that, for each fixed k and each a such that 0 « a < 1 the series 
Y nta” is convergent. Deduce that limpo n*a” = 0. 


9.5.60 Exercise. Test for convergence (p and q denote fixed real numbers). 
lx) cert 
2. y pe 
29 Qu c aL 


oo 1 
4. Zu nP—nd* 


1 
. 20 5 (—— 
6. Xe vnl 


nol n?+2' 


oO 


) log log n 


1599 (Un- Et n. 


9.5.61 Exercise. Consider the alternating harmonic series 


—— D se 1 


1 | | | 
z 3 2 5 7 4 9 11 6 
and denote its sum to n terms by Tn. For each n > 1, let 
1 1 1 
Hy =14 | 
2 3 T n 


Show that 
2. Tsn = Hay a tHon = H, = San + 5 Son. 


9.5.62 Exercise. Suppose that S is the sum of a convergent series $5, , an. Define tn = an + 
Qn41 + Gn42. Which of the following is true? 
The series $77. , tn 


1. diverges. 
2. converges to 3S — a4 — a» 
3. converges to 3S — a; — 2a 
4. converges to 3S — 2a, — a». 
9.5.63 Exercise. Let (an) be a sequence of positive real numbers such that 
a, = 1, A244 — 254105 — an =O0Vn>1. 


Which of the following is true? The sum of the series $ 77 , $2 lies in the interval 
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1. (1, 2] 

2. (2,3] 

3. (3, 4] 

4. (4, 5] 

9.5.64 Exercise. Which one of the following series is divergent? 

Ix ege 

2. inal arn 

3. XL p tang 


4. 97 logn. 
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9.5.65 Exercise. Let (an) be a sequence of positive real numbers. Which of the following is true? 


The sum of the series $7, , an converges if 


œ 2 
1. $; a, converges 


oo An41 
2. J n=1 as converges 


© an 
3. Jn —1 of converges 


oo an 
4. Jna a... converges. 


9.5.66 Exercise. Let 6: N — N be a bijective map such that 


5 a < oo. 
n=1 


Which of the following is true? The number of such bijective maps is 


1. exactly one. 
2. finite but more than one. 
3. zero. 


4. infinite. 
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Chapter 10 
Special Topics 


The only way to learn mathematics is to do mathematics. 
—Paul R. halmos: A Hilbert Space Problem Book. 


10.1 Measure zero 


10.1.1 Definition (Sets of measure zero). A set S of real numbers is said to have measure zero 
if, for every € > 0, there is a sequence (7,) of open intervals, (the length of (In) is £(I,)), such that 


S C |] In and M 4(0,) < €. 
n=1 n=1 
A property is said to hold almost everywhere (a.e.) on [a,b] if it holds at each point of fa, b] V S, 
where S is a set of messure zero. 


10.1.1 Problem. Any finite subset of IR is of measuere zero. 


10.1.1.1 Solution. Let F = ([21,25,..., £n} be a finite set, and let e > 0, then 


€ € 
4 sbi t ; |—1,2,.., 
t 2(n-+ 1)” cea n) 


is a family of open intervals the sum of whose lengths is TERIS < e. Thus F is of measuere zero. 


10.1.2 Problem. The set Q is of measure zero. 


10.1.2.1 Solution. Let Q = (z1,22,..., 24,....) be an enumeration of Q and let € > 0. Then the 


family ‘ : 
{ (z: -yp Ti + ) p= ina) 


of open intervals is a covering of Q and the sum of whose lengths is 


oo 


Danie 


i=l 


Thus the set Q is of measure zero. However, there exists an uncountable set (Cantor set) which is 
of measure zero . 
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10.2 Notion of nearness, Nets 


A real number z € R is said to be e-near to a c D C R iff |x — a| < e for e > 0 and x € R is said 
to be arbitrary-near to a iff |x — a| < e for all e > 0, Now one can think it is possible only when a 
is a limit point of some set. If a is not a limit point, then a is only point near to a. 

In the begining we consider the closed interval J = [a,b] and c € I, we define a nearness relation on 
I, = I \ {c} in terms of “near to c" by writing zı > x2 to mean 2 is near to c than zə is in Ie iff 
|v, —c| € |za — c|. We shall show that zı > x» and x2 > x3 imply zi > z3 

For zı > £2 => |a1 — c| € |za — c| and z2 > z3 => |x2— c| € |a3 — c| both imply |z1 —c| € |xa — c| > 
zı > x3. Again, if z1, £2 € Ie, then d x3 € Ie such that |x3 — c| € min{|x2 — c|,|z1— c|}. i.e. z3 > zı 
and r3 > £2. 

Now, we observe that this relation on I, satisfies 


l.z oz Vrc€l, 
2.:2gyandy2z-or2z 


3. if x,y € Ie, then there exists z € I, such that z > z,z > y. ie. z is e-near to c than z, y are in 
Te: 


Thus, we get the following: 


10.2.1 Definition. Let D(# 0) be a set and “>” be a relation on D. The relation > is called a 
direction on D or is said to direct D, if the relation > is 


1. Reflexive: x > x,V x E€ D, 
2. Transitive: xz > y and y > z— zr 2,%,Y, Zz E D, 
3. Endless: if z, y € D, then there exists z € D such that z > z,z > y. 


We call (D, >) is a directed set. If a > b we say that a dominates b. If a > b, we sometimes write 
bxa. 


10.2.2 Example. 


1. The set N of all natural numbers as well as the set R of all real numbers are directed by > in 
the usual sense, i.e. z > y iff z > y. 


2. Let D be the family of all open intervals of R containing 0, then for A, B € D define A> B 
iff A C B. Note that if A, B € D, then An BC Aand AQAQBC B— C — An B - A and 
C >B. 


3. Let E be any nonempty set, let X be the set of finite subsets of E, and define A > B if and 
only if AD B. 


10.2.3 Exercise. In each case, show that each relation “>” is a direction: 
1. Let a < c < b and D = (zx;a < x < b; x #4 c). For z,y € D, define x > y iff [x — e| < |y — c]. 


2. Let I = [a,b] by a partition P of I we mean a finite set P = (zo, z1,.., 24) such that a = 
zo < $1 € .. < Zn — b. Let D be the set of all partitions of J. For P,Q € D define P > Q iff 
Q C P, we read P is finer than Q. 
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3. Let D be the set of all real valued functions on R, define f > g iff f(x) > g(x), V x € R and 
for f,g € D. 
4. Let x € Rand D = U, (the family of all nbhds of x). For U,V € D define U > V iff U C V. 
5. Every linearly ordered set (such as the N with the usual order) is a directed set. 


6. Any collection of sets that is closed under the operation (intersection) is a directed set when 
ordered by reverse inclusion, i.e. X > Y if and only if Y C X. 


7. If D and E are directed sets, then their product D x E is directed by (di, e1) > (d5,€2) if and 
only if dı > dz in D and ej > e2 in E. 


10.2.4 Definition. Let (D,>) be a directed set. A net in a set X is a function from S to X. We 
shall adopt the sequence notation for nets and index by a member of D. Write (Sn)nep or simply 
(Sn) for the net $ : D > X. 


10.2.5 Definition. A sequence in X is any net $: N X. 
10.2.6 Definition. Let D be a given directed set and consider an arbitrary subset A C D. 


1. The set A is called a residual subset of D, iff there exists an element m € D such that, for 
each n € D, n > m implies n € A. 


2. The set A is called a cofinal subset of D, iff for every n € D there exists an element m € A 
such that m > n. 


10.2.7 Definition. Let D be a given directed set and consider an arbitrary subset A C D. 


1. A net is in a set A iff S € AV n € D. 


2. A net is eventually or ultimately in a set A iff 3 a residual subset E C D such that 
S(E)C A, ied m € D such that n > m => Sn € A. 


3. A net is frequently in a set A iff d a cofinal subset E C D such that S(E) C A, i.e for each 
n€D,dm c E such that m > n > Sm € A. 


10.2.8 Exercise. Show that a cofinal subset of a directed set is also a directed set. 
10.2.9 Exercise. The following are equivalent: 

1. A net (Sn) is frequently in A. 

2. S maps a cofinal subset of D into A. 


3. The net (Sn) is not eventually in the complement of A. 


10.3 Notion of convergence 


10.3.1 Definition. A net (Sn) converges to l iff it is eventually in every nbhd. U(I) of l, i.e. iff 
3m € D such that V n > m => Sn € U(l) and this situation is described by (Sn) > l or Sn > lor 
lim, Sp = l. 
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The familiar limit of calculus "lim, ,4 f(x) = I” is an instance of a net convergence. Here 
D consists of points x near to a and x > y means that x is near to a than y is near to a, i.e. 
0« [r—a| € |y — a]. 
Let D C R and a € D’ (the derived set of D), and a function f: D — R. Suppose l € R. If it is 
possible that f(a) can be made arbitrary near | while x is sufficiently near a, then we say that f 
has a limit / when x approaches to a. Note that the point a may or may not belong to D. Now, we 
show that lim; ,4 f(x) = l is a net convergence. 
Let c € D’ and consider the set De = D \ (c). Then for x,y € De, define x > y iff |x — c| € |y — c]. 
We show that > is a direction on De. 
It is clear that z > x. Let x > y and y > z, then |r —c| < |y — c| and |y — ceļ < lz- e| => |z — e| < 
z-e => r> z. 
Let z,y € De and min{|æ — c|, |y — c|} = 6. Since c € D’, so (c — ô, c + ô) N De z: 0. Suppose that 
z € (c— ô, c + ô) then |z — c| < ô, thus |z — e| < |x — c| and |z — ceļ < |y — c| ie. z = x and z > y 
shows that “>” is a direction on De. 


10.3.2 Theorem. Let c € D'. Then lim,-,. f(x) =1< The net f: De — R converges to l. 


Proof. <= We write the net (fx)cep, simply as (fs) where fe = f(x). Suppose that (fs) converges 
to l. Then (f,) is eventually in every nbhd. of l, which means that V € > 0 d y € D, such that 
£ > Y — fe € (l—e6l +e). Now x y means |x — c| € |y — c| and if |y — c| < 6 then statement 
becomes V € > 0 3 ô > 0 such that | f(x) — 1| = |f; — I| < e whenever |x — c| < 6 which is same as 
limz+¢ f(x) =. 

=> Suppose that lim; ,« f(x) =l. Let U(l) be any nbhd. of l then 3 e > 0 such that (l — e,l +€) € 
U(l), and d 6 > 0 such that y € (c — c + ô) N De => fly) € (L— e,l + e). Now if x > y then 
jz — e| < |y — c| < 8 => fs = f(x) € (L— el +€) C U(l). Hence f is eventually in every nbhd. U(I) 
of l. The proof is complete. 


10.3.1 Problem. Describe D and the direction ‘>’ so that these limits are limits of nets. 


1. lim; +00 f(x) = I. 


2. lims f(x) = —oo. 
3. lim, ss f(x) =1. 
4. limz5a4 f(x) =l. 

5. limy +a f(x) = oc. 
6. Xy a; =a. 


10.3.1.1 Solution. 


1. Let D be any subset of R that is not bounded above. Define a relation > on D by x > y iff 
x > y. Now, let z, y € D, then d z > max(z, y) implies z > x and z > y. Thus > is a direction 
on D. 

We show that f; = f(x),x € D is eventually in every nbhd. of l. Let U(l) be a nbhd. of l, then 

J e > Osuch that (IJ—e,/+e) C U(I), and then d M > Osuch that zı > M => f(x) € (lI—e, l+€). 

Let x > zi, then x € (z,,00) C (M,oo) > f, = f(x) € (l— &l4- e) € U(l). Thus f, is 

eventually in U (l). 


2. Left to the reader. 
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3. Let D be any subset of R that is not bounded below. Define a relation > on D by x > y iff 
x € y. Now, let x,y € D, then d z € min(z, y] implies z > x and z > y. Thus > is a direction 
on D. Rest is left to the reader. 


4. Let D be any subset of R such that (a, a 4- e) à D z Ø. Define a relation > on D by z > y iff 
|x — a] € |y — a|. Now, let x,y € D, then d z € min(|x — al, |y — a|} implies z > x and z > y. 
Thus > is a direction on D. Rest is left to the reader. 


5. Left to the reader. 


6. The infinite series boat an of real numbers a, converges to a if and only if given any e > 0 
there is an no such that if n > no then 


|(a4 +... Fan) — a| < e. 


i.e. Sn € (a — €, a +€). 


This is the same as saying that the sequence s1, s2, ... of partial sums given by Sn = a4--...-- à 
converges to a. 

Let D = N, and define > on N by m > n iff m > n. Thus n > ng > s, € (a—€,a4- €). ie. Sn 
is eventually in (a — e, a 4- €). 


10.3.3 Exercise. Let (r4) and (ya) be real valued nets on the same directed set (D, >) with 
lima z4 = l and lim, Ya = m, then 


1. lima (te + Ya) — l4 m. 


2. lima (®a-Ya) = lm. 


3. lime (z) = L ifm#0,ya#0Ya€ D. 


m 


10.3.4 Exercise. Let D be the set of all pairs (m,n) of positive integers. Partially order D as 
follows: (m,n) > (m’,n’) if and only if m 4- n 2 m +n’. 


1. Describe geometrically what (m,n) > (m', n") means. 
2. Show that if lim(m n) 2mn = l, then lim, +o %mn =l VY m, and limmo Imn — LV n. 


3. Let 2mn = mn/m? +n?. Show lim4,;,5, 2,44, = 0 V n and lim, ,4, 4,4, = 0 V m, but 
liM(m,n) mn; fails to exist. 


10.3.5 Exercise. Let D be the set of all pairs (m,n) of positive integers. Partially order D as 
follows: (m, n) > (m', n') if and only if max{m,n} > max{m’,n’}. 


1. Describe geometrically the set of (m, n) such that (m, n) > (mo, no) for a fixed (mo, no). 
2. Does lim(mn) Tmn = L, imply limp+06o%mn = L Vm? 


10.3.6 Exercise. Let D be as above with the ordering (m,n) > (m’,n’) iff mn > m'n’. Give 
examples of nets (mn) which converge and nets which diverge. What is the connection, if any, 
between convergence in the ordering of D and the limits lim, ,44 my and lim, ,55 Emn? 
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10.4 Functions of several variables 


By a function of several vaiables we generally mean f : R” — R™. Here, we mainly study the 
functions from IR? — IR. That is with m — 1,n — 2. 


10.4.1 Functions from R? to R. (Limits and Continuity) 


Let f: D C R? > R, ie. f be a function of two independent variables x,y, then limits of a kind 
different from those already discussed for the functions from R — R, come into consideration. The 
variables may approach a limiting position either by varying seperately or simultaneously. If (a, b) 
is a limit point of D, then we have the limits 

lim lim f(x lim lim f(a lim d 

iE: (x,y), inibi 9s PE f(z,y), 
the first two types are called iterated limits or repeated imits and the last as a simultaneous 
limit or double limit of f(x,y) as (x,y) approaches to (a,b). 
An iterated limit presents nothing essentially new, as it is merely a limit of a limit. However, in 
double limits we have something quite different from the ordinary limit. 


10.4.1 Definition. Let D C R? and (a,b) € D’, then a function f: D > R is said to have a limit 
l at (a, b) iff for every € > 0, I ô > 0 such that f(B((a,b);6) n D) C B(l; e). In other words, f(x, y) 
tends to a limit | as (x, y) tends to (a, b), or f(x, y) converges to | as (x, y) tends to (a, b) iff for each 
nbhd. V of l we can find a deleted nbhd. U = U \ {(a,b)} of (a,b) such that f(Ü N D) C V. 


The above is equivalent to the statement 


Ve>046>0such that (x,y) € ÛN D => f(x,y) € B(l;e). 


We write the above, symbolically, as lim(;,).,(a,5) f(z, y) = l, read as f(x,y) tends to a limit / as 
(x,y) tends to (a, b), Which is equivalent to the statement 


Ve >03 ô > 0 such that (x,y) € D and 
0«|lz—a|«ó,0«|y—b| «ó 2 |f(x,y) - ll « e. 


'The existence of a double limit has a wider range of consequences than is the case with single limits. 
For example, not only we have the same limiting value if the the variable point (x,y) approaches 
the limit point (a,b) through any set of values whose limit point is (a,b), but we also have the same 
limiting value as the variable point approaches its its limting position along any curve whatsoever. 
Consequently, if we can find two methods of approach to the limit point which give different limiting 
values, then the double limit does not exist. 


10.4.2 Example. Consider the limit lim(; (0,0) Er If (z, y) approaches the origin along the 
line y = a, we have, 

li x 1 

25390 2 Fre 2 
If, however, we first allow x to approach 0 along a line parallel to the x-axis and then allow y to 
approach 0 along the y-axis, we have 


lim | =] = 0. 
30 Pan) x? + y? 230 0T y? 
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Hence the different results obtained by these two methods of approach to the limit point show that 
the double limit does not exist. 


If a double limit does exist, it follows that the limiting value obtained by assuming any convenient 
relation between the variables and allowing them to approach the limit point along the corresponding 
curve gives the value of the limit. However, the converse is not true. For example, the same limiting 
value of the function may be obtained as the variables approach their limiting values along all 
straight lines passing through the limit point and yet double limit need not exist. 


10.4.3 Example. Consider the limit lim(; (0,0) zs. If (a, y) approaches the origin along the 
lines y = mz, we have, 


i i ji mõ? 
20 gà môr — T 4méz^ — 
However, if (x,y) approaches the origin along the curves x = my?, m Æ 0, then we have, 
Wo 
lim SE lim OE EE A 
y>0 myo +y? yom? +1 m+) 


The double limit, therefore, does not exist; for, that requires that we should obtain same limiting 
value by all possible method of approach to the limit point. 


If the double limit lim(; y) (a,b) f(x, y) exists, then the single limits lim; 4 f(x, b), and limy_,, f(a, y) 
exist. It does not follow, however, that the single limits lim; ,4 f(x,y), and lim, ,; f(z, y) exist for 
y Z b,x # a respectively. 


10.4.4 Example. Consider the function f : R? \ ((0,0)) — R by f(z,y) = ysin 1, now for the 


double limit lim; ,)., (9,0 y sin +. We have, i 


1 
lim — ysin— = 0; 
(x,y) (0,0) x 


for, we have 
m cu 
ysin — — 0| = Jysin—| € |y| < e whenever 0 < |z| < € = 6,0 < |y| < € = ô. 
x x 
However, for any constant value of y Z 0, say y = c, we have 
: : . 1 jo uy Al 
lim f(z,c) = lim csin — = c lim sin — 
r—0 10 x z—0 T 
does not exist. 


Now, we state a result concerning the double limit and iterated limits. 


10.4.5 Theorem. If lim; y)= (a,b) f(z, y) = A and limga f(x,y) exists for each constant value of 
y in the nbhd. of b and likewise lim,_,, f(x, y) exists for each constant value of x in the nbhd. of a, 
then 


A= lim lim f(x,y) = lim lim f(z,y)= lim f(x,y). 
y—>bxr—>a 


z—ay—b (z,y) (a,b) 
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Proof. By hypothesis the limit lim; ,4 f(x, y) exists for each value of y in the nbhd. of b. The set 
of limiting values defines a function F(a, y) of y. So, we can write lim, ,4 f(x,y) = F(a,y), where 
F(a, y) may or may not be identical with f(a, y). That is, for each value of y in a nbhd. (b— ôo, b+ ôo) 
and for € > 04 6; > 0 such that 


|F(a, y) — f(x, y)| < €/2 whenever |x — a| < ài. 
Since the double limit exists at (a,b) we have there exists 62 > 0 such that 
| f(x,y) — A| < €/2 whenever |x — a| < ô2, |y — b| < de. 
Thus 
|F(a,y) — A| = |F(a.y) — f(x, y)l + F(a, y) - Al < €/2 + e/2— € 
whenever |y — b| < 6 = min{ô1, 62}. Hence 


lim F(a, y) = A > lim lim f(z, y) = A. 
yb 


y—b5r—a 
In the same way, we can show that 


lim lim f(x, y) = A. 


1—ay—b 
and hence we have finally 


A= lim lim f(x,y) = lim lim f(z,y) 2 lim f(x,y). 


1—ay—b y—>b r>a (x,y)—>(a,b) 


This theorem states a sufficient condition but not a necessary condition for the interchange the 
order of iterated limits, but there are cases where the order may be interchanged yet the conditions 
of the theorem are not satisfied. 


10.4.6 Example. Consider the function f : R? \ {(0,0)} > R by f(x,y) = =p we see that the 
double limit lim, ,y).(0,0) 72442 does not exist and we have 


z2-y? 
0 
lim lim = lim 2 =0 
r30y30 £ y z—0 27 +0 
0 
lim lim —7 — = lim —*, =0, 
y202—0 £? + gy y>0 0 + y? 


hence the order of the limits may be interchanged. 
Now, we state a necessary and sufficient condition for the interchange of the order of limits. 


10.4.7 Theorem. A necessary and sufficient condition that 


n (zy) = Dm dun f(z,y) is 


(a) limsa f(z,y) = oly) y £5; lim,» f(x,y) = v(z),z £a. 
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(b) limy+5 (y) = A, 


(c) 3 a sequence (yn) converging to b and 3 m € N such that for each y,,n > m, there exists 
dy, > 0 and if e > 0, then for every x € (a — ôy„, a + 9, ) on the line y = yn, we have 


|f(z; Yn) — v(x)| < €. 


Proof. Necessary: From the assumed relation, 


lim lim f(x, y) = lim lim f(x, y) = A, 


1—ay—b y—>b r>a 
the conditions (a) and (b) follow at once. We show that the condition (c) is also satisfied. We have 


lim lim f(x,y) = lim 1 y(x )=4A, 


13 y> 


that is for arrbitrary e > 0 3 01 > 0 such that 
|z — a| < à 2 (x) — A| < e/3. (1) 


We also have lim,_,» lim; ,; f(x, y) = limy_,, 6(y) = A, and hence for any sequence (yn) converging 
to b 3 ô2 > 0 such that 


lyn — b| < 62 = |A — $(4n)| < €/3. (2) 


Moreover, we have lim;.,4 f (£, Yn) = (yn), hence 3 63 > 0 such that 


|z — a| < às = |ó(yn) — f(x, Yn)] < €/3. (3) 


Let ôy, = min(ó1,ó03). Hence, we have 


(a) — fæ, yn)| < P(e) — Al + [A — Gn) + 16Gn) — f(x vs) < € 


whenever |x — a| < 6,,,. Thus (c) is satisfied. 
Sufficient: Let € > 0 and (yn) be any sequence converging to b. Since the first of the conditions (a) 
holds, so limy-+a f(@,Yn) = (Yn) and 3 Jun > 0 such that 


0« [x — a| < &, = |f (£, Yn) — O(Yn)| < e/3. (4) 
Since (b) holds, then 3 m € N such that 
n >m => |ġlyn)— Al < e/3. (5) 


Now, for each yn we have from (c) 
0 < |y — a| < dy, > |f (£, Yn) — v(x)] < e/3. (6) 


Hence, if ô = min(ó,, , 0j, }, so combining (4), (5) and (6) we have. 0 < |x — a| < 6 implies 


|o(x) — A] —-]v(z) — f(z, yn) + f(z.yn) — O(Yn) + Elyn) — Al 
<il) — F(z, yn)| + MG) — 66) + llyn) — Al 
«e/3 4- e/3  e/3 = e. 


Thus lim, ,4 (x) = A. Hence lim,-,,[lim,» f(x, y)] = lim; 4 v(x) = A, which is equivalent to 
saying that the order of the two iterated limits may be interchanged. 
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In order that f : D C R? — R shall be continuous in both variables, it must have the same 
limiting value by all possible approaches to the limit point. A necessary and sufficient condition for 
continuity therefore involves the condition that the function is not only continuous in each direction 
but the continuity is uniform for all directions. For, if we put z = xg + rcos0,y = yo + rsin, we 
have from the definition of continuity 


|f (xo +r cos, yo + rsin8) — f(xo, yo)| < € 


holds for all values of r less some number ro which is independent of 0. This is equivalent to saying 
that the transformed function must be uniformly continuous in r for all values of |0| < 27. 


10.4.8 Example. Consider the function f : R? — R by 


a) if (x, 0,0 
0, if (x, y) = (0,0). 


Let e > 0. Putting x = r cos 0, y = rsin0, we obtain that 


2 0 sin0 1 
f(rcos0,rsin6) = aes = -rsin20 < e, 


r sin? 0 + cos? 0 


if we take r < 2ecsc@. Since csc 20 is never less than 1, it follows that if we put rg = 2e, then however 
small e may be chosen f(r cos 0, r sin 0) is always less than e for all values of 0 and for ro = 2e. The 
transformed function is uniformly continuous in r for all values of 0. 


It must not be inferred that lim, ,9 f(ap + r cos0, yo + rsin0) = f(xo, yo) for each value of 0 
implies f is continuous. For example, consider the function f : R? — R by 


ey leh (ey) 7 (0,0) 
Fey) fs if (x,y) = (0,0). 


Here, we see that the double limit does not exist at the origin. This function is, therefore, discon- 
tinuous at the origin. However, we have after introducing polar coordinates 


: : y r^ cos 0 sin? 0 . $3  cosÓsin?0 
lim f(r cos0,r sin 0) = lim 45 = lim r — y = 
r30 r30 r? cos? 9 -- r9sin^ 0 r0 cos? 0 + r*^sin^ 0 


0, 
for each constant value of 0. 
Again, continuity of f with respect to both variables at a given point (xo, yo) implies the conti- 


nuity at this point with respect to x and to y. It does not imply, however, that f is continuous in 
each variable seperately in the deleted nbhd. of this point. For example, let 


due: xsin z if (x,y) Z (0,0) 
0 if (x,y) = (0, y) or (x,y) = (x,0). 


Then f is continuous at the origin. However, it is not continuous at (xo, 0). Since the limit 


1 
lim f (xo, y) = lim zo sin —, (xo # 0) 
y0 y0 y 
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does not exist. 

If f is known to be merely continuous in x alone and in y alone, then questions arise which involve 
the relations between the continuity in the two variables and that in each variable seperately. Hence 
the following theorem results. 


10.4.9 Theorem. Let D = ((z,y);a € x € b,c € y € d] and f : D > R be continuous with 
respect to x and to y. At every point (xo, yo) € D, we have 


lim lim f(z,y)— lim lim f(z,y) = f (zo. 9o). 


zx—X0 y— Yo Y> Yo L> XO 


Proof. Left to the reader. 


It is often necessary to examine the nature of the limiting function along the boundary of the 
region where the function is defined. Suppose, for example, that f is continuous in x in the region 
D = {(a,y);a € x € b,yo < y € d). For points on the boundary line y = yo, define the function 
by lim, y, f(z, y) = f(x, yo). We shall examine the nature of convergence of f(x,y) to the limiting 
function f(a, yo). Thus this problem is a generalization of the corresponding problem which arises 
in the convergence of an infinite series or a sequence of functions. 

Let xı € [a,b]. We have then lim, ,4, f(zi,y) = f(z1, yo), that is, for € > 0 4 (xı) > 0 such that 


ly — yo| < (x1) — |f y) — F(a1, vo) < € (A) 


If we keep the value of e€ fixed while the point x is allowed to change, the value of ô may vary with 
x. For example, for z = x2 the value of ó(z43) may be quite different from (zı). Then define 


ô = inf{ô(x); x € [a,b], |y — yol < (x) = |f (x,y) — f(z, Yo)| < eJ 


If ô Z 0 then f(x,y) is said to converge uniformly to the limiting function f(x, yo). This kind of 
convergence is quite different from the convergence of f(x,y) for each value of x € [a,b]. The latter 
means that for any € > 0 there exists ó(x) V x € [a,b] which may change change with the point x. 
On the other hand, uniform convergence means that for every e > 0 3 6 > 0 for which (A) holds 
uniformly V «x € [a,b], that is, 6 is independent of x. 

Thus the curves z = f(x, Yn), Yn Æ 0 on the planes y = yn are called the approximation curves of the 
limiting function f(x, yo). In the case of uniform convergence, these approximation curves become in 
the limiting curve z = f(x, yo), as Yn — yo. The approximation curves can be conveniently exhibited 
by projecting them upon zz plane.If the given function converges uniformly, then all the projections 
of the approximation curves from a certain point on must lie within an e-strip on either side of the 
curve z = f(x, yo). 


10.4.10 Example. Given f(x,y) = gs Xzt€1,0Xy*tl, where f(z, 0) = lim, o f(z, y). 
Wrte down the approximation curves and show that f(x,y) does not converge uniformly to f(x, 0). 
We have the value of f(z,0) is 0 for all values of z, and hence the curve z = f(z,0) = 0;y = 0 is 
the x-axis itself. For y = y, = 1/n, we have the approximation curves are given by z = 


na 

14-n?2z2* 
Now, one can verify easily that for any n, each approximation curve has a peak of height i for 
some value of x. As n increases the peak in the curve goes sharper and approaches the origin, but 
neither vanishes nor its height changes. Hence, if we take a strip of width e along the z-axis, the 
approximation curves never lie wholly within it. Consequently, the given function does not converge 
uniformly to f(x,0), although the given function is everywhere continuous in x and in y, and we 
have the following theorem. 
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10.4.11 Theorem. Let f(x,y) be continuous in x € [a,b] for y Z yo and defined for y = yo by 
f(x, yo) = lim, y, f(x, y). A necessary and sufficient condition that f(x,y) converges uniformly to 
f(x, yo) is that the double limit lim). (4,,4,) (v, y) exists at each point xo € [a, b]. 


Proof. Necessary: Let f(x,y) converge uniformly and xo € [a,b]. Now, by the definition of f(a, yo) 
we have, for € > 046 > 0 such that 


ly — yol < à = |f(z0, y) — f(xo. yo)| < €. (B) 


Because of the continuity of f(a, y) in x, we have on the line y = yo4-ó an interval (zo—1, o +7) where 
n depends on 6, such that |f (x, yo + 9) — f (xo; yo + 9)| < €/3. By virtue of the uniform convergence 
of f(x,y) we can choose ô > 0 independent of xo so that for all values x € (xo — n, zo +7) we have 


The inequality (B) holds for y = yo + ô and hence we may write 


|f (£0, yo + 6) — f (xo; Yo)| < €/3. 
Thus 
lf (x,y) — f(xo, yo)| € f(x, y) — f(z, yo + 6)| + |f (£, yo + 5) — f (20, vo + 4)| 
+ |f (xo, yo +8) — f (Xo, yo)| < €/3 + €/3 + €/3 = €, 


whenever |y — yo| < ô, |x — zo| < 7. Hence given e > 0 there is a region bounded by the equations 
Y = yo. Y = yo + ô, x = x + n. Hence, we have 


lim f(x,y) = f(o, yo). 


(2,9) (x0,yo) 


Sufficient: Suppose that the double limit lim; y). ,(4,,,,) f (v, y) exists at each point zo € [a,b]. We 
then have about each point (xo, yo) of the closed interval [a,b] a region defined by D = ((x, y); |r — 
zol < 6, |y — yo| < 6} such that for each (x, y) € D, we have for arbitrary e > 0 


|f (x, y) — f(zo;vo)] < €. (€) 


Note that, if zo is the end point of the given intterval [a,b] then the only that portion of the above 
region is to be considered which corresponds to values of x € |a, b]. Keeping e fixed, then the value of 
ô depends on the choice of zo and to each value x € [a,b], ó(x) is defined, Let ó1(x) = inf(ó(zx);z € 
(a, 5] ). We claim that 6; > 0. If ó(x) = 0 then there must be a point z' € [a,b] such that in every nbhd, 
of which the infimum is 0. For x = x’, however, the value of 6 must be different from 0, since the 
inequality (C) must hold for z = x’, y = yo, Put ó(z') = 6’. Then in the interval (z' — ó'/2, 2’ + 0/2) 
the value of ó(x) for each point is at least equal to 9'/2. But, as ó' is different from 0, the infimum 
ô(x) in this subinterval must be different from 0, which is contrary to our assumption. Thus the 
condition is sufficient. 


10.4.12 Example. To determine the points of discontinuity of f(a, yo) in the interval (0, 1), where 
yo = 0 and where, for x Z 0,y Z 0, we have 


eje 


1+sin)¥—1 


( 
f(x,y) = 
( 


+1 


ele 


1+ sin 2) 
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We have 
f 
1+sin™)¥—-1 
f(a,0) = lim ( e)” , € € (0,1]. 
v7 (1 sin S)* +1 
This limit has the value 0 for x = 1, i, 1, EA 1, .. However, for PEN «up sc zn we have 0 < sin? < 1 
and we get 
v4 
+ sin = Wy — 
f (2,0) = lim a)” 
v7? (14sin2)¥ +1 


On the other hand for x LL X. we have 0 > sin * > —1 and hence 


(I4sinz)*-1 


f(z,0) = lim T 1. 
v7? (1-- sin £) * +1 
Consequently the function f(x,0) is discontinuous at the points x = 1, i. i, rer, i T 


10.5 Differentials 


Suppose that f is a function for which f'(x) exists on some interval S. Let Az 4 0 be a number such 
that x + Az belongs to the nbhd. in the domain of f, and therefore the point (x + Az, f(x + Az)) 
is on the graph of f (figure 10.1). 
From the definition of derivative 


and the definition of a limit, it follows that the difference 


fw+Ax)- fla) _ y 
E F(a) 


can be made as small as desired for sufficiently small Az Z 0. We may write 


f(x + Ax) — f(x) 


A f(a) =k (10.1) 
where limA;.,o k = 0. Now the equation (10.2) can be written as 
f(x + Ax) — f(x) = f'(x) Az + kAx. (10.2) 


The expression f'(x)Ax is of special interest to us. Let S C R. If f : S — R be a function such that 
f’ exists on S and Ax be any non-zero real number, then the differential of f(x) with respect to 
x is equal to f'(x) multiplied by Az. We denote this differential by d, f (x), so 


dz f(x) = qs (10.3) 
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If y = f(x) then (10.4) becomes 
dzy = D,yAz. (10.4) 
Where the derivative of f(x) with respect to x is denoted by D, f(x) = f'(x) i.e. 


Ax) — f(x 
base ga = 


Now for the identity function I(x) = a, ie. y = x, we get 


D,« = 1.Ac = Ax (10.5) 

Hence (10.5) can be written as 
d, f(a) = f'(e)dex. (10.6) 

Hence (10.7) can be written as 
dzy = D,d,z. (10.7) 


Suppose that 
y —-U(z), x — V(t). 


Then y = U(V(t)) = f(t) where f = U o V. We assume that U,V are differentiable. By definition of 
a differential 
diy = Diydit 


and by the chain rule Diy = Dry Dix, so 
diy = DeyDyxdt. 
In addition, by the definition of differential dix = D,xd;t. Therefore 
diy = Drydiz. (10.8) 


Let us compare the results 
dzy = D,yd,x and dy = D,yd;zc. 


This comparison indicates that we can write 


doy = Drydpz, (10.9) 


with the same variable (indepenent or not) to be placed in each of the boxes. For this reason the 
formula 
dey = Dyydyx 


is usually written in the form 


dy = D,ydz. (10.10) 
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Figure 10.1: 


We read it as “the differential of y is equal to the derivative of y with respect to x multiplied by 
the differential of x,” where it is understood that dy and dz are the differentials with respect to the 
same variable. Similarly, (10.11) can be written as 


df (x) = f'(x)dz. (10.11) 


As a consequence of the equality (10.12) we may write 


D (10.12) 


cy = dx’ 
that is, derivative of y with respect to x is equal to the ratio of the differential of y to the differential 
of x. 


10.5.1 Example. If f(x) = sin z, then we write df (x) = cos zdz. 


We may give a geometrical interpretation (Figure 10.1) of the differential as follows. Let f be a 
function which is differentiable on S and let P(x,y) and Q(x + Ax, y + Ay) be two points on the 
graph of f for which x € S and z + Ax € S. Let PT be the tangent to the graph of f at P and we 
have 


PR = Az = dz, RQ = Ay, 
RT 


PR = tan RPT. 
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But we know that tan RPT = f'(x), therefore, 
RT = PR. f'(x) = f(x)dx, 


and we see that RT represents the differential df (x). If y = f(x), then RT = dy. 

As we have noted, if y = f(x), then in general dy Z Ay. However, if f is alinear function its graph 
is a straight line and the tangent PT coincides with the graph of f; so if f is linear and if y = f(x), 
then dy = Ay. 

From (10.3) it follows that 


[Ay — dy| = |kļ||Azl]. 
Consequently we may take |Ay — dy| as small as we please by making |Az| sufficiently small. For 
this reason dy may be the useful appoximation to Ay when Az is small. 


10.5.2 Example. By the use of the differentials, we find approximately the value of 1/122. 


Let y = z3. Then dy = 427 2/5dr = dz. Substitute 125 for x and —3 for dx. Then 


322/3 
1 
dy — 738 = —0.04 and y — 5. 


So an approximation to y + Ay for x = 125 and dz = Az = —3 is 
y + Ay = 5 — 0.04 = 4.96. 


10.6 Differentiability 


In this section we will extend the concept of differentiability of a function of one variable to the case 
of a function of several variables. We first recall the definitions for a function of one variable. 


10.6.1 Linear Transformations 


Let n and m be positive integers. We shall denote by L(IR^,IRR") the vector space consisting of 
all linear transformations T from R” into IR". The most basic fact about a linear transformation 
T : R” > R” is that T is uniquely determined by its values on any n linearly independent vectors 
X4,....., Xs. That is, if 
X-—0X, +... + CnXn then 
T(x) = aT (x1) + ..... + nT (Xn). 


In particular, T is determined by its values on the standard basis vectors e; = (1,0,..,0,0),..,en = 
(0, 0, .., 0, 1). 


10.6.2 Differentiability of a function of one variable 


Let S C R and z be an interior point of S i.e. there exists an open set U; z € U C S. Recall that a 
function f : S — R is differentiable at x € S, if for any point x + h in U, 


im Et- f(x) (A) 


h—0 h 
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exists. And we denote it by D,f(r). The derivative D,f(x) measures the rate of change of f 
at x along the x-axis. The process of finding D, f(x) for a given f(x) is called differentiation. 
Equivalently we can say that f is differentiable at x € S if there exists a linear map L : IR > R such 
that 


=0. (10.13) 


In this case L is given by h —> f'(x)h. Another way of writing (10.14) is 


f(x +h) = f(x) + Lh + E(h) with lim 22 — 0 ie. E(h) = o(h). (10.14) 


'This definition is more suitable for the multivariable case, where h is a vector, so it does not make 
sense to divide by h. 


10.6.3 Affine Transformation: 
An affine transformation from R” into R is a map 
F: R” => R” 
of the form 
F(x) = yo + T(x), 


where yo is a fixed vector in R™ and T € L(R”,R™). Thus, an affine transformation is a linear 
transformation followed by a translation. The linear transformations are the affine transforma- 
tions which carry 0 into 0. A real-valued function f : R —> R is affine means that the graph of f is 
a straight line. That is, f is linear means that the graph of f is a straight line through the origin. 


10.6.4  Differentiability of a vector-valued function of one variable 


Analogously we define the derivative of a vector-valued function of one variable. More precisely, if 
f:S C R> R”;n > 1, with components fi, fo,,.., fn, we say that f is differentiable at x € S if 


MECEDEFO 


h—0 h 


exists. It is easily seen that f is differentiable at z € S if and only if f; is differentiable at x € S for 
alli = 1,2,..,n. Also, f is differentiable x € S if and only if there exists a linear map L : R > R” 
such that 


=0. (10.15) 


Here and in what follows we write Lh instead of L(h) if L is a linear map. 

How can we now generalize the concept of differentiability to functions of several variables, say 
for a function f : R? — R,z = f(x,y). A natural idea is to freeze one variable, say y, define 
g(x) = f(x,y) and check whether g is differentiable in x. This will lead to the notion of partial 
derivatives and most of us have seen this already in Calculus courses. However, we will see that the 
concept of partial derivatives alone is not completely satisfactory. For example we will see that the 
existence of partial derivatives does not guarantee that the function itself is continuous (as it is the 
case for a function of one variable). 
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The notion of the (total) derivative for functions of several variables will not have this deficiency. It 
is based on a generalisation of the formulation in (A). In order to do that we will need a suitable 
norm in R”. We have learnt already, e.g. in topology, that all norms in R” are equivalent, and 
hence properties of sets, such as openness or boundedness, and of functions, such as continuity, do 
not depend on the choice of the norm. 

In the sequel we will always use the Euclidean norm in R” and denote it by |.|. More precisely, for 
x = (21, 22,..,2n) € R^, 


|x| = 4/2? +a3+..4 x2. 
We first consider a few examples of such functions: 


10.6.1 Example. 


1. 1 Let f: R”? — R^ where we identify the vector space of n x n matrices, and define f by 
f(A) = A’, 
for AER”. 


2. 2 Let f : R” — R by 


f(x) = |x| = y2? +03 +. +23, 
for x = (11,23,.., 24) € R”. 


3. 3 Let f : R? 2 R? by 
f(x,y, 2) = (a?  z,Iny). 


10.6.2 Note. If f: R” — R”, then, in Cartesian notation 
Trid EE i) = (fi (oi, T2, UMS fo(@1, 12; bey t sig Tm tas. E no UR 


In vector notation, if 


10.6.5  Differentiability of a vector-valued function of a vector variable 


Consider the function f: R” — R™, We say that f is differentiable at an interior point point a 
€ R” if there exists a linear transformation L: R” — R”, called the total derivative or the Jacobi 
matrix or the Jacobian, of f at a denoted by L — Df(a) which satisfies the following 


.. |f(at+h) — f(a) — Df(a)h| 
lim ih =0. (10.16) 


Equivalently, we can write f is differentiable at a point a € R” if 


f(a-- h) = f(a) + Df(a)h + E(h) (10.17) 
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where pa 
sien IE] 


BB 


Equivalently, f must locally be approximated by a linear function, that is 
f(a+h) = f(a) - Df(a)h 
where the error in the approximation 
E(h) = f(a +h) — f(a) - Df(a)h 
satisfies n 
lim [EU _ o, 
h—0 [h| 


10.6.3 Remark. The expression Df(a)h denotes the matrix multiplication. Here h is an n x 1 
column vector: 


10.6.4 Remark. Just as in the single variable case, where h — Az — x — a, so in this case 
zı — üi 
h=Ax=x-a= 
Ln — An 
Thus, the idea is that going a distance of h away from a, to the point x, we may approximate the 


value of f(x) = f(a+h) by the amount Df(a)h. It is literally the tangent line approximation in 
the real-valued case of m = 1,n = 1 ie. f: R — R for then 


Df(a)h = f'(a)h. 


The term Df(a)h or f'(x)h is also called the differential of f at h. And it coincides with the 
definition that f : R > R is differentiable at an interior point a € D if there is a constant A such 
that f(a + h) = f(a) + Ah + E(h) with 

lim Eu — 0. 

h>0 h 
Again, if f: R — R, then differential of f at h is denoted by df (x) = f'(x)h and if f(x) = x then 
differential of x at h is then dx = 1h, hence df (x) = f'(x)dz. 


10.6.5 Remark. Thus to say that a function f is differentiable at a point is equivalent to saying 
that f has a total derivative there. We shall see that f may be partially differentiable, and to have 
directional derivatives in all directions, yet not be differentiable. We will explain this further below. 


10.6.6 Example. 
1. Let f: R? > R? defined by f(x,y) = (z?, —3zy,x + y) (in Cartesian notation). We see that 
f(x hy k) = ((x +h)’, 3(x + h)(y 4 k), x +h +y + k) 
= (z?, —3xy, x + y) + (2x, —3y, 1)h + (0, 23a, 1)k 
+(h?,-3hk,h + k) 


= f(z,y)--[h k] rs uo i] + D -3hk h+k] 
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B 


In vector notation, denote X — l 


] ana t= i 


J . Then the above becomes 


f(X +H) = |[-3(a@ 4- h)(y + k) 


(a+h)+(y+k) 


x? 2x 0 h? 
= |-32y| 4 3y| h4 3r| k4 3hk 
rcty 1 1 0 


2x 0 
h 
= f(X)+ |-3y —3a + E(H) 
E» MB 
= f(X) + Df(X)H  E(H) 


(x +h)? | 


2. Let A = (aij) € Mmxn(R) and let f: R” — R” be a linear map 
X o AX. 


f(X +H) = A(X - H) 
= AX + AH 4- E(H), where E(H) = 0 
= f(X) + AH + E(H) 
So in ths case f(X + H) — f(X) = AH which is linear and the remainder term E(H) is zero. 
Hence f is differentiable and the linear map L = Df(X) is given by 
Df(X):H — AH. 


3. Let A = (aij) € Mmxn(R) be symmetric and let f: R” — R be the quadratic form corre- 
sponding to A i.e. 
f(X) = X! AX = (X, AX). 


If H € R", we see 
fX * H) - fX) 


(X + H, A(X + H)) — (X, AX) 
(X, AX) + (H, AX) + (X, AH) + (H, AH) — (X, AX) 
2(H, AX) + (H, AH) 
2(AX, H) + (H, AH) 
We see that, (H, AX) is a scalar and A’ = A, so 
(H, AX) = H AX = (X' A'H)! = X' A'H = X' AH = (X, AH) 


Hence Df(X) = 2(AX)! as 2(AX)'H = 2(AX, H) 
Indeed 


f(X + H) - f(X) - LET E af < |HIIAH| 
[H| H| |> |H| 
< ||Al||H]] + 0 as H > 0, 
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where 


toe 


AIL = | So ei; 


Thus f is differentiable at every X € R”. 


4. Let f : Mnxn(R) > Mnxn(R) defined by f(A) = A? for A € Mnxn(R) 
Let H = (hij) € Mnxn(R), then 


f(A - H) - f(A) = (A + H)(A + H) - A? 
= AH + HA + H?. 


And the linear term AH + HA = Df(A)H. Again 


f(X +H) - f(X) - (AH + HA) _ [H?| 


»0as H — 0. 
IH| IH| 


Thus f is differentiable at every A € Mnxn(R) with Df(X)H = AH + HA. 


10.7 Partial derivatives 


Now suppose that f: R” — R. The i-th partial derivative of f at a is the directional derivative 
of f at a in a direction e; ( i-th coordinate axis), that is 4 f(a + te;) at t = 0 exists, hence the 
partial derivatives of f (if they exist) are 


f(a t tei) - fla) 


(Dif) (a) = lim A (10.18) 
We denote the above limit by Di f,..., Dn f by LL sh Lm 
Oxy Tn 


10.7.1 Theorem. Let f : R? — R whose domain is R. If (21, y1) is an interior point of R and if 
the functions f; = or and fy = A are continuous on some nbhd. N of (x1, y1) then 
T y 
FG +h, yı +k) — f(x1 91) = hfe(wi,y1) + kfy(e1,y1) + hx (P, k) + kb2(h, k) (10.19) 
where h, k are real numbers such that (#1 +h, yı +k) € N and 0, and 05 are the functions such that 


lim dudo li h,k) =0. 
eg a ata EN 


10.8 Directional derivative: 


Suppose v is a vector in R”, then v determines a line through the origin (the 1-dimensional subspace 
spanned by v) and a is a point in R”, and let T: R > R” be the translation by tv function 


T(t) =a+tv. 


636 CHAPTER 10. SPECIAL TOPICS 


In other words, if we translate that line so that it passes through a, we have the line 
L={a-+tv;t € R} 


and we can try to differentiate f at a along L: We say that f: R” — R™ has a directional 
derivative at a in the direction of v if the composition function 


foT: RDR R”, 
defined by (f o T)(t) = f(a + tv) is differentiable at t = 0, in the sense that the limit 
t == 

fe) (10.20) 

t0 t 
exists in IR", and this limit is denoted by f(a) or by D, f(a) or by f'(a; v). 
The derivative D, f(a) depends not only on the line L but on the vector v as well, because in (10.19) 
we used a scale and direction along L which depends on v as a unit. Sometimes, we may carelessly 


refer to D, f (a) as the derivative of f at v in the direction of the vector v; but, we shall try not to 
do so, because D, f(a) depends upon the length of v as well as its direction. If we let 


then w is the vector of unit length which has the same direction as v and it is Dy f(a) which is 
properly called the derivative of f at v in the direction of the vector v. Of course, 
1 
Dy f(a) = ie 
That is a special case of the fact that D, f is a linear function of v (if f is, say, a fixed function of 
class C1).(Note that, a function f is of class C! on an open set U C R”, if ar = 1,2,...,n exist 
Ti 

and are continuous functions on U.) For a fixed v, and an open set U C R” then Dy, is a linear 
transformation 


Dy : C! (U) > C(U) and 
Dav, 4v, = aDy, + Dy, 
In particular, if v = (v1, v», ....., Un), then 


Dy, = vı Dı + v9 D» -E3Se + UnDn and 


eas Oe Lot MOV a "Ei 1 
Eur M Paean Hina T Cc. 
If f is of class C! on the open set U, the gradient of f is 
J = (Dif, Daf,- Dn f) 
gf Əf OF 
= i : 10.21 
(#2 i Ox.’ : Otn ( ; ) 


Note that f is a (continuous) map from U into IR. Hence the gradient satisfies 
Dyf mp (v, f) 


—v.f'. 
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Figure 10.2: 


10.9 Geometrical Illustration 


In this section we explain (Figure 10.2) the geometric meaning of partial derivatives for the case of 


two independent variables. 
Let PQRS be a portion of the surface Z = f(X,Y) cut off by four planes 


PABQ (Y =y), RCDS (Y =y +k) 
PADS (X = x), QBCR (X =z + h) 


Capital letters X, Y, Z represent current co-ordinates of the system, so that the co-ordinates of the 
corners P, Q, R, S are 


P= (x,y, f(v.y)), Q= (x + hy, f(x - h,y)) 
S = (x,y + k, f(x,y + k)), 
R=(x+h,y+k,y, f(z--h,y- K)). 
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Let PUVW be a plane through P parallel to the XY plane and cutting the ordinates of P,Q, R, S 
in P, U, V, W respectively, we have 


UQ = f(x t hy) - f(x,y), 
WS = f(x,y + k) — f(x,y), 
VR = f(x +h,y+ k)-— f(x,y). 
f(z +h, y) - f(x,y) 


Hence f, = Ed = lim 


Ox  h30 h LEE 
k)— 
and similarly fy = = = lim f(x,y T ) Ts y) _ tan WPN, 
— 


where the tangent plane at P to the surface cut UQ,V R,WS at L, M,N respectively. Hence 
Oz 


UL = PUtanUPL = —h 
Ox 
Oz 

andWN = PW tanW PN = ay” 
y 


Also the section made on the tangent plane by the four bounded planes is a parallelogram and the 
height of the center above the plane PUVW is given by iMV and also by i(UL + WN). Hence 


is called the differential of z and is denoted by dz, so 
dz = fsh + fyk. (10.22) 
With z, y as independent variables consider the functions z = I(x, y) =x and z = J(x,y) = y. Now 
Is(z,y)=1, Iy(z,y)=0; Jz,y)=0, Jy(x,y) = 1 


Then by using (10.23), we get dx = h and dy = k. Therefore, when x, y are independent variables, 
we can write 


dz = fsdx + fydy. (10.23) 


Suppose that z = f(x,y) is an equation of a surface, and let P(z1,y1,21) be a point on this surface 
and PQRS of Fig.10.2 represents a portion of this surface. Through the point A(xı,y1,0) in the 
xy-plane construct a directed line AC which makes a positive angle 0 with the positive x-axis 
(0 < 0 < 27). The set of equations 


x = zı +tcosl, y = yı +tsind, z —0 


is a parametric representation of the line AC. The plane AC RP, perpendicular to XY-plane through 
the line AC, intersects the surface PQRS in a curve PHR that has the parametric representation 


z = xı + tcos0, y = yı + tsin, z = f(x -- tcos0,y + tsinð) (10.24) 
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For z given in 10.24 we compute 


d 
"t = f(x ^- tcos0, y -- tsin0) cos0 + f(x + tcos0, y + tsin 0) sin 0. 


This result is a formula for the rate of change of the z-coordinate of the point A(z, y, z) with respect 
t as A moves along the curve PH R. The value of dz at t — 0 is called the directional derivative 
of z at (z1,y1) in the direction u and denoted by 


dez = fz(21,91) cos0 + fy(z1, y1) sind. 


Note that for 6 = 0 we have doz = fz(x1,y1) and for 0 = $ we have dzj2z = fy(x1,y1). In other 


words, the directional derivative of z = f(x,y) at (x1,y1) in the direction of x-axis and in the 
direction of y-axis are f;(zi1,y1) and fy(£1, y1) respectively. So the the directional derivatives are 
the generalizations of partial derivatives. 


10.9.1 Theorem. (Implicit Function Theorem) Let D = ((z,y) € R?;a < x < b} and F: D > R 
be a function where its partial derivative with respect to y exists and there exist m, M > 0 such 
that 


OF 
0<m<—<MV(a,y) € D. 
Oy 
Then there exists one and only one continuous function y(x) on [a,b] such that 


F(v, y()) — 0. 


Note*: This means the equation F(z, y(x)) = 0 does implicitly define a unique continuous function 
y in terms of x. To solve this problem consider the vector space C[a, b] of all continuous realvalued 
functions defined on [a,b] with 


If I= max, Lf?) 


and define a map 
T : Cla, b] > Cla, b] 


by : 
Ty(z) = y(x) — qt FG v). 


Show that T' is a contraction. (Use the Banach Contraction Mapping Theorem.) 


10.10 Relationship between the derivatives 


10.10.1 Theorem. If f: IR" — R” is differentiable at a in IR", then all of its directional derivatives 
at a exist, and for any choice of vector v in R”, we have 


Dy, f(x) = Df(x)v. (10.25) 


The left-hand side is a limit, while the right-hand side is a matrix product, with v treated as a 
column vector. 
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Proof. Since f is differentiable at a, fix v and consider h = tv for some sufficiently small t € R. 
Applying the linear approximation and the linearity of the derivative Df (a) we get 
f(x + tv) — f(x) — Wf ov = f(x + tv) = f(x) — DfGo)tv 
= f(x +h) - f(x) - Df(x)h 


= E(h) 
= E(tv) 
and 
im EEVI L pm EE gs BOM) = thm ECM) olco 
t20 — |t| t20  [t||v| (50 [tv] t20  |h| 


This means 


m Vcr tv) = f(x) ^ tDfGOv| _ 9 


t0 t 
Hence 
_ f(x +tv) — f(x) 
lim ; Df(x)v =0 
i.e. , 
Dy f(x) = tig EH — 109 _ p pay 


10.10.2 Theorem. A function f: R” > R”, f = (fi, fa, ..., fn), is differentiable at a if and only if 
each of its component functions f;: R” — R is differentiable at a. In that case, we have 


hi (a) Dfi(a) 


Df(a) - D cu 2 cx (10.26) 


$m. Epod) 


10.10.3 Theorem. Let f: R” — R”™. If all the partial derivatives of at x — a of f exist and 
continuous at a, then f is differentiable at a. 


10.11 Differentiation of composite functions 


A function mar often be Eceneded as built up io Ere oon from a number of other functions. If 


f(x,y) = vy? + y? g(z, y) = y? sinz and h(x) = e” , then a function F may be defined by 
F(x,y) = f(g(@,y), h(x)) 
— y? sin TET p e (A) 


The introduction of additional variable symbol some times helps to clarify such relations. For 
example, an equivalent description of the above is obtained by setting w = F(x,y), and writing 


w = f(u,v) = uv? +v 
u = g(x,y) = y’ sing 
v = h(x) = ev 
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u x 
Pd l 
w — 
V y y 
V 
Fig. 3 Fig. 4 


Figure 10.3: 


These equations express w in terms of x,y indirectly through the intermediate variables u,v. The 
interdependence involved in this particular example may also be indicated schematically as Fig.3 
and by chain rule: If w = f(u,v) where u = g(x,y), v = h(a, y), then we get 


Ow | OwOu Ow Ov 
Ox  OuOx OvOL 
Ow Owdu Ow dv 


Oy ~ Qu Oy  OvOy 


Thus we have applying the chain rule to the equations (A) as 


Ow 
— = vy? cosg + (3uv? + 2v)(2xe*"). 

Ox 

The next illustration is somewhat more complicated; it also shows that the quotient notation for 
partial derivatives is sometimes ambiguous. Let 


w = f(x,u,v), u = g(x, v, y) v = h(x, y) (B) 


The corresponding diagram is Fig.4. We see the dependence of w upon x is complicated by the 


fact that x enters in directly, and also through u and v. Each path in the diagram joining x to w 


corresponds to a term in the formula for oe so that we obtain 


Ow Ow  OwOu , dw du , dw du Ov (C) 
Or ôx  OuOr  OvOr Ou OV Ox 


y enters in through v and u, so that 


ðw  OwOu  OwOv ðw du dv 
Oy  OuOy  OvOy  OuOvOy 


(D) 


In both of these formulas, the partial derivatives must be understood in the correct context of the 


equations (B). In (C), for example the first occurence of ge refers to the partial derivative of w 


regarding it as a function of the independent variables x and y. The second occurence of ge refers 
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to the partial derivative of w regarding it as a function of the independent variables x, u and v. The 
use of numerical subscripts helps to remove such ambiguity. So we may write (C) and (D) in the 
alternative forms 


Ó 

m = fı + fog. + fahi + fogehr 
x 

Ó 

ET = faga + fsha + fagaha, 
y 


where suffixes 1, 2, 3 represent first, second and third variables present in the functions f,g and h. 


10.12 Exercises. 


10.12.1 Exercise. Evaluate the following limits, or show that the limits do not exist. 


NS 2 
1. lim), (o,) (X + DP HS 


2: lim... (0,0) log DE ` 


10.12.2 Exercise. Let m : R? — R be the multiplication function m(x, y) = xy. Sketch the 
preimage of the open interval (1,2) and show that this preimage is open. 


10.12.3 Exercise. Let IR? V R be the subset of R? consisting of all pairs (x,y) with y 4 0. Define 
d: R? \ R — R to be the division function d(x,y) = x/y. Describe the preimage d™!(a,b) of an 
arbitrary open interval (a,b). Determine whether or not d is continuous. 


10.12.4 Exercise. Verify that every point (w, x,y,z) € IR^ satisfying w? + z? + y? + 2? = 1 can be 
expressed as (cos 0, x’ sin 0, y' sin 0, z’ sin 0) where 0 < 0 < 27 and (x',y',z') e S?. S? = { (x,y,z) € 
R3: z? +y? +2? — 1). 


10.12.5 Exercise. Let 


Té y) f: if (2,4) = (0;0). 


Then which one of the following is true for f at the point (0,0)? 


1. For a = 1, is continuous but not differentiable. 


2. For a = 1, is continuous and differentiable. 
2? 

3. For a = 1, is continuous and differentiable. 
4? 

4. For a = 2, is neither continuous nor differentiable. 
4? 


10.12.6 Exercise. Let a,b € R and let f : IR — R be a thrice differentiable function. If z = e" f (v), 
where u = ax + by,v = ax — by, then which one of the following is true? 


1. Pepe — a^ z4y = 4a? b^e" f' (v). 


2. bzar — az, = —Ae" f'(v). 
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3. bz, + azy = abz. 


4. bz, + azy = —abz. 


10.12.7 Exercise. Let g : R — R be a twice differentiable function. Define f : IR? + R by 
f(z,y.z) = g(x" t y^ — 227). 


2 2 2, 
'Then a + 34 + a4 is equal to 


1. 4(z? + y? — 427)" (x? + y? — 227) 

2. A(x? + y? + 427) g(x? + y? — 227) 

3. A(z? + y? — 227) 9" (a? + y? — 227) 

4. A(x? + y? + 422)g" (a? + y? — 227) + 8g" (x? + y? — 22? 
y g y g 
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10.12.8 Exercise. Let g : R — R be a twice differentiable function. If f(x, y) = g(y) 4- zg'(y), then 


Levi = 
11 3 
2d enl = ob 
1 denis - Hb 


10.12.9 Exercise. Let 


2a 1 2541 

r^sinz-y^sin;, xy #0 

x? sin +, x#0,y=0 
f@y=4.. 7 

y^ sin z, x=0,y40 

0 L=Y= 


Which of the following is true at (0,0)? 
1. f is not continuous 
2. of is continuous but ar is not continuous 
c y 
3. f is not differentiable 
4. f is differentiable but both ot and of are not continuous 


10.12.10 Exercise. Let f : R? — R be given by 


a? y(z—y) 


f(a,y) = Pd if (x, y) 4 (0,0) 


if (x, y) = (0,0 


Then find the value of oh (35) 2 (3) at the point (0,0). 
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10.12.11 Exercise. Let f: R? — R. For f € R, define 


s jej y 
flay) = 4 ste 


if (x,y) 
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# (0,0) 


0 if (z, y) = (0,0). 


Which of the following is true at (0,0)? 

1. f is continuous for 8 = 0 

2. f is continuous for B > 0 

3. f is continuous for 5 < 0 

4. f is not differentiable for any £. 
10.12.12 Exercise. Let f : R? 5 R. Define 


Ke) = (putt a 


0 i 
Which of the following is true at (0,0)? 
1. f is continuous. 
2. of = 0 and ol does not exist. 
3. of = 0 and at does not exist. 
4. $£ — 0 and 27 =0. 


10.12.13 Exercise. 
f : D —> R defined by 


1 
f(x,y) = xsin -. 
y 


Which one of the following is true? 


1. f is discontinuous on D. 


(x, y) zu (0, 0) 


Let D C R? be defined by D = R? \ ((z,0);z € R}. Consider the function 


2. f is a continuous function on D and cannot be extended continuously to any point outside D. 


. f is a continuous function on D and can be extended continuously to D U {(0,0)}. 


3 
4. f is a continuous function on D and can be extended continuously to the whole of R?. 


10.12.14 Exercise. Show that for the following function, the sufficient conditions hold for the 
differentiability at a point do not hold but the function is differentiable at that point: 


dl 2s 
x smg +y 8m v, 
2 

| Jv snz, 

f(z,y) = ees cu] 
y^ sin y, 
0 


xy #0 
xr#0,y=0 
x=0,y40 


r=y=?0. 
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10.12.15 Exercise. Let 


(x? + y?)log(z? +7), 2? +y? #0 
0 r? +y =0. 


fe =| 


Show that fry = fj; = 0 though neither fry nor fy, is continuous at (0,0). 


10.12.16 Exercise. If 


f(z, y) = x? tan” (2) +y’ tan’ - cy £ iust «tan ! 2 < L 
x y 2 y 2 
and f(z,0) = 0 = f(0, y). Show that fry(0,0) Æ f,,(0,0). Which condition(s) of Schwarz theorem 
is(are) not satisfied by f? 
10.12.17 Exercise. Let 
zr? 2 
Haaa ar Tt AO 
0 r? +y =0. 


Show that fry = fyr = 0, but f does not satisfy the conditions of Schwarz theorem and also f does 
not satisfy the conditions of Young’s theorem. 
10.12.18 Exercise. Let 
xy" 2 2 
fep Wen toy TO 
0 r? +y? =0. 


1. Show that f is continuous at (0,0). 


2. Prove that 2 £ ruri at the origin. Which condition of Schwarz theorem does f violate? 
rOy yox 


10.12.19 Exercise. Examine the existence of lim(;,). (0,0) EET 
10.12.20 Exercise. Let 


x, if xy is rational 


f(x,y) -| 


y if xy is irrational 


Show that lim(z,,)-+(0,0) f (£, y) = 0, but lim,.,o f(x,y) does not exist. 


10.12.21 Exercise. Let D C R? and f : D — R. Give examples to show that neither the continuity 
of f at a point in D implies the existence of the first order partial derivatives at that point nor the 
existence of the first order partial derivatives at that point ensures the continuity of f at that point. 


10.12.22 Exercise. Let 


-z, if |yl > lal. 


opes fz if |y| < |z] 


Examine whether f is differentiable at (0,0). 
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10.12.23 Exercise. Let 


29—2y* 2 42 
flay) =f eH? 7ty70 
0 x+y? — 0. 


Show that f is differentiable at (0,0). 


10.12.24 Exercise. Let f(x,y) = |ry|?;(z,y) € R?. Show that f is differentiable at (0,0) only if 
p > 1/2. 


10.12.25 Exercise. The equations u + v = x + y, xu + yv = 1 define u,v as a functions of x and 
Fina 5.05 278 

y. Ox? Oy? Ox? Oy* 

10.12.26 Exercise. 


1. Transform the equation z? 92 + y^ 5 = z?, taking u = z,v = 
E 


variables and w — usi 


1 — 1 for the new independent 
y x 


1 1 
aF J for the new 


2. Transform the equation y Tay T (y — z)z, taking u = 27+ y?,v = 
independent variables and w = log z — (x + y). 


3. Transform the equation 2 2 iu | = = 0, taking u = x+y, v = ? for the new independent 


variables and w = £. 


4. Transform the equation D. + 2 oe + rs = 0, taking u = x + y,v—r-—yandw-azy-z 


where w = w(u, v). 


10.12.27 Exercise. The relationships u = f(x,y),v = F(x,y) where f, F are differentiable func- 
tions of x and y, specify x and y as a differentiable functions of u and v. Prove that 


Qu Ov Ou Ov Ox Oy Ox Oy a 
Ox Oy Oy Ox) NOu Ov v du) ` 


10.12.28 Exercise. Let S C R?. Suppose (a,b) is an accumulation point of S. Let f : S — R. If 
lim(e,y)+(a,b) f (2, y) ^ L, then show that 


lim f(v, 6(2)) = L 


where ¢ is a real valued function such that (x, $(x)) € S for each x € D = dom(¢@) and limsa (x) = 
b. 


10.12.29 Exercise. Correct or justify: If we can find two functions $4 and $5 such that 
lim f(x,61(2)) # lim f(x, óo(2)) where lim ói(z) = b (i = 1,2). 


then limyz,y)-+(a,b) f(x, y) does not exist. 


10.12.30 Exercise. Let D C R? and f : D > R and f be continuous at (a,b) € D. Show that 
f(x, b) is continuous at x = a and f(a, y) is continuous at y = b. Give an example to show that the 
converse may not be true. 
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10.12.31 Exercise. Let 


1, ifzyz0 


F(2,y) = n if ay — 0. 


Show that f(x,0) is continuous for all x and f(0, y) is continuous for all y, but f is not continuous 
at (0,0). 
10.12.32 Exercise. Let a,b € IR and 


by) sin | € if 0 
fupe RG) 

0, if y — 0. 
Check for the continuity of f at (0,0). 


10.12.33 Exercise. Let 


z?y?cos(i), ifz Z 0andV yc R. 
(2,9) = A 
0, if x = 0. 


Verify the following properties of f. 


Pf _ f 2 
1. Baby = Byóz V (a, y) € R*. 


2 2 
2. Both 2E and pote are continuous together at the origin. 


2r 2r 
3. Neither 5 nor 2E is continuous in z at z = 0 if y £0. 


10.12.34 Exercise. If f(x,y,a, 8) = 0,¢(x,a) = 0,v(y, 8) = 0; assuming that all concerned first 
order partial derivatives exist and are continuous, show that 


olf, Y) dy af, 9) 


a a e 


10.12.35 Exercise. If f(x,y,a, 8) = 0,a = (x,y) = 0,8 = wv(x,y) = 0; assuming that all 
concerned first order partial derivatives exist and are continuous, show that 


dy fe + faper + faa 


dx fy + faby + farby 


10.12.36 Exercise. If u and v are twice differentiable functions of x,y defined by ry + uv = 
2 
l; xu + yv = 1; find 2. 


10.12.37 Exercise. If f be twice differentiable functions of x, y and x = cosh(u4-v); y = sinh(u— v); 
show that 


10.12.38 Exercise. If f be twice differentiable functions of x,y and x = (u — v)?;y = (u+v)?; 
show that 
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l. fuu = 2fe + 2fy +40 foe + Ayfyy + SV xy fry. 
2. fov = 2f; + 2f, + Av fea + Ay fyy — 8 Ty fry- 
3. fuv = fou = 2fy — 2fe — Av fea + 4y fyy- 
10.12.39 Exercise. If V be twice differentiable functions of x, y and u(a?+y?) = z,v(z? +y?) = y; 
show that 
Vas + Vyy = (U? + 07)(Vuu + Vov). 


10.12.40 Exercise. If ¢ be twice differentiable functions of x,y and z and if 2x = u? — v?; y = 


uv, z = w show that $4 + yy + dzz = 0 is transformed into duu + vv + (U? + 07)bww = 0. 


10.12.41 Exercise. If z be twice differentiable functions of u,v and if u = i + ae and v = 2 find 
Oz 


5s gz in terms of ge ad and y. 


10.12.42 Exercise. If ¢ be a differentiable functions of x,y and z and if u = x? — y?; v2zy; show 


2 243 
that yd, — ry = woes transformed into oe = oy 


10.12.43 Exercise. If f(x,y,z) be a homogeneous function of degree n > 1 having continuous 
second order partial derivatives, show that 


"n fuy fuz —03 "nm fuy ty 


fzx fey fe d fe y auf 
10.12.44 Exercise. If x? = vw, y? = wu, z? = uv and f(x,y,z) = (u,v, w), show that 


vf. Y fy +z fz = Ubu + vby + Wow 
where all partial derivatives are continuous. 


10.12.45 Exercise. Show that if z = f(x,y) and F(x — az,y — bz) = 0 where F is an arbitrary 


function of two arguments, satisfies the relation agz + bos = 1, and also that F (2, z) = 0 yields 


Oz Oz _ 
Lay + US, =z. 


10.12.46 Exercise. Transform the expression 


ià dz\") 822z 9,92 Oz o?z xd Oz NA? | 822z 
Bc Oy? Ox Oy Oxdy Vy Ox? 


by the substitution z = lu + mv, y = —mu + lv where | and m are constants and 1? + m? = 1. 


10.12.47 Exercise. A set of three variables x, y, z is connected with another set by the equations 
e+yte=u,cytyzt+ 2x = v, syz =w. Prove that 

On 2(2x — y — z) 

ðw? — ((x-y)(r—2) 
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10.12.48 Exercise. If x = cuv, y = c\/(1 + u?)(1 + v?) where c is a non-zero constant, show that 
av ov 
y |" Or Oy c(u? + v?) 


where V is a differentiable function of z and y. 


10.12.49 Exercise. A function f(x,y) becomes g(u, v) when x = $(u+v) and y? = uv, prove that 
0?g 2 9? f ot 9? f l of 10f 
Oudv 4 | Ox? yOxOy Oy? yOy 


10.12.50 Exercise. If F(u,v) be twice differentiable function of u,v and u = x? — y?, v = xy and 
show that 


OF OF OF OF OF OF 
ee i ; _ On CI CM 
ae’ )9uàv ren Qv ` i E (5 xs] Urs )ozby! 


10.12.51 Exercise. If z is a function of two variables x, y and x = ccosh u cos v, y = csinh usin v(c) 
is a real number, show that 


O?z H 0?z e i5 2) O?z " 0?z 
—— + => = — (cosh 2u — cos — + 

ðu? Ov? 2 "ag 0y?J' 
where all second order partial derivatives are continuous. 


10.12.52 Exercise. By the transformation u = a + cz + dy, v = b — dz + cy, where a,b, c, d are 
constants and c? + d? = 1, the function f(z, y) is transformed to F(u, v). Prove that 


2 2 
FuuFvv — d — Fun fuy T Fiy» 
where all second order partial derivatives are continuous. 


10.12.53 Exercise. If F(v? — x?,v? — y?, v? — 2?) = 0 and v = f(x,y,z) having continuous first 
order partial derivatives, show that 


los o LOU =, LOU 1 
rOr yOy 20z v 


10.12.54 Exercise. Let 


(z?-Fy?)sin i, zy #0 
(2) g(x,y) = y 
0 ry — 0. 
Examine the differentiability of f and g at (0,0). 
10.12.55 Exercise. Let f : R? — R be given by 
zy(2—M).— if (x 0,0 
fas (a2-+y2) 2 (x,y) # (0,0) 
0 if (x,y) = (0,0). 


Let f, : R > R be the map A + f(a, A) and fy : R > R with A f(A,b). Show that for each 
a,b € R the maps f, and fy are continuous but that f is not continuous. [Hint: f(1/n,1/n) = 


0; f(1/n, -1/n) = 1/V2.] 
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10.13 Cantor Set 


We study in this section a subset C C [0,1] = J, first introduced by G. Cantor, that plays an 
important role in mathematics. The set C is usually referred to as the Cantor ternary set. The 
term “ternary” comes from the way it is constructed. We shall consider C endowed with the metric 
induced by the absolute-value metric of R (the resulting space is usually referred to as the Cantor 
space). 


10.13.1 Ternary expansion 


The easiest way to understand ternary expansions is to review the fundamentals of decimal expan- 
sions of real numbers. Since the decimal system is based on the scale of 10, we have exactly ten 
digits 0,1,2,...,9 which are the coefficients of integral powers of 10 in the decimal expansion. For 
example, 19,732.206 represents the sum given by 


1:104 + 9.108 + 7.10? + 23:105 1-909 210-4 + 0.1072 + 6.1078 


2 
i.e. = 10,000 + 9,000 + 700 + 30 + 2 4 + : 


In particular, if x is a real number such that 0 € x < 1, then the decimal expansion of x has the 
form 


0.21 290304... (1) 
where each 0 < b; < 9. The expression (1) represents the sum 
S = 0 + 2110 3 + 2510 ? + 2310 ? + 10-424 + ..... (2) 
Note that if each x; = 9, then S = 1. Hence 
0.9999.... — 1.0000... 


Thus any real number x of the form (1) which eventually ends in 9's, that is x; = 9 V i > k, for 
some k € N. has equivalent decimal expansion which eventually ends in 0’s. Furthermore, it can be 
shown that a real number of the form (1) has two such equivalent expansion iff x = zgr for some 
non-negative integer k, where a is an integer with 0 < a < 10^. Thus x has either a unique decimal 
expansion or exactly two equivalent decimal expansions, one ending with 9s and the other ending 
with 0’s. 

Since the ternary system is based on a scale of 3, we have exactly three digits 0,1,2 which are the 
coefficients of integral powers of 3 in the ternary expansion. For example, (12, 110.201)3 represents 
the sum given by 


1.34 + 2.33 + 1.32 + +1.3! + 0.3? + 2.37! + 0.37? + 1.37’ 


In particular, if x is a real number such that 0 < x < 1, then the ternary expansion of x has the 
form 


0.£1£2£3£4 ee (3) 
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where each 0 € x; € 2. The expression (3) represents the sum 


Note that if each x; = 2, then S = 1. Hence 
0.2222.... — 1.0000... 


Thus any real number x of the form (3) which eventually ends in 2's, that is z; = 2 V i > k, for 
some k € N has equivalent ternary expansion which eventually ends in Os. Furthermore, it can be 
shown that a real number of the form (3) has two such equivalent expansion iff £ = 3; for some 
non-negative integer k, where a is an integer with 0 < a < 3*. Thus x has either a unique ternary 
expansion or exactly two equivalent ternary expansions, one ending with 2's and the other ending 
with 0’s. We begin with ternary expansions of some numbers. 


10.13.1 Example. We have 


1. Suppose we want to find the ternary expansion of H, we see that 


26 33—1 3 33 


cu qq eq 
ESOS 3 36 39 "7 


1 0 2 1 0 2 1 0 2 
aa Pigg Ppa get a get a 
= 0.102102102...[3]. 


ere JR 


2. Consider the number H. Then we get 


E a ee E 
DG 33 3 83 3 3 


3. Consider the number H 


We ee ae C3 AGED CASS 
5 80 3-1 — 34 


I'202 1 "E 
= 32 T 33 1 34 lta T ggati 


= tat H t t agdee = 0.121121121..[3]. 


10.13.2 Note (An algorithm of ternary expansion of a rational number in (0,1)). Let 7 € [0,1], p < 
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q, (p,q) = 1. Let k be the smallest positive integer such that q + m = 3" for some m € N. Then 


MEM E ND. 
q 3 —-m 3k (1—2) 
aP my 
p 
did + a13"! +.. + ar bun + b135! +.. +b \ T! 
K 3k ! 3k 
where a;,b; € {0,1,2}, p = a03" +13"  -- .. + a, m= bg3* + b13° +... +b, 
ao i a1 j Qr 
m (zz ! gk-r41 E 2) ^ 


I bo I bi I | bs I bo I bi | I bs : | 
14 gk-s f 3k-s+1 m 3k A gk-s ! 3k—st1 DACH 3k Test 


if some numerator is greater than 3, then expand it in ternary expansion. 
L e a an : 
E 5 ae after simplification. 
r=1 
With this background, we now proceed to discuss about the Cantor set. We begin by defining a 
set G C I, defined by 


G = {a € [0,1]; the ternary expansion for x contains at least one 1}. 


The set G is well defined, for if x € I, then x has either a unique ternary expansion or exactly two 
equivalent ternary expansions and if either of these two equivalent expansions of x contains no 1, 
then x ¢ G. For example, the real number 


1 
Tm 0.1000.....[3] = 0.02222...[3]. 
does not belong to G, since it has an equivalent ternary expansion and one of them contains 1. 


Similarly, for the real number 3 = 0.1222... = 0.20000.....[3], we conclude that 2 ¢ G. Now, we begin 
with a lemma which is the heart of Cantor set. 


10.13.3 Lemma. An element x € G iff H positive integers k and m satisfying the following condi- 
tions: 


1.0<m<m4+1<3* 
m+1 
"ge o ae 
3. m = 3t + 1 for some non-negative integer t. 
Proof. Suppose that x € G and a ternary expansion of x is 
(0.b1b2b3......)3 
Let k be the smallest positive integer such that bj = p. Then we have 


L= (0.b1b2b3...bk-11bk+1bk+2 eree )3 
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when b; Z 1 for i = 1,2,..k — 1. It follows from the definition of G that the digit b; = 1 cannot be 
followed immediately by all 2’s or all by 0’s. Thus we get 


0.b1b2b3...bg—11 < x < 0.b1b2b3...bk—12 


bi b2, by i 1 bi Q5» bk , 2 
Ug ra tetai taS Fag t" T T 
t 1 t 2 
"ESL + 3k <r< 3k—-1 + 3k 
3t 4-1 3t 4-2 


a eM aa 
1 
Let 3t -- 1— m, then <a < — ] 
Conversely, suppose that r € I and k,m are positive integers such that (1), (2) and (3) are 
satisfied. We show that x € G. From (2) and (3) we have 
m  3t+1 t 1 
3k 3k 3k g5 3k 


Hence, 3; has the ternary expansion of the form 


m 
3k = 0.a1@9....€~—1 10000 risas [3] 
m+1 
k 
aj = 2 instead of 1. However, we use the equivalent ternary expansions ending with 2's, so that 


Similar reasoning shows that has the ternary expansion with the same digits except that 


m+1 
(35. = 0.a405....a5,..112222...[3] 
It then follows from (2) that 

x = 0.a1a2403...Q 1 lai. L18&42-....[3] 


where at least one a; Æ 0 for i > k and at least one a; Z 2 for i > k. Thus the ternary expansion of 
x must contain at least one 1, and so x € G. 


10.13.4 Remark. Here, we explain how the lemma works: We divide the unit interval [0,1] into 
three equal parts, i.e. (0, i) : (4, 2) P (3, 1). A number z € (0,1) whose first place is 0,1,2, are of the 


forms 
1 12 2 
0.0x223... € (o. 5) , 0.lz2£3... € (s i) , 0.202973... € G i) s 


where x; € (0,1, 2] according to ternary system, the first one lies in the first one-third of the unit 
interval, second lies in the middle one-third of the unit interval and third lies in the last one-third 
of the unit interval. Again, the numbers whose 2nd places are 0,1,2, are of the forms 


0.00324... € (0, $), O.01zgz4.. € (35, 32), 0.022324. € (4,34), 


0.10324... € (i, a) , 0.11zaz4.. € (ss, a) , 0.12z324... € (i, &) , 


w 


0.202324... € ($, x) , 0.21zaz4...€ (35, a) , 0.222324... € (3. a) : 
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We observe that in the first step, the number whose first place is 1, lies in (i. 2). Here k — 1 and 
with t = 0 implies m = 1 so that 0 < 1 < 2 < 3!. And in the 2nd step, the number whose 2nd 
place is 1, lies in (3s. =) : (=, =r) (x, i). Here k = 2 and t = 0,1,2 implies m = 1,4,7 so that 
0<1<2<4<5<7<8 < 3. Thus, we see that if an expansion contains 1 in the 1st or 2nd 


place, then it lies within the intervals 


1 2\ /3 4 4 5 5 6\ /7 8 
32? 32 J? (32? 32)? (32? 32)? (32? 32? (32? qe 
SESE a aa YS 


As an immediate application of the above lemma, we have the following 


10.13.1 Problem. 
1. The set G is open. 


2. If a,b € [0,1],a Z b, then d x € G such that a < x < b. 
3. G= I, ie. G is dense in I. 


10.13.1.1 Solution. 


1. Let x € G. Then by the lemma, there exist positive integers k and m satisfying the three 
conditions, but by (2) of the lemma, we have 


m m-l1 
rc (FE )ce 


shows that x is an interior point of G. Thus G is open. 


2. Suppose that a < b and r = b — a. Since lim, A = 0, 3 k € N such that 3k < 1. Let y be the 


y-—1 
3k 


smallest positive integer such that dk >a. Then < a and hence 


4  a3k+4_ y—-1+4 yt3 
35 3k 2 3k 8357 


Thus the four points 3, ve, ve e are contained in (a,b). Since every third successive 
positive is divisible by 3, it follows that one of the three integers y, y + 1, y 4- 2 must have the 


form 3t + 1 for some non-negative integer t. 


3. It suffices to show that I C G; so let p € I. We show that p € G = GUG'. Let p¢ G 
and (r,s) be any interval containing p then (r,s) NI \ {p} Æ 0, so let q be any point in this 
intersection. Then p and q are distinct points of J, hence by (2) 3 x € G between p and q, 
clearly x € (r,s) N I \ {p}. Hence p € G'. Since GC I >G C I, hence G — I. 


10.13.5 Definition. Cantor set C is the subset of [0, 1] = I consisting of precisely the real numbers 
which have ternary expansions containing no 1’s. Thus Cantor set is the set 


C=I\G. 


Since the Cantor set is the set [0,1] \ G, so, what remains after the removal of G from the closed 
interval [0,1]. Clearly, the endpoints of all the removed open intervals must then be the members of 
the Cantor set, as well as any cluster points of the set of end points. 
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10.13.6 Remark. To understand about the remaining points after removal of middle thirds in each 
step we observe that, in the first place, what has been removed is a union of open sets (indeed, of 
open intervals), and so is open; what remains is its complement (with respect to [0,1]), and so is a 
closed set. The endpoints of the various middle thirds were not removed, so they remain; and since 
1 


the remaining set is closed, every limit point of endpoints remains. For example, if we start from 5 


and take the closest endpoint in the second step (à — z = 2), then the closest endpoint in the third 
step (4 — i + +) and so on, the (only) limit point of this set of points is (à z + ds zm 1) : 


'Thus there are, In fact, limit points of endpoints which are not endpoints. The Cantor set is the 
set that remains after we have removed all the middle thirds: it consists of all the endpoints and of 
their limit points. 


10.13.7 Remark. To study the properties of the Cantor set C, we need a simple characterization 
of its elements. Since C was obtained by deleting open middle thirds, it is not surprising that the 
desired characterization of its elements is provided by their ternary expansions. Thus dividing the 
closed interval [0,1] into 3 equal subintervals and remove the central open interval I, = ( i 2) so 
that C1 = [0,1] \h = [0, H U [2 1] . Subdivide each of these intervals in 3 equal parts and remove 
their central open intervals. If I> is the set that has been removed 


n- (rA) 
Cə = (0,1) V A UR = o. z| U ER U ERA U E l 


We subdivide each of the closed intervals making up [0,1] V 7; U Jz, into 3 equal subintervals and 
remove their central open intervals. If Iz is the set that has been removed 


I = (> =) U (s. x) U E z) U (Ge) 
ee pavionun e e a]u [e S]u[S S]U [4] 
u w a sus] : 


Proceeding in this manner, it defines a sequence of disjoint open sets In, each being the finite, 
disjoint union of open intervals and satisfying 


(Is) = — 


9n-1 De 
and M ^ ((1,) — 1. 
n=1 

The Cantor set C = [0, 1] NU, In is the set that remains after removing, the union of the J, out 
of [0,1]. The Cantor set C is closed and each of its point is an accumulation point of the extremes 
of the intervals [,,. Thus C coincides with the set of all its accumulation points. 
In general, C;, consists of 2^ disjoint closed intervals and, having Ck, Ck+1 is obtained by removing 
middle thirds from each of the intervals that make up Cx. Then it is easy to see that 


C= 2 Ch. 
k=0 
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Let 
€ = {(en); where e, is either 0 or 1}. 


Every element x € C can be represented as x = x ei for some sequence (en) € €. Every element of 
C is associated to one and only one sequence (en) € E by the representation formula above. For 
example 


& (0,1,1,1,..,1,..), xx (1,0,0,0, 220 2): 


& (0,0,1,1,..,1,..), 2 < (0,1,0,0, 00:5) 


& (1,0,1,1,..,1,.:), 2 & (1,1,0,0, ot Os (6) 


COIN ole wI = 
Olo «O| 2 O21 bo 


Vice versa any such sequence identifies one and only one element of C by (6). The set of all sequences 
in € has the cardinality of the real numbers in [0, 1], being their binary representation. Thus C has 
the cardinality of R and therefore is uncountable. It also follows from (6) that the Cantor set could 
be defined alternatively as the set of those numbers in [0,1] whose ternary expansion has only the 
digits 0 and 2. The two definitions are equivalent. 


10.13.2 Problem. Show that i € C, but is not an endpoint of any of the intervals in any of the 
sets C, for k € N. 


10.13.2.1 Solution. The ternary expansion of n is as follows: 


Ex A ge tza toe 


= .020202...[3]. 


Hence + € C. Notice that x € C, is an endpoint if x = 0,2 = 1, or if x = 3~* for some k € N. 


Clearly 1/4 Z 0,1, and i # 3-* for all k € N. Therefore 1/4 is not an endpoint. 


10.13.3 Problem. The Cantor set C can also be described in terms of ternary expansions. Every 
number in [0,1] has a ternary expansion 


oo 


5 E where a, € {0,1,2}. 


n=1 
Prove that x € C if and only if x has a representation as above where every a, is either 0 or 2. 


10.13.3.1 Solution. (=) Let x € C. We build a ternary expansion for x of the desired form as 
follows. Consider C; = [0, 4] U [2,1]. It must be that x belongs to one of [0, 3] (in which case let 
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first digit of the ternary expansion for x be 0) o [2,1] (in Nop case let first digit of the ternary 
expansion for x be 2). Next, consider C5 = niu 2, i] E gu [8; i" The interval of Ci 
to which z currently belongs will be divided i Aes ORI and so we append a 0 to the 
ternary expansion of z if it belongs to the leftmost subinterval or a 2 if it belongs to the rightmost 
subinterval. Continuing in this way, we see that x has an associated ternary expansion containing 
only the digits 0 and 2. 

(<=) Let 


oo 


qi y = where a; € (0,2). 


n=1 


We can locate x on the real line as follows. If a; = 0, we choose the left subinterval of C1. If a4 = 2, 
we choose the rightmost subinterval of C1. When we form C5, the interval we have just chosen will 
be subdivided into three subintervals. If ag = 0, we select the leftmost subinterval. If ag = 2, we 
select the rightmost subinterval. Continue in this way. Since the length of these intervals can be 
made arbitrarily small, we see that the ternary expansion of x uniquely specifies its location on the 
real line. 


10.13.4 Problem. The Cantor-Lebesgue function is defined on C by 
L br. < ak 
F(x) BUD gk if z = D FE where bj, = 39€ (0,21. 


Show that F is well defined and continuous on C, and moreover F(0) — 0 as well as F(1) — 1. 


10.13.4.1 Solution. Let x,z' € C with x = 2’. Denote the k-th digit of the ternery expansion of 
x and x’ by ap and aj, respectively. Claim a; = aj, V k. 

Proof of claim: Suppose not. Then, ay z ay for some N. From the construction of Ck, we see that 
x and x’ must belong to different subintervals in Cy, and so x Æ x’, which is a contradiction. Now, 
let by = % and V, = %. Then by = Vf, V k. Hence 


and so F is well defined. 

To show that F is continuous, let € > 0. Consider the binary expansion of e (denote the k-th digit 
of € by ex). Construct ó > 0 such that 6, = 2e; for all k. Let N be the first nonzero digit of ô and 
e. Then, |x — z'| < 6 implies that the first N — 1 digits of x and x’ agree. Hence, the first N — 1 
digits of F(x) and F(x’) agree, and so |F(z) — F(x')| < e. Therefore, F is continuous. 

Since 0 is represented in ternary form by choosing the leftmost subinterval, and so for x = 0,5, = 
0/2 — 0 for all k. Similarly, 1 is represented in ternary form by chosing the rightmost subinterval, 
and so for z = 1,5; = 2/2 = 1 for all k. Hence 


ETT 


oO 4 oo 


1 
k=1 ki? 2 


NI = 
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10.13.5 Problem. Let C be the Cantor set. Prove that C + C = {£ + y;x,y € C} = [0, 2]. 
10.13.5.1 Solution. Note that for any subsets A, B, C, D of R, we have 


(AU B)+ (CUD) =(A+C)U(A+ D)U(B - C)U(B +D). (7) 


Call Co = [0,1], C1 = [0, i] U [2,1] ,Ca = (0; i] U 2, i] U E z] U [3,1] and so on. It is easy to 
check, say by induction, that C444 = Hon U ($ + 1C4) . Now, let C be the Cantor set and let Chn 
be the n-th approximation to C. Note that C C [0,1]. Thus, by the second to last remark of the 
previous paragraph we have C+ C C [0,1] + [0,1] = [0,2]. Thus C + C c [0,2]. The opposite 
inclusion is more delicate and we turn to it now. Fix s € [0,2]. We first must find, for all n, a pair 
of elements £n, Yn € Cn so that £n + y, = s. It is clear that Co + Co = [0,2]. Suppose now that 
Cn + Cn = [0,2]. Note that 


1 2 1 1 Va | 


The sum of the first terms is ($C; + IC.) = 3 [0,2] = [0, 2], by induction. Similarly the sum 
of the outer terms is 1C, + (2+4C,) = 2 + [0,2] = [$, $]. The sum of the inner terms is 
(3 + 3Cn) + 1C, = [$; $], giving the same set as the outer terms. Finally the sum of the last 
terms is (3+ C4) + (4-104) = E 2| By the above identity (7) instructs us to take the union 
of these four sets. This gives C441 + C441 = [0,2], as desired. It follows that for all n there exists 
Zn, Un € Chn so that £n + y, = s € [0,2]. 

Recall that Cn C [0,1] for all n. It follows that the sequence (£n) is bounded. Thus by Bolzano- 
Weierstrass the sequence (£n) has a convergent subsequence (x, ). Suppose that (£n) converges to 


x € [0,1]. Thus we have 


lim yn; = lin(s-z,,))2s—c 
i—oo i—oo 


Thus the subsequence (y,,) also converges and converges to y = s — x. Now, we show that x,y € C, 
the Cantor set, and the proof will be complete. Recall that Cn+1 C Cn for all n € N. So, for all 
M € N and for all k > M we have that (£n,) is contained in C4,. As Cn, is closed (it is a finite 
union of closed intervals) we deduce that the limit x is contained in C,,. Finally, it follows that 
£ E (lp Cna. But this last intersection is exactly equal to the Cantor set. (Check this!) A similar 
argument shows that y € C and the proof is complete. 


10.13.6 Problem. 
1. Cantor set is the set [0, 1] V G. 


2. Cantor set is closed. 
3. Cantor set contains no connected subset consisting of more than one point. 
4. Cantor set is uncountable. 


10.13.6.1 Solution. 
1. It follows from the definition of G and definition (11.10.3). 


2. Since the complement of the Cantor set C is (—co,0) UG U (1,00), the union of three open 
sets and hence is open. 
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3. Let (a,b) C I \ G. Then (a,b) C I N G€ implies (a,b) C GC implies (a,b) N G = Ø which is a 
cotradiction, for any two points a,b € I d x € G such that a < x < b implies (a,b) OG z (). 


4. Let f : C > [0,1]. A point z € C has a ternary expansion of the form x = 0.z4222324.....[3] 
where zx; is either 0 or 2. For each i € N, define y; = x;/2 so that each y; is either 0 or 1 and 
let y = 0.919293U4-....|2]. Finally, for each z € C, define f(x) = y. Since every real number in 
[0,1] has a binary representation of the form 0.y1y2yst4.....[2], where each y; is either 0 or 1. 
Now it is clear that f is surjective. Hence C is uncountable. 


10.13.7 Problem. The set G is the union of countable collection of disjoint open intervals the sum 
of whose lengths is 1. 


10.13.7.1 Solution. From the remark (11.10.4), it is easy to establish that G = Ug? ,I;. Thus G 
is the union of countable collection of disjoint open intervals. According to the lemma, G contains 
the open interval (1, 2) of length 1, and for each integer k > 2, G contains 2*7! open intervals each 
of length ar. If S denote the sum of the lengths of all these open intervals, then 


bid sos vdd 

Ecosse pg sers. 7 
ptg eg er (7) 
EU EP TENE. e 

EI A QA 


10.13.8 Problem. The Cantor set C is 
1. nowhere dense. 
2. perfect. 
3. of measure zero. 


10.13.8.1 Solution. 


1. Recall that a set is nowhere dense iff it contains no open intervals and if possible let (a,b) C 
ING. Then (a,b) C I N G€ implies (a,b) C GC implies (a,b) N G = Ø which is a cotradiction, 
for any two points a,b € I d x € G such that a < x < b implies (a,b) 1G Æ Ø. Thus no open 
interval (a,b) is contained in I V G. Hence C is nowhere dense. 


2. Recall that a set S is perfect iff it S = S'. Let p € C. Then p has a ternary expansion of 
the form 0.21222324....[3] with x; € {0,2}. Let e > 0 then I k € N such that d. < e. If 
Lp41 = 0, then define q = 0.z4222324...X&Uk 4 1*k42.. With yy41 = 2 and if zy44 = 2, then 
define q = 0.z1222324...Xk Uk 1Tk42.. With yx41 = 0. Clearly q € C,q Æ p, and 


— rt — Oey. 2 1 
0«|p-q| = 3k+1 Aare ak CP 


Thus q € Ê(p; €). Hence p is a cluster point of C and we have C C C' C C = C implies C = C”. 
'Thus C is perfect. 


3. Let € > 0. Since G is the countable union of disjoint open intervals [,, the sum of whose lengths 
is 1, so for n EN, let S, be the n-th partial sum of the series (7). Since (Sn) is an increasing 
sequence converging to 1, so  k € N such that Sy > 1 — $. Thus there are finite number of 
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disjoint open intervals J1, I2,.., Iw in G, the sum of whose lengths is greater than 1 — $. Let 
I; = (ai, 0;);1 <i € N where 0 «aj; < bı < a2 < b2 < .. «ay « by < 1. Then 


C ie (0, a1) U [b1, a2] U [b2, a3] U..U [bn, 1] 


and the sum of the lengths of these intervals is less than 3. Let bo = 0,an41 = 1, and for each 
i = 1,2,..., N + 1, define the open interval G; by 


€ € 
le C aa ee 


Then (G;;i = 1,2,.., N +1} is a countable collection of open intervals covering the Cantor set. 
Furthermore, the sum of the lengths of G;,i = 1,2,.., N + 1 is 


N+1 é 
|= 1). <S+(N+N 
DIG =S+ (V4 ).g5 <S+(N +N) 


i=l 


€ € | 2e 
I =€. 


3N ^3" 3 


Hence C is of measure zero. 


10.13.8 Remark. We see that each point of C is a limit point. Since the limit points of endpoints 
are naturally limit points of the set, it is merely a question of showing that the endpoints are limit 
points. In particular, consider the point i. To the left of it there is an interval of length i from which 
we remove the middle third, leaving an interval of length à adjacent to the point 1; then we remove 
the interval (5, x) leaving an interval of length P adjacent to i; and so on. In any neighborhood 
of i there will always be a short interval that is not removed at some step, and this interval will 
contain an endpoint belonging to a subsequent step. Hence i is a limit point of endpoints. 


10.13.9 Problem. Every non-empty perfect set E C IR is uncountable. 


10.13.9.1 Solution. Suppose false, so E may be enumerated as a sequence (£n). Form the sequence 
(Yn) in E inductively as follows. Let yı = 71, yo = x2, and choose €1,0 < ei < |z1 — zo9|. Since E 
is perfect we may choose y3 € E,y3 € N(zs,€1), ya Æ zs, and with a neighbourhood N (y3,€2) C 
N(z2,€1). We may suppose that 0 < e» < «1/2 and that 21, 22,73 are not in N(y3,€2). Now choose 
ya € E,y4 € N(ys, e»), with a neighbourhood N(y4,e3) C N(y3, €2), such that 0 < €3 < €2/2 and 
that z1,..,24 € N(ya, ea), etc., by induction. Then (yn) is a Cauchy sequence in E with limit yo and 
yo € E as any perfect set is closed. But for each n, N (yn, €, 1) contains yo but does not contain £n. 
So yo # £n for any n, and so no such enumeration of E exists. 


10.13.10 Problem. The Cantor set C is compact, nowhere dense, totally disconnected, and perfect. 
Moreover, there is a surjective map from C onto [0,1] and hence C has the cardinality of the 
continuum: |C] = |[0, 1] = |R| = c. 


10.13.10.1 Solution. First, C is compact because it is a closed subset of the compact set [0, 1]. 
Next, to show that C is nowhere dense i.e., that C^ = Ø. Note that if (o, 8) C C for some a < £ in 
R, then Cn V n € N. Since C, is a union of 2” pairwise disjoint intervals of equal length 1/3", we 
must have B — a < (3)* V n € N, which is absurd. This also shows that C is totally disconnected 
(why?). To prove that C is perfect, let x € C be arbitrary. Given any e > 0, 3 n € N such that 
1/3" < e. Let I„ denote the subinterval in C, containing x. If x, Z x is an endpoint of Ip, then we 
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have £n € C and 0 < |£ — £n| < €, which proves that x is a limit point of C. Finally, if we define the 
map f : C > [0,1] by 


X tn p 
(x&)-X 


n=1 n=1 


then f(0.z12223...)a = (0-y1yoy3...-)2 where y, = x, /2. Since each has a binary expansion, the map 
$ is onto and we get |[0, 1]| € |C]. But C C [0,1] implies |C| < |[0, 1]| thus we have |C] = |[0, 1]| and 
the proof is complete. 


10.13.9 Remark. We shall see later that the map f : C — [0, 1] defined above is actually continuous 
and can be extended to a continuous, monotone map ¢ : [0,1] — [0,1] called the Cantor (ternary) 
function. 


Here, we point out, that the ternary (or base 3) expansion of a number z € [0, 1] is unique except 
when x = m/3* for some positive integers m,n, where we may assume that 3 does not divide m. 
In these exceptional cases, we have two ternary expansions, one ending with a string of 0’s and, the 
other with a string of 2's. 


x = (0.2122...:41000..)3 = (0.2122..2:,,0222...)3; 


for some n. For example, $ = (0.1000..)3 = (0.0222...)3, since 


It is therefore possible to write all the exceptional x’s i.e. those with a terminating ternary expansion 
so that their expansions end with strings of 2’s and, as we shall see presently, have no 1’s. First, we 
observe that if in the expansion x = (0 : £1£2£3...)3 we have x, = 1 for some k € N, then z must 
belong to (the closure of) one of the middle thirds deleted in the construction of the Cantor set. 
This can be seen inductively. For example, if xı = 1, then x € [ Indeed, we have x = 4 +t, 
where the “tail” t satisfies 


aval. 


n= oe 


Also, x2 = 1 implies that x € E 8 if xı = 0;x € [$. 8] , if xı = l;andz € [5. 8] yl —:. 
Thus, deleting the middle third [i 3» 2] removes all numbers x whose unique ternary expansions 
satisfy xı = 1. Similarly, deleting the middle third x € E 2] of [0, i] removes all x’s whose unique 
expansions satisfy z; = 0 and x2 = 1, while deleting the middle third z, 3] of E 1] removes the z's 
whose unique expansions satisfy x; = 2 and x2 = 1. If all middle thirds are deleted up to the n-th 
stage, then deleting the middle thirds of the remaining subintervals will remove all numbers x whose 
unique expansions satisfy x; = 0 or 2 for 1 € j € n and z444 = 1. Also, if x is the left endpoint 
of one of the deleted middle thirds, then its expansion has the form xz = (0.2122...:4,1000..)3, with 
zk = 0 or 2 for 1 € k < n. But then we also have z = (0.2122..2,,0222...). Summarizing these 
observations, we have: the Cantor set C is the set of all x € [0,1] such that x = (0.x12223...)a; 
where each x, is either 0 or 2. 
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10.13.2 Cantor Function: 


In this section we explore the Cantor ternary function. This function provides an interesting example 
of a function that is uniformly continuous on a closed interval and of bounded variation on the closed 
interval but is not absolutely continuous. The closed, bounded interval that we work on is [0,1]. 
Let f : C > [0,1] = I. A point x € C has a ternary expansion of the form z = 0.z1222324.....[3] 
where x; is either 0 or 2. For each i € N, define y; = z;/2 so that each y; is either 0 or 1 and let 
y = 0-J1y2yata-....[2]. Finally, for each x € C, define f(x) = y. In other words, 


Lı T2 X33 T4 


f(x) = f(0.zixoxaza4....[3]) = yryoysya...--[2] = a5 g OFN 
Now we begin with the mapping f : C — I defined above. The idea is to extend the domain of f 
to all of [0,1]— J and this can be done by the following way. We see that the points is 2 € C with 


f (3) =f (È) and f(3) = f(0.2...[3]) = 0.1...[2] = 1 according to above construction, whereas the 


open interval (4, 2) C G. Define 
ico 2 
Now consider the points 5,3 € C with f (5) = f (2) = f(0.02..[3]) = 0.01..[2] = I, and (5,8) CG. 
Define 
1, 1 2 
For the points 2,8 € C with f (2) = f (8) = f(0.22..[3]) = 0.11..[2] = 3, and (2, 8) C G. Define 


Clearly we can continue this process, definimg ¢ on each open middle third (a,b) to be the common 
value of f at the end points a,b € C. Thus ¢ is defined on all of 7, and ó(x) = f(x) for x € C. The 
mapping ¢ is called the Cantor function. 


10.13.11 Problem. Let f : C — [0,1] by the above paragraph. Verify the following: f (X) = 
FSD f (az) =f (a) = a fae) = fae) = 8 and f (3) SG) 


10.13.11.1 Solution. Since = % = .0023, so f (+) = 
and 5 zu 3.242 = 2 2E 2 = .0223 implies f (+) = (3) = Olly = d +4 = 2. Similarly for 
others. And finally we have the following 


10.13.10 Definition. (Cantor's Ternary Function or Cantor Function). Given a point x € [0,1] 


o T^ v. € {0,1,2}. Then the Cantor function ¢ : [0,1] + R 


with x = (0.z12273...)5, ie. © = Pos. Su 


can be defined as 


(x) = y = (0-y1 y2y3---)2, where 
0, ifdk«isuch that z = 1 

yi — 41, ifa;=landf#k <isuch that zp = 1 
cr if x; = 0,2 and Ak < i such that x, = 1. 
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Applying the above definition we can verify the following examples. 


10.13.11 Example. Let x = 3 — .022, then 


ó(z) = f(.022) = .011...[2] = E + E E 5 
10.13.12 Example. Let z = $ = 0.1111.....[3], then 
e eee - 
10.13.13 Example. Let x = 22 = 0.101.....[3], then 
0.101.....[3] = 0.1.......[2] 
ORE - 


Again, asi < $2 < $ < $80 G(1/2) = 


3 


(10/27) = 1/2. 


10.13.12 Problem. The Cantor function ¢ has the following properties: 


1. ¢ is well-defined on [0,1]. Moreover 
2. œ : [0,1] > [0, 1] is surjective. 
. @ is non-decreasing on [0, 1]. 


3 
4. $ is continuous on [0, 1]. 
5 


. @ is constant on each interval contained in the complement of the Cantor set C. i.e. 


constant on each interval in G. 
6. ¢ is differentiable on G and $'(x) = 
10.13.12.1 Solution. 


$(0) = 0 as well as $(1) = 1. 


0 for each z € G. 
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$ is 


1. Note that z has two ternary expansions if and only if it is an endpoint of a removed middle 


third. In this case, we either have 


t= (0.2422. 


c N-110)s = (0.£1£2....-£ N -.102)3 


where x; = 0 or 2 for 1 < i < N — 1 and 0 and 2 indicate (infinite) strings of 0’s and 2's, 
respectively, in which case we obtain the same value 


or we have 


T = (0.£1£2. 


1o Nal 10) = (0.2.2... 9 LoT) 
2 2 2 


2 2 2 


uq N—120)3 = (0.2422....2 N -.112)3 


in which case we have the obviously unique value 


EN =i Ti T2 TN—-1 n7 
SD a ep 
2 2 0 2/2 2 i 2 
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2. Let 
x = (0.£1£2....)3 and z = (020) $52.)3 


be two points in [0,1] with x < x’ and let Ny < co and N,; € oo be as above. If m is the 
smallest index with £m Z z/, then £m < zl, and hence ym < yi, so that 


Nz ie N. y! 
= Yk _ 
4e» a ae = 
k=1 
Also, by Theorem (12.3.2) ¢ is onto and hence so is ¢. 


3. Left to the reader. 


4. To prove the continuity, let € > 0 be given and pick m so that 1/2™ < e. If x, z' € [0,1] satisfy 
|z — z'| < 1/3™, then we can pick ternary expansions 


x = (0.2122....)a and a’ = (0.225....)3 


with zy = x, for 1 < k < m. It follows that the first m digits of the binary expansions of 
p(x) and $(z') are equal and hence |ó(x) — ¢(2’)| < 1/2™*1 < e. In fact, since ¢ is increasing, 
it can only have jump discontinuities. However, being onto, satisfies the Intermediate Value 
Property and hence cannot have jump discontinuities and must be continuous. 


5. Note that if 
x = (0.£1£2....)3 and z = (0 355 95..)5 


and belong to the same middle third in the complement J \ C; then the smallest index m with 
Lm = lis also the smallest with x/,, = 1 and hence ¢(x) = $(x'), i.e. @ is constant on all such 
middle thirds. 


6. Let x € G. Since G is open, J an open interval (x—Ó, z4-ó) such that N (z; 6) = (w—d,4%+06) C G. 
It follows from the definition of ¢ that ¢ is constant on N Hence ¢ is differentiable at x, and 
(x) = 0. Thus the Cantor function is an example of a continuous non-constant monotone 
function whose derivative vanishes almost everywhere. 


10.13.14 Exercise. Does the Cantor set contain the point yr — 1 = 0.77245...? 
10.13.15 Exercise. Does the Cantor set contain any irrational points? If so, find one explicitly. 
10.13.16 Exercise. Find a limit point that is not an endpoint. 


10.13.17 Remark (A surprising reaction). When I was a sophomore, an older student showed me 
the Cantor set, but admitted that he had never been able to find a limit point that was not an 
endpoint. He later left mathematics for biology. (A PRIMER OF REAL FUNCTIONS: RALPH P. 
BOAS) 
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Cauchy property, 387 

Cauchy sequence, 194 

Cauchy’s condensation test, 568 
chain, 6 

characteristic function, 9 
clairsemé subset, 155 

class, 16 

closed, 111 


closure, 111 

Cluster point, 219 
co-countable, 120 
compact set, 530 
comparison test, 565 
complete, 529 
completeness axiom, 75 
component, 554 
composition, 9 
condensation point, 111 
conditional convergence, 564 
connected set, 553 
continuity, 315 
Continuum Hypothesis, 13 
converge uniformly, 625 
convergent, 193 

convex functions, 162 
convex subset, 86 
countable, uncountable, 13 
Countably compact, 530 
Cousin cover, 319 

cover, 530 


Darboux continuous, 319 
Darboux Intermediate Value Theorem, 448 
David Hilbert, 73 

decimal sequence, normal, 299 
Dedekind’s Theorem, 91 
dense, 111 

derived set, 111 

differentiable, 447 

differential, 627 

differential coefficient, 447 
Dini derivatives, 449 

direct image, 9 

directed set, 7, 616 

direction, 616 

directional derivative, 636 


669 


670 


Dirichlet’s function, 212 
Dirichlet’s test, 570 
disconnected set, 553 
discontinuity, 320 

discrete set, 123 

divergence test, 565 

divergent, 193 

double limit, 620 

dyadic rational number, 85, 116 


equipotent, 12 

equivalence relation, 6 
eventually, 194 

extended real numbers, 76 
extension, 9 

exterior, exterior point, 111 


Fermat’s theorem, 450 

finite intersection property, 530 
first category, 321 

fixed point, 491 

Fréchet compact, 530 
frequently, 194 

function, 7 

fundamental sequence, 194 


Gauss’s test, 570 


Generalized Cantor’s Intersection Theorem, 539 


Georg Cantor, 1 

gradient, 636 

graph, 8 

greatest lower bound, 7, 75 


Hamel basis, 333 

Heine-Borel theorem, 545 
Hilbert Hotel, 13 

Holder condition, 297 
horizontal chord theorem, 319 
horizontal strings, 419 


indexed family, 8 
infimum, 86 

infinitesimal, 196 
injective, 9 

integral test, 566 

interior point,interior, 110 


intermediate value property (IVP), 319 


intermediate value theorem, 554 


inverse image, 9 
irrational numbers, 75 
isolated point, 111 
isolated zero, 186 
isomorphic, 10 
isotone, 10 

iterated limits, 620 


Jensen’s inequality, 162 


Konig binary Representation, 56 
Kummer’s test, 568 


L'Hópital's Rule, 451 
lattice, 7 

least upper bound, 7, 75 
left inverse, 9 

limit, 189, 620 

limit comparison test, 566 
limit point, 110, 193 
Limit-point compact, 530 
limsup, liminf, 23, 188, 230, 266 
Lindelóf's theorem, 149 
Lindelóff's theorem, 545 
linearly ordered, 6 
Lipschitz functions, 316 
local maximum, minimum, 451 
locally bounded, 163 
locally closed, 164 

locally finite, 113, 131 
locally increasing, 164 
locally open, 164 

lower bound, 7 

lower semicontinuous, 319 


mathematical induction, 10 
maximal connected subset, 554 
maximal elements, 7 
maximizer, minimizer, 451, 536 
Mean Value Theorem, 450 
Measure zero, 615 

metric, 109 

minimal elements, 7 

Monotone functions, 161 
mutually separated, 552 


neighborhood, nbhd., 110 
nested intervals theorem, 91 


INDEX 


INDEX 


net, 617 

non-uniform continuity, 317 
notion of nearness, 189, 616 
nowhere dense, 111 
nowhere monotone, 414 
null sequence, 194 


open r-ball, 110 

open set, 110 

open, closed intervals, 111 
Open-cover compact, 530 
orbit of a point, 182 
ordered field, 76 

ordered pair, 5 
oscillation, 321 

oscillatory sequence, 195 


p-series, 567 

partial derivative, 635 
partially ordered set, 6 
perfect set, 111 

periodic functions, 162 
Pigeonhole Principle, 62 
point-wise discontinuous, 352 
Product Rule, 448 

properly divergent, 193 


quotient map, 6, 10 
Quotient Rule, 448 
quotient set, 6 


Raabe’s test, 569 

ramp function, 409 

ratio comparison test, 566 
rational numbers, 75 

real numbers, 73 
real-valued function, 161 
regular open, closed, 156 
regular sequence, 194 
removable discontinuity , 320 
repeated imits, 620 
residual subset, 156 
restriction, 9 

Riemann’s theorem, 571 
right inverse, 9 

Rolle’s Theorem, 450 

root test, 567 


Sandwich Theorem, 195 


Schróder-Bernstein theorem, 18, 143 


Schur inequality, 167 
second category, 322 

second order derivative, 456 
semi-isolated, 159 
semicontinuity, 320 
sequence, 187 

Sequentially compact, 530 
set, 1 

shadow point, 413 
Sierpinski’s lemma, 142 
sign-multiplier-convergent, 565 
Signum function, 162 
simultaneous limit, 620 
small oh,big O, 196 

sparse point, 152 

species first, second, 126 
step function, 319 
subsequence, 187 
subsequential limit, 219 
subseries convergent, 565 
subset, 4 

super level set, 319 
supremum, 86 

surjective, 8 

symmetrically continuous, 326 


ternary expansion, 650 
the method of interlacing, 368 
Thomae’s function, 322 


Three Chords Lemma, 162, 163 


totally bounded, 532 
totally disconnected, 553 
totally discontinuous, 352 


ultimately bounded, 299 


unconditionally convergent, 565, 573 


uniform continuity, 317 
uniformly approximated, 319 
uniformly differentiable, 461 
Universal Chord Theorem, 452 
unordered series, 563 


upper and lower envelopes, 344 


upper bound, 7 
upper limit, lower limit, 231 
upper semicontinuous, 319 
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well-defined, 8 
well-ordered set, 7 
Wronskian, 496 


Zermelo’s Theorem, 16 
Zorn’s Lemma, 16 


